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LIFE SPAN OF CLASSICAL SOLUTIONS 
TO n u  = \n\p IN TWO SPACE DIMENSIONS

Zh o u  Y i * * *

Abstract
The author studies the life span of classical solutions to the following Cauchy problem

□ w = Mp, '

t  =  Q :u =  etp(x),ut = еф(х), x  €  iR2,

where <р,ф€ Cq°(M 2) and not both identically zero, □ =  df  — df  -  5 | ,  p >  2 is a real number 
and e >  0 is a small parameter, and obtains respectively upper and lower bounds of the s'aihe 
order of magnitude for the life span for 2 < p <  po, where po is the positive root of the quadratic • 
X2 - 3 X - 2  =  0.

§1. Introduction -
In this paper, we consider the following Cauchy problem

О U =  |«|P, . 1( .. f, (1.1)

t =  0 : и = e<p(x), щ = £^{x), x £ 1R2 (1 .2)

where <p, ip e Со°(Ш2) and not both identically zero, □ = &t -  df -  8%, p > 2 is a real 
number and e>  0 is a small parameter. r >

We are interested,in estimating,the life span Te of classical solutions of (1.1) (1.2);, By 
definition, Te is the largest number such that classical solution of (1.1) (1 .2) exists for 
0 < t < Te.

Let po be the positive root of the quadratic

X2 - 3 x - 2  = 0. (1.3)

R. T. Glassey И proved that when p>  po and e is small enough, one has Te = +oo, that is, 
global existence. When p = 2, H. Lindblad ^  has proved precise estimate for the fife span 
T£; we restate his results as follows.

Theorem  1.1. Let Te be the life span of classical solution to (1.1) (1.2) with p = 2. 
Then

(I) when f  g(x)dx Ф0,

■ ; lim а(е) 1Te =  T  exists with 0 < T < 4 ‘oo,
e-+0 . ".. ■

where a(e) satisfies
e2a2(e) log(l + a(e)) = 1; !( . . (1.4)
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(II) when f  g(x)dx = 0,

lim eTe = T  exists with 0 < T  < +oo.
e—»P

We in this paper will prove similar results for the case 2 <p <p0.
Theorem 1.2. Let Te be the life span of classical solutions to (1.1) (1.2) with2 < p <po- 

Then
lim sk^ T e = Tp exists with 0 < T„ < +oo,e—>0

where
, k(p) = 2 p (p -l)/(2  + 3 p - p 2). (1.5)

We prove Theorem 1.2 by following the steps of H. Lindblad M, but in order to go through 
with it, much more technical difficulties has to be overcome.

In case p — po, by applying the method the author proposed in [3], we shall be able to 
prove the following

Theorem, 1.3. Let Ts he the life span of classical solutions to (1.1) (1.2) with p = po- 
Then there exists an so > 0 such that for any e with 0 < e < £o

exp{«ie-Po(p° -1)} < Te < exp{/C2e""PôPo-1 }̂,

where K\ and K2 are two positive constants indepent of e.

§2. Preliminaries
For the reason of convenience, we impose the initial data at time t = 2M

t — 2M : и = £<р(х),щ =  £tp(x) (2.1)

and suppose supp С {ж||ж| < M}.
We extend any function F(t, x) defined on [2M, +00) x M2 to be zero on [0,2M) x JR2. 
We associate with и the linear solution ul of

□ Ui = 0 (2.2)

with
t — 2M : ul = <P, dtUb = ф. (2.3)

We denote by E  the forward fundamental solution of □, that is,
• /

(E * F )(t,x ) = f  dr f  F (t , y)[(t -  т)2 -  |я -  y\2]~1/2dy/2ir. (2.4)
JO J\x—y\<t—r

For v°(t,x) such that v° e Lfoc, E  * |u°|p € L™c, we define Jp(v°) as the solution of the 
following problem:

и =  v° + E  * |u|p. , (2.5)

In what follows, c will always denote a positive constant independent of e and its meaning 
may change from line to line.

We first give some basic estimates.
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Lemma 2.1. I fp  > 1, we have

i«'t- b |< 2 '- 1(i«l’’+ !V J, . (2.0)
|MP -  |6|p| < ||a| -  |b]|pmax(|a|p, |i,|p), (2.7)

||<. + 6|p -(|< .|p + |b |p) | < P2p- 1( |a | |6 |r1 + |6 ||< .r1), (2.8)

|a||b|p- 1 < (l/p)1/p(l -  l /P)1- 1/p(|<x|p + |b|p). (2.9)

Proof. All of the above inequalities except (2.9) can be found in [1] Lemma 8.3. For 
(2.9), if we let

. \ = \ а т * р + т
then, (2.9) is equivalent to say

x l/p( l - x ) 1- 1/p, xe[0,i]
attains its maximum at point x  = 1 /p, which is easy .to see.

We next formulate the analogy of Lemma 8.1 of [1]
By Lemma 1.2 of [1], letting f(s) have support on s > 0 and h(t, x) be defined on t > |ж[, 

r == |ж|, we have

о ( f( t -  r)h(t, x)) =  f{ t  -  r)a h(t, r) + f '( t  -  r)[2r~1/2(<9/ + dr)r1/2h(trx)}. (2.10)

We take h such that
о h(t, ж) =  0 (2.11)

and
h(t,x) = \x\~qh(t/\x\), • 0 ^ |ic [< t. (2.12)

Then by a direct calculation we see that h satisfies the following o.d.e.

K2 -  W " (0  +  (29 + !)№'({■) +  = 0. (2.13)

Moreover, by (2.10) we see that

a ( f ( t~ r ) \x I qh(t/\x\)) =  / ' ( < - O N  .«“^ ( t /N ) ,

where
G«) =  2(1 -  flft'R) +  (1 -  2g)ft«>.

Prom (2.13) and (2.15) we can easily derive the o.d.e. satisfied by G. ■

({* -  1)G"(0 + |(2g + 1)? -  2]G'(«) + 92C(0 =  0.

We see that both h and G satisfy a Riemann P  equation (see [6])

*

h = P<
1
0

1/2 -  q
- 1
0

1/2 -  q

+.00

Q £ -

'0
= (£ + 1 ) -qP  0 

0

1 +oo
0 9 2/ « + l )

1/ 2 - 9  1/ 2 I

(2-14)

(2.15)

(2.16)

(2.17)
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So we may take 

where for: 0 < q < 1

=  (e-H)-«i?(X/2,g , l ,2/ K + l ) ) ,

From(2.'15), (2.18) one easily calculate G'(0) = Is So we get

Jo

for 0 < 9 < 1 and

z):=l if 9 =  0,

'(z) ={1 -  z)1' 2 if  9= 1 .

Lemma 2^2; Let J(s)-have support on s ■> 0, and suppose 0 < q < 1; 
Define

hq(t> x)  =  ( t + X )  qF(lj2,q,l ,  2 |ж |/ ( г  +  |ж |) ) ,  
G#>.z);“ ( f+  M)79.F(-1/2,9,1, 2|ж|/(* + |ж|)).

Then one has, for r = | ж |,

E * J (t— r)Gq{t,x)/r = I J(s)dshq(t,x).
Jo

Moreover, Gq, hqi satisfy
ct~q < Gq(t, x) < Ot~?, 

c T q < hq{t\ x) < Ct~q, ' 0 < q <1/2, 

ct~1/2 log[2(t +  r)/(t - r)] < Щ/2(t, x) < Gt~lf2 log[2(t + r)/(t -  r)],

(2.18)

« 1 Д , . ] , г )  =  Г ( 1 ) | Г ( ч) Г ( 1

m  a ir  aloA' О л  ^  1 ■

. -  9)]'1 f 1 tq~l { l- t )~q{ l- z t ) - ll2dt. 
Jo

(2 .1 9 )

F ( l / 2 , g ,  l,z)

Cl*: *1i 1 :

4 — x )

=  Г ( 1 ) [ Г ( ; i / 2 ) ] - 2 / V 1/2 ( i  -  « ) - V 2( i -  
Jo

zt) qdt. (2 .2 0 )

S im i la r l y

7 l - 1  + o o  : Y
G = P< : n o g  - eV

. -4/2 -  «
.

- 1 / 2 - 9  9  J  
VO 1 + o o  ;  '

' '

= (£ + 1)-чр{ О 0  q 2 / ( £ + l ) •V (2 .2 1 )
0  3 / 2 - g  - 1 / 2 J

so  w e  m a y  a s s u m e  !
< ?(£ ) = ( £ .+  l ) - * G ' ( 2 / ( £  +  l ) ) . (2 .2 2 )

(2.27)
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. c r 1/2(i -  r )1/2~9 < h q(t,x) < Ct~1/2(t - r ) 1̂ ,  1/2 < g  <1, (2.30)

and
\r^2(dt + dr)r1/2hq(t,x)\ < chq(t,x), (2.31)

ha+l}(t, x) < hq(t,x)(t -  r)~P, 0 < /3 <1 -  q, , (2.32)

and for q > 1 / 2,
(t +  г)_1С4(^,ж) < (t -  r y qGi(t,x). (2.33)

'Proof. (2.26) follows from (2.14) with «7 = / '.
We have (2.27)'because F (-i-l/2, g, l, 2f) is positive and ^(-^1/2) 5,1,1) exists, so

c < F ( - l /2 ,q ,l ,z )  < C. (2.34)

We have (2.28)i because of the same reason. Similarly, (2,29) and (2.30) follow from

clog[2/(l -  z)] < F ( l /2 ,1/2, l,.z) < Clog[2/(l -  z)}, (2.35)

c(l -  z f l 2- q < F ( l /2 ,9,1, z) < C(1 -  z)l/2- \  1/2 <1. (2.36)

(2.31) follows from the identity

r 1/,2(dt +  dr)r1/2hq(t,x) — Gq(t,x).

(2.32) follows from (2.20). (2.33) is equivalent to

( 1 -  * W - l / 2 ,g ,M )  < F (- l /2 , l , l ,z ) .  (2.37)

We have, for 0 <  г < 1,
т

(1 — z)qF (-l/2 ,q , 1,г) < (1 -..*)«■ < (1 ^ z ) 1/2 = = ^ 1 /2 ,1 ,:l,s). (2.38)

Lem ma 2.3. Let Fofaw) be the Feidlander radiation field of u i, defined by

F0(p, u>) =  lim r~ ^2UL(r + p, ru), (2.39)Г—ЮО

and let
Go(t,x) =  F0( t - r ,w ) / r ^ 2, r - \ x \ ,u  = x/r, (2.40)

> =  y '|F o (p ,o ;)rd p 5 (t-r)r -^ 2, (2.41)

u° — E * /л. (2.42)

Then for any 0 < а < р/ 2 —1 we have

IE  * \G0\pH(2r - t )  — a01 < c I f ?  sup \Fo{p,w)\pdp (t -  r)~ahp/2-i{t,x), (2.43)
J Ш

where H  is the Heaviside function.
Proof. This lemma follows from Lemma 2.2 and Lemma 1,5 of [1] in the same; way that 

Lemma 7.4 of [1] follows from Lemma 1.7 of [1] and Lemma!1.5 of [1].
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Lemma 2.4. Let u° be defined by (2.42), Tp be the life span of Jp(u°). Then

0 < Tp < +oo, 2 < p < pq. (2.44)

Proof. The existence part follows from Theorem 8.6 of [1], the blow up part follows 
from Lemma 8.8 of [1].

Theorem 2.1. I f u® satisfy u° € Lfoc(R+ x JR2), E  * |u?|3’ € L™C(R + x R 2), Ai > 0, 
i. =  1, • • • , N, At — 1 and £3 AjU° > 0, then

.(« ? )•  (2 -4 5 )

Proof. This theorem follows from Lemma 8.5 of [1] in the same way that Theorem 3.11
of [1] follows from Theorem 3.8 of [1].

Lemma 2.5. Let a satisfy

0 < а  < min(p/2 - 1 , ( 3 -  p)/2) if 2 < p < 3, (2.46)

0 <oi < 1/2 if  3 < p <  p0. (2.47)

Then
|Я * |«ь|р -  u°| < ca(t -  r)~ahp/2-i(t,x). (2.48)

' , t ,

Proof. |E * |njr,|p — n°|
<|Я * \uL\pH(t -  2r)| + |E  * М РЯ(2г - 1) -  E *\G0\pH(2r - 1)| 

+ \E*\G0\pH { 2 r - t ) - u ° \  ■ '
= 1+ 11+ 111.

By Lemma 7.1 of [1]
\uL\ < C ( t - r ) ~ ^ 2t - ^ 2H ( t - r - M ) .  (2.49)

So we get

, l < c E * ( t -  r )-pl2t~p/2H(t -  2r)H(t - r - M )
< 2 acE * ( t -  r ) -pl‘2~at~pl2~0l~xr~lH (t - r - M )

t
< Ca hp/2+a—l
< Ca(t -  r)~ahp/2- 1 * (2.50) 

Again by Lemma 7.1 of [1]

4 I G o & x y K c f y - r y W r - W H i t - r - M ) ,  . (2.51)

\uL -  G01 < c(t -  r)- 1/2r _1/2t - 1

< ca( t - r ) - 1l2r~1lH -a. (2.52)

So by Lemma 2.1

II < caE  * (t -  г )-р/2г - р/2Г аН{2г -  t)H(t - r - M )  

; £  caE  * ( t -  г )-р/2г ( а+р/2Г 1)г - 1Я(^ - r - M )
5: Catha+p/2—1' ■ (2.53)
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By Lemma 2.3, this lemma is proved.
Lemma 2.6. There exists a positive constant cx such that
(I) when 2 < p  < 3 and

(t -  r) f(3-P)/2ep(p-i) <

solutions of (1.1) (2.1) exist and satisfy

(2.54)

|« ~ SUL| < cephPi2-ii (2.55)

(II) when p — 3 and

£p(p-D*7(* _ r )i-7 < Cl(p,7), VO < 7 < 1/3, (2.56)

solution of (1.1) (2.1) exists and satisfies (2.55) ;
(III) when 3 < p < po and

(* _  r )i+ p (3 -p )/2 ep (p -i)  <  Cl(p), (2.57)

solutions of (1.1) (2.1) exist and satisfy (2.55);
(IV) when p ~ p o  and

log(t -  r)ep(p_1) < cx(p), (2.58)

solution of (1.1) (2.1) exists, and satisfies (2.55).
Remark. This lemma immediately gives a lower bound Te > ce~k^  when 2 < p <p0. 

Te > exp{/cie"po(po-1)} when p *  p0.
Proof. Let

w ~ u -  eui. (2.59)

Then (1.1) (2.1) is equivalent to

w = E * \еиь +  w\p. (2.60)

By Lemma 2.1
E *\euL + w\p <2p~1(epE * \u L\p + E*\w\p). (2.61)

By (2.49)

E  * \uL | p < c E * ( t -  r )-p/2t - p/2H(t - r - M )
<cE *( t  — r)~p/2t1~p/2r~1H ( t - r  — M)
< chpj2_x- (2.62)

Therefore, we get
0 < w < coephp/2-i +  2p~lE  * |w|p. (2.63)

We first prove the lemma for the case 2 < p < 3. We assume presumably

0 < w < 4c0ephp/2- i .  (2.64)
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Then

2P~XE  * H P < cep2E  * \hp/2^ \ p

< cep2 E  * r< p/2“ 1>p
< cep2E  * r -i*i-(p/2-i)p

< cep (t— 1

< cephp/2-iep(p~1̂ (t — r)tp ~̂~p̂ 2. (2.65)

So, when (2.54) is satified for sufficiently small ci(p), we get from (2.65)

2P~XE  * H p < coephp/2-i. (2.66)

So we get from (2.63)
0 < w < 2c0e?hp/2_i. : (2.67)

which is a sharper estimate than (2.64). So we have proved the lemma for the case 2 < p < 3. 
We next consider the case p = 3. As before we assume (2.64), from which we get

w < ct- 1 /2 log[4t/(t—t )]

< c 7r 1/ 2[4 t/( t-r)]7/3. (2.68)

Therefore

2p~lE  * |w|3 < cye9E  * t4~V2(t -  r )“7 "

< Ĉ £9E  * r - 1t7-1^ ( t  -n r)“7

< cye9t^~x/2(t -  г)1"7

< c7e3Ai/2£3(3_1^ 7(i -  r)1-7. (2.69)

So, when (2.56) is satified for sufficiently small ci(p,7 ), we get from (2.69)

2P XE *  |w|3 < c0e3hi/2. (2.70)

By (2.63), we have
0 < w < 2c0e3hi/2, (2,71)

which is a sharper estimate than (2.64). So we have proved the lemma for p = 3.
The case 3 < p < po can be dealt with similarly.
Lemma 2.7. Let

T(e)
■ {

(Tp + l)e -fe(p), 2 < p < 3,
+ 00, 3 < p < p0.

Then there exists 6(e), 0(e) —► 0 as e —► 0 such that for t < T(e).

|E *' \euL + w\p -  E *  \еиь\р -  E*\w\p\< 0(e)(epu° + E  * |w|p). ■ (2.73)

Proof. We only prove the theorem for the case 2 < p < 3, the case 3 < p < p0 can be 
treated in a similar way.



N6,2 Zhou, Y. LIFE SPAN OF- CLASSICAL SOLUTIONS 233

■ bet' :.
-  p(e) = «e"fc(p) (2.74)

where к satisfy
k(Tp + i )p(3_p)/2 < ci(p). (2.75)

Let xp denote the characteristic function of the set {(t,a:)|0 < t -  |ж| < p(e),t < T(e)}. 
Then by Lemma 2.6, we have

\xPM < c£pxphp/2^ i 1 :
< серх Р̂ ~ р/2
< cep[T{e)]^-py 2[p{e))H-l>2{t -  r)“*

< ce[p{e))<3- l^ r y 2{t -  r )-0. (2.76)

Therefore, by Lemma 2.1

|E * \eul +  w\p -  E *  \eui,\p — E  * |w|p|
<2p~xpE  * (\suL\]w\p~1 +  |ewi,|p~1 |w|) ■

=cE * (\еиь\|Xpw|p_1 +■ |еиь|р_,х\ x M )
+  c E * ( \ ( l . - X p ) e ^ \ \ w \ p~ 1 +  \(l>~Xp)ev>L\p- 1\w\) ..

= I+II. (2.77)

By (2.76) and (2.49), we get

I <c£p[p(e)](/?" 1/p)(p_1)J5 * r p/2(t -  r) 1̂ ? - ! ) /?

+  cep[p(e)]^-1/p)E * r p^ ( t  -  r )(p-i)/*N». (2.78)

We choose /3 such that

p - 1Ip < o , i/2  +  (p -  i)p > l, (p -1 )/2  +  p > i;

Then by Lemma 2.2

where &i (e) =  c[p{e))t3~l/p. 
Let

I < 9\{e)epu°,

Ш =  We)]-“/p.
where 0 < a  < p/2 -  1. Then by Lemma 2.1

(2.79)

(2.80)

(2.81)

II < с{в\~рЕ  * |e(l -  Xp)u l \p + 02E  * |H P + 02 Щр~Х)Е  * |e(l -  Xp)ul\p + №  * H P}
< с{в\~рЕ  * |e(l -  Xp)uL\p + O2E  * \w\p}
< c{tpe ^ p[p(e)]-aE *  r p/2( t~  r)-p/2+aH {t~  r -  M) + 02E *  \w \p}
<c02(epu° + E*\w\p). (2.82)

Combining (2.80) and (2.82), we see that the lemma is true.
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The next lemma concerns with the lower bound estimates of the life span of Jp(e£r(t -  
r)~ahp/2_i), we want to show that it is longer than that of Jp(ep/ip/2- i)  when cr < p but 
sufficiently close to p. Here we take a  to be small

0 < a  < 1/p, 2 < p < 3  or p = po, (2.83)
ap + p (p -  3)/2 < 1, 3 < p < p 0. (2.84)

Lemma 2.8. Let a satisfy (2.83) (2.84). Then
(I) when 2 + 3p — p2 — 2a(p -  1) < 0 and e is small enough, Jp(sff(t — r)~ahp/2- i )  exist 

globally and satisfy

Jp(e°{t -  r)~ahp/2- i) < 2e°{t -  v) ahp/2-i; (2.85)

(II) when 2 + 3p *- p2 — 2a(p — 1) > 0 and e is small enough, Jp(ea(t -  r)~ahp/2- \)  exist 
for t < с2е_г(р’а,<г) and satisfy (2.85), where

l(p,ot,o) = 2o(p — l)/(2  + 3p — p2 -  2ot(p- 1)). (2.86)

Proof. This can be proved similarly as Lemma 2.6.

§3. Main Result
As in [1] Theorem 1.2 follows easily from Lemma 2.5, Lemma 2.7, Lemma 2.8 and Theorem

2.1.

The existence part of Theorem 1.3 follows from Lemma 2.6. We now prove the blow up 
part.

By Lemma 2.5 and Lemma 2.7, we get for w =  и — eul

w > ep(l — в(е))и° + (1 -  0(e))E * \w\p — cep(t -  r)“au°. (3.1)

So there exists to such that when t -  r > t0 and e is small enough

w > c{£Po(t + r ) - ^ 2( t - r ) ^ - pô 2 + E*\w\Po}. (3.2)

Let Q be defined on t — r > to satisfying

Q < c{ePo(t + r)-V 2( t - r ) V - po)/2 + E*\Q\PoH { t - r - t o ) } ; ' (3.3)

Then we have
w(t,x) > Q(t,x), t - r > t o .  (3.4)

As in [3], we take Q to be of the form of

Q = l(t -  r -  t0)(t + r)~1/2(t -  r)(3- p°>/2, (3.5)

where l(s) = 0 when s < 0. Then

2E * \Q\PoH(i — r — to)

= 2E * |l(t -  r -  t0)|po(* + r)~p°l2(t -  r )"1 

=JS * \l(t -  r  -  t o ^ r - ^ t  +  r)x- p°/2[(t -  r ) - 1 -  (t + r )"1]
>cE * |l(t -  r -  toW or-'G ^p-iK t -  r ) - 1 -  (t -f r ) - 1]. (3.6)
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By Lemma 2.2,
+ < G\(t,x)(t — r )1_p°/2. (3.7)

Therefore, we get from (3.6) ,

, E*\Q\po H { t - r - t 0)
>cE * \ l ( t - r - t o ) \ por - 1[GPo/2- i { t - r ) - 1 - G x i t - r ) 13' 1]

-c {h p o/2_ i [ (s +  to)_ 1|Ks)lPorfs
Jo

- h  f \ s  + tQf - 1\l(s)\Pods}
Jo

>chp0/2- l{  /  (s + t0)_1H(s)lP°dsJo

- ( t - r ) - »  f ‘ r ‘°(s + t0)l>- l m r < ls } ,  (3.8)
Jo

where /3 = 2 — p0/2. Therefore, if l satisfies

l{r) —C£p0 + c'{ Г (8 + to)~1|/(s)rrfs 
Jo

-  (r +  to)_/3 / T(S + to)/3- 1 |^ ) l P0̂ }  
Jo

(3.9)

for sufficiently small c', then we have (3.3).
Let

1(t ) = v(ln[(r + to)/<o]/3-1)- (3.10)

Then it is easy to see that v satisfies an o.d.e. of the form

( v"(z) + v'(z) = c"{v(z)lp°, 
\  u(0) =  ceP0,u'(0) = 0.

(3.11)

By Lemma 2.6 of [3], we know that v blows up before a time к^е p°(po Therefore, by 
(3.10) and (3.4) we conclude that

Te < exp{/C2ePo(po_1)}. (3.12)

Thus we have proved Theorem 1.3.
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