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QN THE CONVERGENCE ANALYSIS 
OF THE NONLINEAR ABS METHODS

H u a n g  Zh ij ia n *

Abstract
In order to  complete the convergence theory of nonlinear ABS algorithm, through d careful ' 

investigation to the algorithm structure, the author converts the nonlinear ABS algorithm ' 
into an inexact Newton method. Based on such equivalent variation, the Kantorovich type 
convergence of the ABS algorithm is established and the Convergence conditions of the algorithm 
that only depend on the initial conditions are obtained, which provides a useful basis for the 
choices of initial points of the ABS algorithm.

§1. Introduction
The ABS methods for solving systems of linear algebraic equations were presented by 

Abafly, Broyden and Spedicato M in 1984. In 1987, Abaffy, Galantai and Spedicato И 
applied the methods to systems of nohlinear algebraic equations

, F(rc) =  0, F : D c M n -*M n <U)

and established the following nonlinear ABS algorithm model:
A lgorithm  (NABS)
Step 0: Choose an initial point xo 6 Stn, and let к 0. 
Step 1: Let =  I, y[® = Xk, j  := 1.
Step 2: Choose e lRn, such that

: ) ф 0 (1.2)

and let

(1.3)

(1.4)

Step 3: If j  < n, choose € Шп such that

w f r a f W iiiy f ) =  l. (1-5)
and update

# $  = (1.6)

Let j  := j  +1, go to step 2; otherwise, go to Step 4.
Step 4: Let Xk+1 =  уЦ+ц к := k + l, go to Step 1.
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The parameter vectors z ^ \  in the algorithm can be arbitrarily chosen except for 
conditions (1.2) and (1.5). In [2], the authors proved that if the parameter vectors are 
suitably chosen, some well-known methods, such as Gay-Brown class, can be derived from 
the ABS methods. Furthermore, the authors' studied the local convergence of the ABS 
methods, and proved that the AB$ algorithm quadrdtibally converges to a solution x* of
(1.1) if the initial point x0 is sufficiently close to x*, which provided an important basis for 
the reliability and efficiency analysis of the ABS algorithm.

In this paper, in order to complete the convergence theory of the nonlinear ABS algo­
rithm, through a careful investigation to the algorithm structure, we convert the nonlinear 
ABS .algorithm into an inexact Newton method. Based on such equivalent variation, we 
establish'the Kantorovich type convergence of the nonlinear ABS algorithm and obtain the 
convergence conditions, of the, algorithm that only depend on the initial conditions, which 
provides a useful basis for the choices of initial points of the algorithm.

§2. Preliminaries
In this paper, we take the Frobenius. norm as matrix norm, and the Euclidean norm as 

vector norm. For the sake of brevity, we denote Vf^(pjk )̂ by ajk\
. Denote ( .,

Suppose that F'{xk)~x and A^ 1 exist. Then the ABS algorithm can be expressed as 

* * , = * & - -

r/ifeS"’)'

Denote

where

3=1

= xk -  \p[k)/p{k)T a[k), • • • , p(nk) /p £ )T a ^ }]
/n(ynfe)).

= xk ~ F ' i x ^ F i x k )  +  [F'{xk)~l -  A ;x]F(xk)

Г >i(2/f>) 1
^ A ^ F ( x k ) - D k

.fn (yn])
I > ' '.r I \

Vk =  Uk + Ak xVk,

и к = \Р 1(хк)-1 - Л 1}р Ы

Vk = F(xk) -  AkDk
h (y {*>)

(2.1)

(2.2)

(2.3)

(2-4)
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Now we give the following basic properties of the ABS algorithm. The proof can be 
found in [1, 2] , or can be obtained by simple calculation from the algorithm and the known 
properties.

Property 2.1. = 0, 1 < j  < i < n.
Property 2.2. H f )2 *= H f \  j  = 1, • • • , n.
Property 2.3. If a^k\  a ^ \  • • •, are linearly independent, then p[k\  p^k\  • • •, p ^  

are also linearly independent.
Property 2.4, a f )T(y{% -  yjk)) = - f j ( y jk)), 1 < j< n .
Property 2.5.

AfcDfc =

1
1

/(*) ••lij
1

where

l < j < i < n -

§3. Variation of the Algorithm
First of all, we make the following assumption on F(x):
(Al): F(x) is continuously differentiable on some open convex set Do C D, and there 

exists a constant Ко > 0  such that

\ \F '{ x ) -F ,(y ) \\< K o \\x -y l  \ /x ,y e D Q. (3.1)

(A2): There exists xo € Do such that F^xo)-1 exists. Let ||F'(xo)-1 || < bo.
Under the above assumptions, by the continuity of F(x), there exists a constant ro > 0 

such that

j?(x<j,2ro) C Do, (3.2)

||F(x)|| < 2||F(x0)||, Vx € S(®0,r0). (3.3)

Moreover, from (Al), we have

\\F (y)- F (x ) -F '(x ) (y -x ) \ \<  ~K0\\x~y\\, Vx, j / eD0. (3.4)

We also make the following assumption to the choices of parameter vectors and w ^ :
(A3): There exists a constant Г > 0 such that

||X>fcH < r, k = 0,1,... , (3.5)
Under the above assumptions, we have the following lemmas.
Lemma 3.1. Suppose that (Al) and (A2) hold. Then there exist two constants ri > 0, 

а  > 0 such that for any z\, •••, zn e B{xo,r{), the matrix [V/i(zi), • • • ,V /re(zn)] is 
invertible and satisfies

| | [V/ i (^) , - . ‘ , V/ n( ^ r 1| | < a

The proof of Lemma 3.1 can be obtained by simple calculations.
The following lemma is direct from Lemma 3.1.
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Lemma 3.2; Suppose that (АГ) and (A2) holdi/Then, for any x € B(xq, r\), F'{x)~l 
exists: and satisfies •:.■ ■ Л no. м r- : • ■. • . ; -.'m

11̂ 'С®)"1 II <«•. . ! ’ , ■ ; ,

Let '■

r =  min{ro,rij,' , /
Ki =  max{||F'(®)||\x. e B(xQ, 2r0)}, , . , ■, , . ,  .•.

K 2 ■= min{r,(\/nQ!A'o)~1},
K s = (i + r K 1)n- 1.:

Lemma 3.3. Suppose that (Al), (A2) and (A3) hold and that

Й*о)11 < \K iK 2K ; \

If Xfc € B(xo,r), then for any j ,  there hold

fi) I!s(vf)\ < (i + r j^ - ‘ ||F(a^)||,, ..... .

(iii.) fr B(x„.2r).. . r ‘ . „ . ...
Proof. By induction. For j  =  1, (i) obviously holds. Since

II»?’ -  * ? > l - 1 1  =- r | |F ( x t )|l.

(ii) also holds for j  = 1. From (ii) and (3.3), we have

l4*' -  ’|i £ Г2 |F(j,,)l|
< 2Г • АГ1АГ2̂ з_1/2 
< K 2 <r.

It follows that

: i.. . ||»a^ “  ®oj|.< \ \y f f~  2/ ? 'II + ^®o|| <’ 2r.

It implies that £ B(xo,2r). Thus, (i), (ii:).and (in) hpld fori = l.
Suppose that (i), (ii) and (iii) hold for j, = s. Then for j  = s + 1, by . the . inductive 

assumption, ...

lbf+,1 - » ? )|t:[<:ifrl [l +  № ) I Tl] ||F fe ) ||.  .. .

thus, ' / ' i ' 1 ■1 : :  : ' ‘

1Л«С»&)1 £  IAm (i S&) -  /W if c h l  + 1 Л м ( |Л .  •

< к .1 1 Й )1 - Л  + 1№ )11
..... s K » « r4 { i .+ r j i r i ) r - i j |i5 E * fc i |+ H « » ) l -

= (l +  r j f 1)-||F(xt )|i:
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For (ii), .we have ? : •; • ;i: / .■ ■■■■■•<!■■ ■-

ь &  -  * Р »  + Ы Й - -  1 ■

< и -  / m i (^+V)p1 « M + i :“1+i II+ HkS+i -  ®iwii

’ ' : 1 " ‘ ■1 ' : < :r l / ^ l ( | ^ 1t + | | ^ ' - ! > f  || ■
< Г(1+ rjf,)*||F(*n)|| + КГЧ(1+ и , ) 1 -  i ] |№ ) l i  

- Л Т 'К 1 I ГА.)*-1 - 1]||П*»>||.
By (ii) and (3.3), we have 1 1 ■ 1 '

ll& -»S ‘ ,ll<^rM (i+rJfir+V-i]2||F(W)ll ■■
<2K1-1[(i + TKi)a+t -  1] • K iK2K ^ I2

It follows that

llii+2S“ '*o)l < \\y(s+2 — 2/i*)ll + llMfc) —■ ж0|Г< 2r,
i.e., yl+2 £ B(xoi 2r). Therefore, the proof is b&npleted.

Lemma 3.4. suppose ,that (Al), (A2) and (A3) hold, and that

; ; ’||F(®oHI <'KiK2Ks*'li. • -
I f Xk € B(xo,r), then

(i) \\Ak -  F ' ( * fc)|j <  у / а К о К ^  +  Т К ^  -  1 ] | | % 0 | | ,  ,

(ii) Ak is invertible and satisfies

$ A ? \ \ < K 4,
where K 4 is a constant. ■■■■

Proof, (i) Under the assumptions of Lemma 3.4, by Lemma 3.3, we have

ŷ k) e  B(x0,2r) C D0, Vj.

Thus, again from Lemma 3.3, for any j  we have

l|a?0 -  = ||V £ (s f)  -  V/jfe?))ll

' S-K-olls/f-yPlI 
< JfoJsrrMtl +  глг,)^-1 -

: ■ ■ ' < K0K { l ,fl -Г А ',)" ''’ - W * * »
It follows that ; ' ,r

IIAfc -  P (* t) || < J i K 0K i 4 (1 + т е о ч т * -  1 ]И ч ) ||.

(ii) Let /3 =  2у/паКоК^1 K3 \\F(xo)\\- Ftom (i) we have 1

l|J?' ( ^ ) - 1||||At  -  F 'feJH  < а<йК0К , %  + ГК{р-> -  l]2;IF(x0)|| < Ц
< 2,ЛГпА'0К'Г1К'з • K ,K ,K ; 4 i
< y/nocKoK2 < 1.

Thus, by the Banach Perturbation Lemma, we see that Ak is invertible and satisfies

11 /* - 1ll <  11^Чжь)-1| |/ ( 1  -  ■
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Based on the above lemmas, we can establish the following variation theorem. 
Theorem 3.1. Suppose that (Al), (A2) and (A3) hold, and that

| |F ( x 0)|| <  K ^ K ^ / 2 .

I fx k 6 B(xo,r), then the iterative procedure of theABS algorithm at the к-th iteration can 
be expressed as

Xk+i =  xk -  F '(xk) 1F(xk) + Vk,

where \\rjk\\ < M\\F(xk)\\2, M  > 0 is a constant.
Proof. FVom (2.3), we have

м  =  т щ у ч А к  - F '( x k M k ]
< | |П * * Г 1||11* -  F'(rrfc)||||A^1||||F(iCfc)||
< V ^a K o K i1 [(1 + 1В Д "-1 -  1]||РЫ 1*4||^Ы 11 

-  у / ^ а К о К ^ К ^ г + Т К х Г - 1 -  l]||-f1(fffc)ll2-

Denote FfcT =  [V̂ , • • • , Vn*̂ ]. Then,miaking use of Property 2.5, we have

^  = ! , ы - [ i f , 1 ^ 1 , 0 , ....,o]
•flfa l10)

l/„(tf°)
3-1

= Л Ы  -  E  i f u v f )  + fi ivfb]  .
S=1

U v f )  -  Ы уУ )  -  - t )T E
i - i

8=1

= U v f )  -  f j i v f )  ~ “f i v P  - v f ) -

(3.6)

(3.7)

Thus, from (3.4) and Lemma 3.3, we obtain

< (70*7=1(1 + ГАГ,)"-1 - 1!'2 !F(»-or2/2.

It follows that

llVil! < VSKbAT^Kl.+m ) " - 1 -  l]2||F(*s) f /2. (3.8)

Combining (2.2), (3.7) and (3.8), we obtain

M l  < \\Uk + AblVk[\ < ||£/*|| + ||A j‘ ||||Vb||

< ^ а К„КГ17Г4[(1 + ГВД”- 1 - 1 ] | |Г Ы ||2 ■ .

+ К ,  • \Л1А'о* 7 21(1 + Г А ',)-1 -  1]2|,F(i *)I|2/2 
= VSKoKT'AT.Kl + га :,)”- 1 -  !][<* +  A fr'((l + ГА,)”- 1 -  1)/2]||F(^)II2.

Let

M  = y /^K oK ^K iK l + TKi)nr x -  l][a +  АГ1-1((1 + ГАГ1)п-1 -  1)/2]. 

Therefore, Theorem 3.1 is proved.
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Through the above analysis, we know that the equivalent variation (3,6) of the ABS 
algorithm can be viewed as an inexact Newton method, and tl^at the error term satisfies

11*7*11 < M |№ * ) ||2. ’
Therefore, the further investigation on the convergence of the nonlinear ABS algorithm can 
be made to the inexact Newton variation (3.6).

§4. The Kantorovich Type Convergence Theorem
In this section, based on the algorithm analysis in the last section, we establish the 

Kantorovich type convergence theorem of the nonlinear ABS algorithm.
First of all, we prove the followingiemmas. ;n . ;
Lemma 4.1. Suppose that (Al), (A2) and (A3) hold and that

\\F(x0)\\<m in{KlK 2K ^ 1/2,(2M K1)-1}.

I fx k € B(xo,r), then

1 -  2MKi\\F(x0)\\ ^ fc+1 ; 1 - ^
Proof. From the iterative procedure (3.7), we have . ; ; < ,

F(xk) = F '(xk)(xk -  a:fc+x) +  F'(xk)vk- 

Then by (3.3), we have the following inequality

\\F(xk)\\ < IIF'CajfeJIHIxfc -  Zfe+iH +  ||F,(®fc)||||i7fc||
< K x\\xk+x - x k\\ + K xM\\F(xk)\\2 

/■ }< KiWxk+г -  mfc|| + 2MK1 \\F(xo)\\\\F(xk)\\.

It follows that

(1 -  2MK 1 \\F(x0)\\)\\F(xk)\\ < K x 11**+! -  x*||.

; Since 1 -  2MKi\\F(xk)\\ > 0, from the above inequality we obtain
K i

||F(xfe)|| < 1 _ 2M Ki\\Ffa)\\

Lemma 4.2. Let the function g(t) be of the form
т at

INfc+i

9{t) = + at + 0 < t < 1 /a,
2(1 — r) ‘ 1 — т l  —at' 

where a > 0, 0 < r  < 1/2. Then, for any 0 < t < t =  (1. — 2r)/4a, g(t) < 1 — r. 
Proof. It is easy to see that 0 <  t < 1/a. Solving the inequality

g(t) -  (1 -  t) < 0, (4.2)

we see that for any 

Q < t < t -
4r2 — Ют + 4

[2r 2 -  9r + 8 + V (2r 2 -  9r + 8)2 -  8(1 -  r)(2r2 -  5r + 2)]a 
inequality (4.2) holds. Since for 0 < r  < 1/2

2r2 — 5r + 2
t > (2r2 -  9r + 8)a

> (1 — 2r)/4a =. i,
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we have, for any 0 < t < t, g(t) < 1 -* r . ; - <
Now we establish the following Kantorovich type convergence theorem of the nonlinear 

ABS algorithm.
Consider ж*. € Do., O?1 exists, we assume that ||2г,,(ж*)-1 || <. 6*.
Denote u , ... .

Afc = ®fc+i -X k ,
a  V " f' ‘ 0fc =  № | |A f e H ,  ! ; ' ’

!, ‘s ' 1 K5 '='mdx{\\F(x)\\\xeB(xo,2r)}. ‘

Theorem 4.1. Suppose that (Al), (A2) and (A3) hold and that..,

: ■ 4  = № | |A o| | < t <1/2 , 1 ■ ' ’ (4.3)

\\F(xo)\l<min{K1K2K f 1/2 , ( l - 2T ) /8M K1,Tr/(bo + MK5)}. (4.4)

Then, starting from xq, the sequence {ж*.} generated by the nonlinear ABS algorithm re­
mains in B(xo,r) and converges to the unique solution x* Of (1.1) in B(xo,ri).

Proof. It is easy to see that under the assumptions of Theorem 4.1 the conditions of 
Lemma 4.1 hold.

First of all, we prove the following consequence: under the assumptions of the theorem, 
if ж*, Xfc+i e  B(x0,r) and 9k < r , then

• ||Afc+1|| < (1 -  т)||Д*.||. ' (4.5)

Since xk, Xk+i € B(x0,r), F'(xk) and F'(®fc+i) are invertible. Let

Gk = F 'ix k r^F 'ix k )  -  F '(xk+1)].

Since

\ m  < 'Ц ^ w - i iiiiF,(*fc) -  * w > i
ЬкКо\\Хк ~ Xk+l ||

=  bfciifolIAfc||

by Neumann lemma we obtain

| |( J -  C?fe) - 1|| < 1/(1 -6»fc).

Let bk+i = i>k/(l -  9k). From the identity

n x k + i ) ' 1 = У  -  e hr lf ( x k ) - \

we have

< j(7-G»)-1j | 0 W ,ll..
< bk/(l -  Ok) =  bk+i.

From (3.6), we have

F(xk+1) -  F(xk+1) - F ( x k) -  F '(xk)(xk+i - xk) + F'(xk)r]k•

■CHIN. ANN. OF MATH. Vol.14 Ser.B
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Thus,

A fc+ i—~-F,,(x fc+ i)~ lj^ ( iCfe + i)+ 7Ifc+i ■

= -( I -G k)~lF \x k) - x[Fr{xk+x)-F{xk)-F '{xk){xk+i -  xk)+F'(xk)r]k}+r)k+1

Since , , , > f

Ь + 1 | | < М | | Р ( Жл+1) | |2

< М ( ||^ Ц +1) -  F(xk)II + |lis(*fc) ||) |F (* ^ i) ||

< 2M(K1\\xk+l -  xfc|| +  ||F(xfc)||)||F(a;o)||
1 =  2Д«Г1|И*а)||||Дк|| +  2M||F(®o)||||F(a;fc)||, (4.7)

by (4.6), (4.8) and Lemma 4.1 we have

1 4 m l  - Я ч ) - П « » Х « т  -  » ) l l  +  I N «  t  t e t i l l

■ Й/2К'о||хь+1 -  **||2 +  M W *k)ll2]1 . .  0  Sk

f  2M -JT,|F(ci,)||a»l +  ? 1 Д О * > ) |Й « ) | _

<T4 f t l ^ l l / 2 + 2M||F(x0)||̂ T- ^ ^ | | A , | | i :  : ' ;

+ 2Mg,||i^o)IIHAt|| +2М||РЫ11г _ 2Mf;|jf (-)|[llAtll

h  ||At!H-2Mft-,|inx.)ill|At |i 4- ^  • , 2w S -  I'„ I| A4I
2 ( l - « „ )  

r
<( + 2M K 1 \\F(x0)\\ +

1 - в к l - 2 M K 1 \\F(x0)\\' 
2M K i \\F(xq)\\

1 -  т 1 -  2MK1 \\F(x0)\\
2 ( 1 _ r )

By (4.4) and Lemma 4.2, we obtain

l|Afc+1|l < (1 - T)IIAfc||

]||Afc||.

By making use of the above consequence, we can prove by induction that 
(i) h  < r,
(u)rcfc+i € B(x0,r). 1 ; '
For к = 0, (i) obviously holds. Since

M • . > ; ||Aoll =  || -  F'(xo)~lF(xo) +  %|| . ,  • :> . Г,
< [ ||^ (^o )-1|l i l^ o ) || 4-Af|i.F(rro)||^ > -  — '
<(bQ + M K 5)\\F(xo)\\
< (b0 + М К 5)тг/(Ьо + М Щ  ’
— tr < r ,  (4.8)

(ii) holds for k = 0.
Suppose that (i) and (ii) hold for k < m. Then for A: == ra+1, by the inductive assumptions 

and (4.5), we have

||Дв+1|| < (1 -г ) ||Д в||, 1 < s < m.
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It follows that

^m+1 — bm+iiiro||Am+l||

' - т ^ ^ ( 1 " т ) | | Л т | 1  1
■ ' ’ ' < 6т К-„т Д,,.| -  0,„ < r. ■ ' (4.9)

Moreover, from (4.9), we have
m+l m+1 ' ,

. lkm+2 “ :«o|| < X ! H ^ tl ~ Ж*И = Z )  HAsll
8=6 8=0

1 m + l ' oo 1 '■ •'

8=0 8=0

= ^||Ao|| < \ r r  = r.T T
It implies that xm+2 € B(xo,r). Thus, (i) and (ii) hold for any k, which implies-that (4.5) 
hold for any k. Hence, we have

|ЛкГ<(1-г)ЦД*. . , | :  < • • • < ( !  r)*- Aoi. '

It follows that ||Дfc|| —> 0 as fc —> oo, which implies that {ж*} is a Cauchy sequence. 
Therefore, {ж*,} is convergent. -

Suppose that ж* —> ж*. Letting m —» oo at both sides of (4.9) and making use of (4.8), 
we have

OO OO

Ik’ -  * 4  < £  ЦЛ.11 < E o  T)*IIAo II.
: 8=0 8=0 • ■

. ; / =i | |A„!|  < r.

It implies that ж* e В(жо,ж). By Lemma 4.1, we have

- 1 - 2 М # 1||Р(ж0) | |^ ' !+1 "  ^

Letting к —> oo, we have

lim ||Р(ж*.)|| =0.
fc—>oo

By the continuity of F(ж), we obtain F(x*) == 0, that is, x* is a solution of (1.1).
Suppose that there exists another solution ж € B(xo\ri). By the mean value theorem, 

we have

f j M  —f j i x k) -  m

=V /j[xfe + 0 f \  x -  xk)]T(xk -  ж), Vj,

where € (0,1). It follows that

V/i[xfc +  0[k\ x  -  xk)]T
F(xk) =

. V fn [xk + (ж -  Xk)]T .

(xk -  ж).
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Since Xk e B(x0,r ) C B(x0,ri), we have X k + 9 f\x -X k )  € B(xo,n), Vj. Thus, by Lemma 
3.1, ■ ■

_V/l[®* + -  Xk)]T
Rk =  :

y f n [ X k  +  e f o i x  -  X k ) ] T .

= [V/i(»fe + 0[Л)(ж -  ж*.)), ‘ • , V/„(iCfe + 9 ^ (x  ^  Xk))}T ' 

is invertible and satisfies ||й£* || < a. Hence, from (4.10), we have

xk - x  = R ^ 1F(xk). ,>

It follows that

II®* -®ll < ||1г^1||||Р(жк)|| < a||if(xfc)||. "

Letting к —* oo, we obtain

II®* “  ®|| <  Иш a | |I ;,(®jb)|| =  a | № * ) | |  =  0 . '•
, * . «-♦oo . /

It implies that ж =  x*. Therefore, x* is the unique solution of (1.1) in Ё(х^,г{).
Based on (3.6), we can also give the convergence rate of the sequence {a;*}.
Theorem  4.2. Suppose that the assumption of Theorem 4.1 bold. Then, starting from 

xq, the sequence {ж*,} generated by the nonlinear ABS algorithm quadratically convergences 
to the unique solution x* of (1.1) in B(xo,ri).

Proof. Prom Theorem 4.1, we know that the sequence {ж*.} converges to the unique 
solution x* of (1.1) in B(xo,ri).

Prom the iterative procedure (3.6), we have

X k+ 1 -  X * - x k -  X *  -  F'{xk)~lF(xk) + rn
=  -  F'(arfc)_1[F(a;fe) -  F(x*) -  F '(xk)(xk -  ж*)] + Vk 
=  -  П ж ьГ Ч Р ’Ы  -  F(x*) -  F'(x*)(xk -  X*)]

-f F 'ix k ^ lF 'ix k )  -  F'{x*)\(xk -  x*) + щ.

Thus,

H**+» - *1 <||П**Г111РГ(**) - Я**) - *V)(®* - **)ll 
+ (ИздГЧИИ*») - *V)IIII*» - *1 + Until 

<аКо\\хк -  **irЧг + offollzt - i*|P + M||F(n)f
< |o J f0||*» -  **l|2 +  M ||F(*t) -  F(a:*)||2 

<\aK„\\xk -  x ' f  + M Kl\\xt  -  x ' f

< С |аД Г о +  Л Г -

It implies that {xk} quadratically converges to ж*.
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