. Chin. Ann. of Math.

14B: 2(1993), 213-224.

. ON THE CONVERGENCE ANALYSIS
OF THE NONLINEAR ABS METHODS

'HUANG ZHUIAN* |

RIS

‘Abstract

“In order:to-compléte the convergericé theory of nonlinear ‘ABS. algorithm, through a carefil < . -
_.mvestlgatwn to the algorithm structure, the author converts the nonlinear ABS -algorithm & ..
_into an inexact Newton method. Based on such -equivalent variation, the Kantorovich type
~ convergence of the ABS algorithm is establishied and the convergencé conditions of the algorithm =~~~

that only depend.on' the. initial conditions are. obtained, which provides a useful basis for the - .-

choices of initial points of the ABS algorithm.

R

§1. Introduction:

The ABS methods for solvmg systems of hnear a.lgebra.lc equa.tlons were presented by
Abaffy, Broyden and Spedicato [l in 1984. In 1987, Abaffy, Galantai and Spedlcato (2]

apphed the methods to systems of nonlinear -algebraic’ ‘equations
F(a:) . Fu DCR"-—>R"

and established the followmg nonlinear ABS algonthm model
Algorlthm (NABS)
Step 0: Choose an initial. pomt Zo G R", and let k:=0.
Step 1: Let H(k) I, y(k) =k, ji=1. -
Step 2: Choose z( € R" such that

(k) (k) (k)
- OV ®) £0
and let
(k) H(k)T (k)
J

T
=~ HOO I
Step 3: If j < n, choose w(k) € R” éuch that
T
o HOV ) =1,
and update e '

‘ (k k) (k) v (k (k)T' k)
Let j := j + 1, go to step 2; otherwise, go to Step 4.
Step 4: Let xpqq = ?/1(z421’ k:=k+1,go to Step 1.
' Manuscnpt received October 30, 1990. X A
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(1.1)

(L.2)

(1.3)
(1.4)

| "(1'15"')

(16)
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The 'parameter vectors sz ) ( ) in the algorithm can be arbitrarily chosen except for
- conditions (1.2) and (1.5). In [2], the authors proved that if the parameter vectors are
suitably chosen, some well-known methods, such as Gay-Brown class, can be derived from
the ABS methods. Furthermore, the authors studred the local convergence of the ABS
methods, and proved that the ABS’ algonthm quadratlcally converges %o a solution z* of
(1.1) if the initial point z, is sufficiently close to z*, which provided an important basis for
the reliability and efficiency analysrs of the ABS algorlthm

In this paper, in order to complete the ¢ convergence theory of the nonlinear ABS algo-
rithm, through a careful investigation to the algonthm structure, we convert the nonlinear
ABS algoritlim into an inexaect. Newton method. Based on such equivalent variation, we
establish the Kantorovxch type convergence of the nonlinear ABS algbnthm and obtam the

provrdes a’ useful basls for the cho1ces of 1mt1a1 po1nts of the algonthm

§2. Preliminaries

In this paper, we take the Frobenius. norm as matrix norm, and the Euclidean norm as
vector norm. For the sake of brev1ty, we denote V fi (y(k))by ag-k). L
Denote - -

EEE BN

o AR :---[a(,’f“?v,w-u,éz%’“’], e e
»[p(k) /pck)”agk), : (k)/p(k)Ta(k)]

Suppose that F'(zz)~! and A,c  exist. Then the ABS algonthm can be expressed as

T+1 = !lfﬂzr = Zf (y.gk))ng)/P(k)Ta(k) o
§==1 B
S - TG
=i~ [ p1” 0" <k>/p<k> |
Fnl6)
=y — F'(zx)” 1F(:z:,,,)+[F’(:1:k) A7 1]F(:z:k)
| o f (y(k)) .
"+ AL F(z) - Di| . | (2.1)
Lhe®) S
Denote L .
| s =“Uk+A,:1Vt,‘ @
where ) IR e
U= F(ee) = 4NF@e), ., (23

- Vg = F(:L'k) Aka !_, ,,L., o ) B (24)
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Now we give the following. basic properties of the ABS algorithm. The proof can be
found in [1, 2], or can be obtained by simple calculation from the algorithm and the known
propertles

Property 2.1. H(k) () =0, 1<j<i<n

Property 2.2. H; (k) = H; (k) ,j=1,-

Property 2.3. If a(k) (k) ceey a%)
are also linearly mdependent

Property 2.4, a{ (3 — ) = ™), 1< <n.

Property 2.5. B

are hnearly mdependent then p(lk), pgk), Ty PSL’“)

. 1 |

' 1
. ij

where
lg,c) (k)T (k)/ QX (k) 1< j < <o

§3. Varlatlon of the Algorlthm

First of all, we make the followmg assumptlon on F(w)
(A1): F(z) is continuously differentiable on some open convex set Dy C D and there
exists a constant K > 0 such that ‘ ' ‘

IF'@) ~ F@)l < Kole ~oll, YeyeDo. (1)

(A2): There exists zo € Do such that F”(xo)~" exists. Let [|F'(x0) || < bo. _
Under the above assumptions, by the contlnmty of F(a:), there exlsts a constant 7o > 0
such that -

* B(xs,2r0) € Do, (3.2)

IF@)| < 2IlF@o)ll, Ve € B(zo,m)- (3.3)

- Moreover, from (A1), we have -
IF(y) = F(z) - F'(z)(y - =)l < —Kollm —yll, Vz,y € Do. (3-4)
(k) (¥),

We also make the following assumption to the ch01ces of parameter vectors z and w;

- (A3): There exists a constant I' > 0 such that
IDl ST, . k=0,1,---. - (39)
Under the above assumptions, we have the following lemmas. '

" Lemma 3.1. Suppose that (A1) and (A2) hold. Then there exist two constants ry > 0,
o > 0 such that for any 23, -+, 2n € B(mo,rl), the matrix [V fi(21),--+,Vfn(2s)] is
invertible and satisfies o SRR C o
| VA=), Vinlz) T S @

The proof of Lemma 3.1 can be obtained by simple cé,lculations.
'The following lemma is direct from Lemma 3.1.
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- :Lemma 8.2, Suppose:that (A1) and (A2) hold Then, for any L€ B(wo,rl) F’(a&)“l

exists-and satisfies: - ;. .l - P no e
HF@YWSQ»L.,E"~ .
Let |
o ;'f‘—mln{ro,rl‘} S
Ki= mumﬁwmwemewwL,:,fh_,ﬂﬁw,
Kz = min{r, (VnaK,)™'}, e

= (1+TK)" "
Lemma 3.3. Suppose that (A1), (A2) a,nd:(AS)' hold and that
e Lo
”F((I)o)“ < -2-K1K2K3 1.
If x3, € B(zo,7), then for.any j; theré hold : |
() |fj(y]k))| < (1+I‘K1)J 1”F(:L’k)||, PRI
(i) i, — W<Kﬁm+nmy—mmeL
L aeBEy, T
Proof. By induction. For ji=1, (1) obviously holds Smce St
s - kWQW#Mﬁme“(W<NMﬁWSNﬂmm
(11) also holds for] = 1 From (u) and (3 3), we have ST e
16—y < T2 o)
il _<;2I‘," K1K2K3.1/2
. SHKsr o
It follows that o _
e 188" — zoll < Jlu? — w0 + ") — zol) <2r
It 1mphes that y E B(zo,2r), Thus, (1) (i), and (iii) hold forj=1. = . .
Suppose that (i), (ii) and (iii) hold for j'=:s...Then for j. =-s + 1 by the lnductlve
agsumption, B Y
5y ~ 9N < KT A TED? ~ 01 F (@)l -
Thus, '’ R
Fors @I < o @8 = Fonn @)+ fona)]
< Kallglsh - ot + 1F @Il
o SEKTHATEy) = [ E(zell + IIF(%)II
= (L+TE ) [Pzl B
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For (ii),ewe!ha«s}-e FIRERE B T S B A S Rt SRS LY S AT

- o < <o P

T
<N = Forn @8 o 6@ 1 + 1, — o)
ST =P

< T(1+TK:)'||F(zi)l + K71 + I‘Kl)s “FE

= K[+ TH)™ - el
By (ii) and (3.3), we have AT e :
s - 9§l < K1+ DK™ - 121 P (@)
< 2K;1[(1 + I‘Kl)"“ L. 1] K1K2K3 T2
R <K2<r
It follows that PRI :
o I8~ 2l < 1 "“’u 1 ol <2,
ie., yf,’j_z € B(zg;2r): Therefore, the proof is completed. S
Lemma 3.4. suppose that (A1) (A2) and (A3) hold, and that
IF(@olll < KiKoKGH2. o
If zj, € B(zo, 1), then -

(@) 4k = F'(ze)ll < vaKoKy 1[(1 + FK1)"' - 1]||F (a’k)ll,
(ii) Ay is invertible and satisfies *- ' -

- PPN

where K, is a constant

Proof. (i) Under the assumptlons of Lemma 34, by Lemma 3. 3 we have
4 € B(zo,2r) c Do, V. )

Thus, again from Lemma 3.3, for any j we ha,ve |
o = Vi = 1v56) - foy,’“))u
<Kol -l
B . S KoK [(L+TKy Y™ = 1| F ()|
g KoKi'I[(l + I‘Ki)""1 - 1]llF($k)II
It follows that R T A
|4k — F'(z)l| S VREKTH(1+T Kl)"“r - 1]IIF(wk)II
(i) Let 8 = 2¢/naKoK;  K3)|F(2p))|- From (i) we have ' s
IIF ’(mk) 1IlllAk -F '(:vk)ll < av/nK oKy 1L+ TR L 1]2IIF (mo)ll <8
L 2\/—aK0K1“1K3 K1K2K3 lyg .
< vnoKoK, < 1.

Thus, by the Banach Perturbation Lemma, we see that Ay is invertible' and satisfies

N < IF @) /A -8) Dk
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Based on the above lemmas, we can establish the following variation theorem.
Theorem 3.1. Suppose that (A1), (A2).and (A3) hold, and that
IF@)l < KiKaK5 2.
~ Ifzy € B(zo,r), then the iterative procedure of the ABS algorithm at the k-th iteration can
be expressed as - e - ‘
Trsr = 2 — F'(2) 7 F(zh) + M0y, (3.6)
where |||l < M||F(zk)||?, M > 0 is a constant.
Proof. From (2.3), we have .
Ul =AF ,(mk)—l[Ak ~F '(-’Bk)]Ak IF (wk)ll
<IF' ()7 1A - @)l A IFEN
< VnaKoKy (1 +TK:)" ™ — 1|\ F(zi) |[Kall F@ell

= VaKoKi  Ka[(1+TK1)" — 1| F(z)||. (3.7
Denote VI’ = [V(k) ) Vék)].’ Then,‘..making use of Property»2.5,_v;'e have. :
Vg( ) = fJ(wk) [l§1)7 7l§ J) 19 1 09 e y 0] :
fn<y"“’) -

=5 (@) - 1) + f1<y§-’°?>11

s=1
= £ - {6P) - a‘“ Zfs(y D) p "ol

=560 - 5 W) - = (y§'°) Zy®),
Thus, from (3.4) and Lemma 3.3, we o'b’{;.ain- R
V9 < Koly® - o212 /2
< KoKi'Z[(l + PKl)"-l - 1]2||F($k)|| /2.
It follows that L R o
Vil < \,\/ﬁKoKf_f[(-lﬁ rmt’*-l ~ 1PIF(ex)12/2. (3.8)
Combining (2.2), (3.7) and (3.8), we obtain
lmll < WUk + A Vel < 10N+ HAZHIN VRN
< VRaKoKT Ky|(1+ TKy)" ™ = 1[|IF(zp)l® -
-+ Kq - VREQKT?[(1 4+ TK)" ™ — 17| F () ||?/2 -
= VAKoKT Ka[(1+TK1)™™ = o+ K7 (L +TK)" = 1)/2)|1F (o) %
Let ' e
M= KoK Ky[(1 + TK)" ™ =)o+ K7 H(1+ FK)™ ! - 1)/2].

Therefore, Theorem 3.1 is proved.
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Through the above 'anaiysis, we know that the equivalent. variation (3.6) of the: ABS
algorithm can be viewed as an inexact Newton method, and that:the error term. satisfies

linell < MIF(zi)lI?.

Therefore, the further 1nvest1gat10n on the convergence of the’ ronlinear ABS algonthm can
be made to the inexact Newton variation (3.6). o

§4. The Kantorovich Type :C.l(')nve-r‘g}enc,e Theorem

In this section, based on the algorithm analysis in the last section, we establish the
Kantorovich type convergence theorem of the nonhnear ABS algorlthm

First of all, we prove the following léminas. ' '

Lemma 4.1. Suppose that (A1), (A2) and (A3) hold and that

. IF(zo)ll < min{K1K>K5" /2,(2M K1)~}
Ifmk € B(a:o,fr), then ' o o CE

. Proof.' From the iterative procedure-(3.7), we have I EER T
F(ax) = F' (@) (2k - $k+1) +F '(wk)nk .
Then by (3 3), we have the followmg 1nequahty N ,
IF@Il < IF "@elllllzs — zesall + IIF ,("’k)""ﬂk"
< Killokss — aull + KuM|[Fey)|?

| S Kallowi - ol + 2MKﬂ|F(wo)nnF(a’ck)n-
It' follows that o
(1 = 2MK:||F(mo) DIIF (wk)ll < Killzk+s — |-

s ‘Since 1 — 2MK 1[|F(zk)|| > 0, from the above inequality we obtain

K,
F - —||zp+1 — Tkfl-

Lemma 4.2. Let the function g(t) be of the form
2-7 T _at
wherea > 0,0 < 7 < 1/2. Then, for anyO <t<i= (1 27)/4a, g(t) < 1 T,
Proof. It is easy to see that 0 <t <1 / a. Solvmg the mequahty .

glt)-(1~7)<0, - (42)

O<t<1l/a, o

we see that for any

| : - 47210744

[272 - 97' + 8 + \/7,,.2 ~ 97+ 8)2 — 8(1 7)(272 - 57 + 2)]a
inequality (4.2) holds. Smce for0<7<1/2
s 272 — 57 +2

(272.- 97 + 8)a

O0<t<i=

>(1-2r)/4a=1,
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we have, for any 0 < t < £, g(t) <l -7, G e L ey
‘Now' we-éstablish the’ followmg Kantbrovmh type convergence: theorem of the nonlinear
ABS algorithm. : e
. Consider z, € Do., If F'(z)7? exlsts, Wwe assume that ||F’ (z) " < b,
Denote |

. Ak—-ka+1 Tk,
SOl tateets o P I

0= kao"Akll,
| K5 = max{||F(a:)|||a: € B(a:o,Zr)}
- Theorem 4.1. Suppose tha.t (A1) (A2) and (A3) hold and that C o e
00 = boKo"Ao" STLfR, T T e (4 3)

| F(zo)|} < m1n{K1K2K3 1/2 (1 2T)/8MK1,T7'/(bo + MK5)} . (4 4)

.Then, starting from x, tbe sequence {a:k} generated by the nonlinear ABS algonthm re-
mains in B(zo,r) and converges to the unique solution x* of (1.1) in B(zo, ™).

Proof. It is easy to see that under the assumptions.of Theorem 4.1 the conditions of
Lemma 4.1 hold. o '

First of all, we prove the followmg consequence under the assumptlons of the theorem,
if zg, Tre1 € B(a:o,r) a.nd 0k < T then '

Al @-nlad (45)
Since Tk, Tk+1 € B(:L'o,r), F’ (a:k) and F' (a:k.,.l) are mvertlble Let
G = F'(z) 7 [F'(z4) = F'(@4)]:
Since | S | [EE
G SAF @)™ INF @) = Pl
< biKollzx — zpal
= beKollAk] =04,
by Neumann lemma we obtain S
I (S 1||<1/<1—ak)
Let bgy1 = bk/ (1 Bk) From the 1dent1ty
Fl(zpe1)™ = (I G;;)'"IF'(a:k)’1
we have
IIF'(-'Bk+1)"1|I<II(I Gr)TIF @)
' <b/(1- ek) bk+1
From (3.6), we have .
F(zg41) = F(z51) — F(e) - F ’(mk)(mk+1 — @) + F' (@i}
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Thus, |
Appr=—F'(z41)” 1F(“’k+1)+?7k+1 L ’ v
e (I=G) ™ F"(2) " [F (1)~ F (i) = F'(:,;,c)(w,c+1 — o P @) e
o ==(I-GR)THF (k) " [F (k1) - F (wk) ~F'(@1)(@ks1=ze) 041, (46)
Since

b} Lo
S T SO BV PSS

lImes1ll < MIF (2o
< M(||F(zas1) - F@e)l + 1B @) DIF (x|
< 2M(Kylokss — ail + | @D IF o)l
= 2MKi | F(ao)|| Akl + 2M{F (@)1 F(ze)l, (4.7)
by (4.6), (4.8) and Lemma 4.1 we have

Ak+1l S-fr——[HF'(%) HINF (k1) ~ F(wk) F'(mk)(ww-wre)l|+llnkll]+llm+1ll

<75 B Kollows = aull + M Fy)|P

2M Ki|jF (wo)" "Ak“ + 2M ||F (wo) ""F (wk)"
K,

| 2K 7, )||"A’°”]
a A
aerioiia + Il g ]

__b 2-6, _2MEK:|Fo)l|
=5 0)uAku+2MK1nF(wo>nuAku+1 S TSR TF Gy

-~T 2MK F(z
+ IMKF(eo)] + e 2M}'{' "‘Fgf,')"umku.

<l
By (4.4) a.nd Lemma 4.2, we obtain
| lAksa]l < (1 -7)|| Al
By making use of the above consequence, we can prove by induction that
(l) o<, ' ' ‘
(i) Zr41 € B(zo, 7). S x
For k =0, (i) obvxously holds. Since S
N i l1oll = || = F'(0) " F(z0) +noll O R
co <[ (o) I F (o)l + M F (o))
< (bo + MKs)|| F(=o)|
< (bp + MK5)rr/(bo + MK5)
=rrr, - ot ' o (4.8)

(i) holds for k£ = 0. SR : SRR
Suppose that (i) and (ii) hold for k < m. Then for k = m+1, by the mductlve assumptlons
and (4.5), we have .

||As+1‘|. <@-nlAsll,  1Zs<m.
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It follows that 4
Om+1 = b1 Kol Amta ||
<K an]
R SwaAMLJ <.

Moreover, from (4.9), we have

Yo

(49) |

m+1 o omer,
IIwm+2 — ol S Z |zsgr — @l = Z ||A II
. s—O 3—0
L Tmdt :
<y (1= T)’IIAoII < Z(l —T) [l Aol

s—O 8=0
1
= —”AQH < -—T?" =17

It implies that T2 € B(zo, 7). Thus, (i) and (u) hold for any k, which 1mp11es -that (4.5)
hold for any k. Hence, we have :

Akl s (1= T)IIAk-1|I< <(1—T) IIAoII

It follows that ||Axll — 0 as k — oo, which 1mp11es that {mk} is a Cauchy sequence.
Therefore, {zx} is convergent. = . : ;
Suppose that :vk — *, Lettmg m — 0o a both s1des of (4 9) and makmg use of (4.8),

et —wo‘n<2uA ||<§:(1—-»r ol

3—0 =0
S =lad <
It implies that z* € B(a:o,r) By Lemma 4.1, we have ‘ |
K, : ;
"F(mk)" -—-1 2MK "F(.’B )”“wk+1 —mk"
R Kl
A
TR

Letting & — o0, we have
| Jim [|F@y)]| =o.
— 00
By the continuity of F'(z), we obtain:F(z*) = 0, that is, z* is a solution of (1.1).

Suppose that there exists another solution, % € B(zo,r1). By the mean value theorem,
we have

fi(zw) =fi(@r) - f1(~) P
, =V filox +e‘ G- @n =3, Vi,
where 0( ) e (0,1). It follows that

[V sz +05(E = wQ] e
F(zx) = : (zk—i). S (400)
V fulzn + 080 (F — 2|7



No.2 : Huang, Z. J. ON CONVERGENCE ANALYSIS OF NONLINEAR ABS METHODS 223

Since a:k € B(zg,7) C B(:vo,rl), we have z, +0(k) (T-xi) € B(wo,rl), Vj. Thus, by Lemma
3.1, . . _
[Vl + e( ’(m mk)lT
Ry = R
LV falor + e,‘, (&~ a:k‘)l’f o et
= [Vfilzi + 68 @ - 2)), s Vulme + 0BG < 2T 0 -
is inivertible and satisfies ||R;}|| < c.. Hence, from (4.10); we have '
It follows that L :
| IIwk - w|l < IIR;c 1I|IIF (wk)ll < aIIF (wk)ll
Lettmg k — 00, we obta,m ‘ ‘ AR
 -Es g anF(wk)u - anF( JE o
It implies that T =z" Therefore, &* i the unique solution of (L 1) in B(wo, r1)

Based on (3.6), we can also give the convergence rate of the sequence {zr}

Theorem 4.2. Suppose that the assumption of Theorem 4.1 hold. Then, starting from .
o, the sequence {x\} generated by the nonlinear ABS algorithm quadratically convergences
to the unique solution z* of (1.1) in B(zo,71).

Proof. From Theorem 4.1, we know that the sequence {z;} converges to the unique
solution z* of (1.1) in B(wo,71).

From the iterative procedure (3.6), we have

Tpp1 — &* =xp — 2* — F'(zr) " F (1) + %
= — F'(ax) " [F(zx) — F(z*) ~ F'(ze )i — 2*)] + m
= — F'(zx) "' [F(zx) - F(z*) ~ F'(z" )z — 2*)]
+ F' (@) " [F' (k) - F'(*)) (2 — 2°) + e
Thus, .
k41 = 2| SNF'(ze) " I1F (zx) — F(z*) = F'(@*)(zx — =)
+ | F' (1) " I1F" (o) = F' (@ )lllze — 2| + llmel
<aKoller — 2*[*/2 + aKollze — 2*|* + M| F(zi)|®

3 -
<=aKollzx — =*||* + M||F(zx) — F(z*)|)?
<sakolz ~ 2" + MKy — ="|P

<(—-aKo -+ MK2)||mk - *“2
It implies that {=} quadra.tlca,lly converges to z*
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