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LIFE SPAN OF CLASSICAL‘ SOLUTIONS
TO ou = [u}f IN TWO SPACE DIMENSIONS -

ZHOU YT* .

Abstract

The author studies the life span of classical solutions to the following Cauchy problem
Du = |u|” e
t=0ru= sga(w),uf, = 5111(:1:), z € R,

where @, 9 € C§°(IR?) and not both identically zero, 0 = 87 — 87 - 83, p > 2 is a real number’ f )
ande>0isa small parameter, and obtains respectively upper and lower bounds of the Same -
order of magnitude for the life.span for 2 < p < po, where pg is the positive root, of the quadratlc
x2—38x—2=0.

§1.- - Introduction S R L

In this paper, we consider the t;qllpvq_i_ng Cauchy problem

t=0:u=scp(w),ut'=51/)(w), ' mGRz (1.2)

where ¢, ¥ € C$°(IR?) and not both identically zero, o=a -8 - 6 p>2isa real
number and £ > 0 is a small parameter.

‘We are interested,in. estimating.the life span T of classmal solutlons of (1 1) (1 2)., By
definition, T, is the largest number such that classical solution of (1:1) (1.2) exists for
0<t<T. ‘ '

. Let po be the positive root of the quadratic

X2 —3x-2=0. ~ 19

R. T. Glassey [? proved that when p > po and ¢ is small enough, one has T, = -+oo0, that is,

global existence. When p = 2, H. Llndbla.d (] has proved precise estimate for fhe life span
T.; we restate his results as “follows.

- Theorem 1.1. Let T. be the life span of classical squtlon to (1 1) (1 2) with p=2

Then : .

(I) when [ g(m )dz 7é 0

e l'in%);a(z#:)"l-TE =T .exists with 0 < T < +o0,
[t d

where a(c) satisfies

62a_z(,lé) lgg(l +ae) = 1; et (1.4
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(I1) when [ g(z)dz = 0,
gi_r)% €T, =T exists with 0 < T < +00.

We in this paper will prove similar results for the case 2 < p < po. . -
"~ Theorem 1.2. Let T, be the life span of classical solutions to (1.1) (1. 2) with2 <p <po-
Then
ggx(l) e*®T, = T, exists with 0 < T, < +00,

where :
. k(@) =2p(p~1)/(2 +3p - p°). (1.5)’

We prove Theorem 1.2 by following the steps of H. Lindblad [!], but in order to go through
with it, much more technical difficulties has to be overcome.

In case p = po, by applying the method the author proposed in [3], we shall be able to
prove the following

Theorem . 1.3. Let T; be the 11fe span of classical squtwns to (1 1) (1. 2) W1t11 P = po.
Then there exists an €9 > 0 such that for.any € with 0 < ¢ < eo :

exp{nls_pO(pO_l)} S TE S exp{nze—po(po_l)},
where k, and ko are two positive constants indepent of €.
'§2. Preliminaries
For the reason of convenience, we impose the initial data at time t = 2M
t=92M:u= ew(w),ut = e¢(w) | (2.1)
and suppose supp <p,z/) C {a:“:z:l < M} Co '
“We extend any function F(t,z) defined on [2M, +00) X R2 to be Zero on [0 2M ) x R2
* We associate with # the linear solution uy, of -
Dup =0 " T (2.2)

with : ' :
t=2M :up = ,0ur = 1. . . (2.3)

'We denote by E the forward fundamental solution of o, that is,

(B F)(t,a) = /0 dr /H Flry)(t-)? — o — g2~ dy/om.  (24)

For v°(t, ) such that +° € L
following problem:

P o Ex 0P € LR, we define J,(v0) as the solution of the

u =12+ E % Jul’. . . (2.5)

" In what follows, ¢ will always denote a positive constant independent of € and its meaning
may change from line to line.
We first give some basic estimates.
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wLemma 2.1. Ifp > 1, we have

a8l < 272 (al? + o), e

llal” — 1blP| < |la] — b]|p max(jal?, [b]), @0
la+ 5P = (lal? + [b17)] < p2~ (allbPT + PllaP™), - (28)
lalfbl?~* < (1/p)'/P(1 = 1/p)'*(|af? +[bP)- - (29)

Proof. All of the above mequaht1es except (2.9) can be found in [1] Lemma 8 3 For
(2.9), if we let
- lal”/(lal” + [bf?)

’then, (2.9) is equivalent to say
XPL-x)"Yr, . xeo]

atta,lils its maximum at point x = 1 /p, which is éasy 1o see.
We next formulate the analogy of Lemma 8.1 of [1] o
By Lemma, 1.2 of [1], letting f(s) have support on s > 0 and h(t, z) be defined on t> la:l ,

=z, we have _. '
a (f(t = r)h(t2) = £(¢ - (s 'r) + f’(t r)[2r“‘1/2(8t +8r)r1/2h(t o). (_2;.10)

We take h such that S
Dh(t,:c)--_-':O S e (201)

and : S :
| k(t,z) = ||~ R(t/|z]), © 0<|z| <t L (212)
Then by a direct calculation we see that h satisfies the following o.d.e. ) A_ )_
(€~ DR"(8) + (20 + 1)ER(©) + ¢*hie) =0. (213)
Moreover, by (2.10)_We see that ‘ - _ ..
o (£t = el h(t/lol)) = F¢ = Dlel GG lel), v (234)
where ’ -
GO =21-OKEO+A-20hE). ¢ (2.15)
From (2.13) and (2.15) we can easily derive the o.d.e. satisfied by G‘. .
(€% = 1)G" () + [(2q + 1)¢ - 2)G" (€) + ¢*G(§) = 0. - (2a6)

We see that both h and G satisfy a Riemann P equation (see [6]) |

d 1 ‘ -1 +00
h=P{ 0 0 g ¢
1/2-q 1/2-q ¢

.0 1 400 O _
=(€+1)7P { 0 0 g 2/({-}- 1) } . , (2.17)
E - 0 1/2—q-1/2 - )t onm T
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So we may-take

| h(ﬁ) (§+1) "F(1/2,q,1 2/(€+1)),
‘wherefor:0 <.g <1

R0 = TOR@N= O [ - e -
- ‘Wemayalscante,for0<q<1 - |
Ffra L) = r(1)[r(1/2)] / V(L )L )

* Similarly:

{' I =1 400 ! }
G= P Os 0 g €&
(0 "1 40 Y

=(E+)" "’P{ 0 g 2/(¢+1) }f, ‘
Lo 3/2 q —1/2 ;

© §0°We-may-assume &

“G(§) = —(El'+ 1),“’G"(2/ (€+1)).
- From(2:15); (2.18) one-easily calculate G'(0) = 1: So we get

1
)= F(-1/210,1 z)-n(l)[rw)r(l ot [ -

: cfor0< g < lrand.
Gl(z) =1~ z)l/2 ififg=1. -

. Liemma:2:2; - Let-J(s):have support on s> 0, and.suppose 0 < ¢ <1
- Define

BEE - byt @) = (B |2 ) TR (12,9, 1, 20l /(2 4 1))
Gyt m) =t |]) TUF(~1/2, 4,1, 20| /(  |2)). -

" Then:one has; for.r=-g|; - -
- - NP ce T ,t?"l' By R . C
Bedli=nGialfr= [ T(o)ds holto),

Moreover; Gy, hy; satisfy
eI Gt ) < CtTY,
t-q<hq(tx)<0tq 10<g <12

t'l/ *log[2(t + 'r)/ (t—n]< h1/z(t )< Ct"l/ *log[2(t+ 1)/ (t -7,

(218)

2.19)

(2.20)

(221)
U e

-(2@‘23) N

(2:24)
(2.25)

- (2:26)

~(227)
(2.28)
(2:29)



B+ |GoPH(2r — 1) —u°| < / p" sup Fo{pyw)Pdp (1~ Pyl

where H  is theHeaviside: function.
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et~ (g p)l/2a S"hg(t,-:c) s Ct 12t —r) 29, 12 <<, 1(2:30).
- and '
|r1/2(at +0; )r1/2h (t, :v)| < chq(t z), | (2:31) -
hatg(t,2) < ho(t a:)(t —n)f,  0<p<l- % ' . (2.32)
-and for g >'1/2, | ' o
(t-7)1Gyt,) < (¢ =) Galta). @39
‘Proof. (2.26) follows from (2:14) with.J =f/. .
We have (2. 27) beeause F( 1/2,4;1,2) is: posmve and F( -1/2;q,1,1) exists, s0 -
c<F(~1/2,¢,1,2) <C. ' :‘(2,;*34) A
We have (2.28) because of the same reason.’ Slmllarly, (2 29) and (2 30) follow from :
c101%[2/(1 = 2)| £ F(1/2 1/2/1,2) < C'log[Z/(l ~2)], (2.35)
(1 =2)P 1 < F(1/2,4,1,2) SC(L-2)?71,  1/2<g <L (2:36)
(2.31) follows from the identity - |
r/2(8; + O )rlfth(t 2) = Gyt ).
(2 32) followsfrom (2.20). (2.33) is eqmvalent to
(1= 2)IF(=1/2,0,1,2) < F(~1/2,1,1,2). (237
‘We have, for 0:<2< 1, |
(1 —=2)iF(=1/2,¢,1,2) < (1 =2)? < ( - z)l/2 F(+=1/2,1;1, 2). 1(2.38)
‘Lemma:2:3. :Let.Fy(p,w) be the Feidlander radiation field of u 1, défined: by -
‘Fo(p,w) = lim Y 2up(r +p,10), (2.39)
and let '
‘Go(t, z) = Fo(t — r,w)/r'/?, r=z|,w = x/r, +(240)
p= f {Fop, w)[Pdp 8(t —7)r=P/%, (241) -
W =FEx*p. (242)
Then for any.0 < a < pf2 ~'1-we have . -
- (243)

‘Proof. This lenima follows from Lemma 2.2 and: Lemma 1.5 of [1] in the same way that

‘Lemma; 7.4 of [1].follows from’ Lemma.'1.7. of [1}-and Lemmail.5'0f [1]. .
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. Lemma 2.4. - Lét u® be defined by (2.42), T, be the life span of Jp(quL Then
0<T < +oo, 2<p<po (2.44)

Proof. The existence pa.rt follows from Theorem 8.6 of [1], the blow up part follows
- from Lemma 8.8 of [1].

Theorem 2.1. If u satisfy v € L (& + x R?), E % |udJ]? € LZ, (Rt x R?), ); > 0,
i=1,---,N, Y N —landZ)\,u >0, then '

p(z,\u)<z,\Jp(u°) - (245)

. Proof ThlS theorem follows from Lemma 8.5 of [1] in the same wa.y tha.t Theorem 3.11
of [1] follows from Theorem 3.8 of [1]. :
Lemma 2 5. Let Q sat1sfy

O<ac< mm(p/2 ~1,3-p)/2) if2<p<3 (2.46)
0<a<1/2. if3<p<pp © (2.47)

“Then : E o . _ o -
|E % [ug|? — u°] < calt —7)~® p/2-"1,(t’$).' , (2.‘48)

Proof. |E x|ug|’ —u’|
‘ <|E % |'u,L|pH(t - 2r)| + |E * |uL|"H(2r - t) E x |Go|”H(2r - t)|
+|E % |Go[PH(2r — t) = 40 :
=I[+II+IIL.

By Lemma 7.1 of [1] S
lug| < C@t —r)~ Y2 V2H(t — 7 — M). | (2:49)

"So we get
IS cEx (=) P2 P PH(t - 2r)H(t~r - M) .
< 2% E % (t _ ,,.)—p/2-at—p/2-a-1,’.—1H(t —_r— M)
< cahp/2+a-—1l | :
< Ca(t - ’I‘)_ahp/g_l. (250)
Again by Lemma 7.1 of [1] -
AR |Got,2)| < cft —r)"/2rV2H(t ~ v — M), - (@5

luz, — Gol < cft — r)~H2r~ /21
< ot — )" V2p-12ge Y (262)
So by Lemma 2:1 . .
1< o % (t —r) P %P2~ H(2r —t)H(t— 7 — M) |
S coBx (t—r) PR D G r o M)
S Caha+p/2_1. . R B e (253)



solution of (1.1) (2.1) exists and satisfies (2.55).
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By Lemma 2.3, this lemma is proved.
- Lemma 2.6. There exists a positive constant 01 such that
(I) when 2 < p < 3 and :
(t = r)PPEP0D < (), (2.54)
solutions of (1.1) (2.1) exist and éatisf.V
lu - gug) < cPhy/2_1; (2.55)
(IT) when p = 3and
fE DO~ <eilpy), VO <y<1/3, (2.56)
- solution of (1.1) (2.1) exists and satisfies (2.55) ;
(ITT) when 3 < p < po and
(t - )1+p(3-p)/2€p(p < Cl (p) (2_57)
squtxons of (1.1) (2.1) exist and satisfy (2.55);
(IV) when p = py and _
log(t — r)e”(""l) < cl(p), (2.58)

Remark. This lemma immediately gives a lower bound T, > ce=*(®) when 2 < p< po.

T. > exp{k1e~P(ro~1)} when p = po
Proof. Let : o
W= U~ Eur,.

Theﬁ (1.1) (2'.1). is equi.valex.ﬂ;,. t;) ‘-
| | sz*l-Isl‘u;,+wip.
By Lemma 2.1 ‘
E x|euy +wlP < 2271 (ePE * |ug|P + E # |wlP).
'By (2-49)1
Ex|uglP <cEx*(t- r)“”/.zjt"’yzH(t.— r - M)

< cEx(t—r) PP P2 H(t~ v — M)
S C‘hp/g_l.

Therefore, we get , - SR :
0<w<coe”hp/2 1+2p—-1E*lw|p'

‘We first prove the lemma for the case 2 < p < 3. We assume presumably

0<'w<4606ph p/2-1-

(2.59)
(2.'60)

tz_.éi)

(2.62)

269)

'(2;64*)



232 _ . v+ CHIN.'ANN;OFMATH. ~ . “Vol:14 Ser:B

Then
.2p—‘1'E,*‘|.;u;|.p < éEpz'E " Ih;/z.—1|p |
< ce”E ¥t—(P/2-1)p
< P B ar-tilo/-0p
e (t—r)im@/2lp _
< ePhy 1 PP (t — 7)tPB-P)/2, (2.65) .

‘So,-when (2.54) s satified for sufficiently small c;(p), we-get from (2.65)-
2P71E ¥ |wfP < coePhy o ' , (2.66)

S0 we get from (2:63) : _
0<w< 20Phpp00. o~ (2.67)..
~which:is-a sharper estimate than (2.64). So we have proved the lemma for the case.2 < p< 3.

We:next consider:the case'p = 3.vas-' before we. assume (2.64), from which.we-get -
w < et~ loglat/(t — 7)) ‘
Set™VPat/E-m) T (268)
Therefore
2""1E * |w|3 < ¢y OF # 7" 3/2(1; r)™

< c,,e:gE * r‘lt'V'"l/z(t ) i

S e (L

< ¢ e3h1 /263(3 V(¢ — 'r) 7, (2.69)
So, when. (2.56) is satified for sufficiently small c;(p,v), we get from (2 69)

2P-LE % ]wlas coe®hy /2. (2.70) -

~ By:(2.63),-we have - N , - _
~ 10 < w < 2¢08%hy jg, (2.71)

‘which:is-a-sharper estimate.than. (2.:64). So ‘we have proved the lemma forp = 3.
The case:3 < p < po can'be dealt w1th s1m11ar1y
‘Lemma.2.7. -Let -

T, +1)e*®), 2 <p<3,
R RARRELS @mn)
+00, 3<p< po.
Then there exists;-O(s)-,’ 0() — O as € — 0 such that for t < T(e).
| |E# IeuL + wlp E |suL|p E’*’-lepl.< 0(6-)(6-‘-’u° +E *’-Iw‘lp) s(~2-73)

‘Proof. “We only prove: the theorem for the case. 2 < p <3, the case 3 < p < po-can be
-treated in asimilar way.
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- Let’ ‘ L e o S
.~ where « satisfy- . S
W(Tp+ PP <y (p). A (2.75)
Let: x, denote the characteristic function of the set: {(t )0 <t - o] < p(e) t < T(e)}.
Then by Lemma:.2.6; we have: :
xpw| < cePXphipjaai
< [T P2 p(e)Pt7 2t~ )
< celp(e))P P2 (b )P, L (278)

Therefore, by Lemma- 2 1

|E % |euL + w]" E * |euL|" E *- [w[p|

<2 1pE »(Jeuy |Jiw|P~ 1+|au1,|” 1l'wl)
=cE * (Jeur ol M Hleucl  pwl) -
e (| xpeuplwl T H (L xpewr P )
= I+II ' . - (277
(2 76) and: (2 49), we: get A
1<c€p[ (8)](ﬁ 1/p)(p—1)E*t—p/2(t_. )1/2+(p—1)ﬂ ‘
ceP[p(e)](ﬁ 1/p) E*t"l’/z(t— )(p~1)/2+ﬁ | (2.78)
v‘We choose B such that. | A »
“1Up<0  12+G-DF>1  (-D2+E>L (1)
~Then by Lemma 2.2 S o _ :
C I< 8;i(e)ePu®, ' o (2.80).
where 61 (¢) = c[p(¢)}P~1/P. '
Let: EE '
ba(e) =@, - (281)

- where 0-< o < p/2— 1. Then by Lemma 2.1..

1S {0} 7B % |e(L - xp)usl + B +[uf? + 05 /O VB xJe(1 = xp)uslP + G v wf?}.
< c{02_pE *|e(Li~ xp)ur|? + 03E * |w[P}. . ,

< o{EPOEP[p(e)| R E w tP2 (81— )P H (1 r— M) + 02E * lw|‘°} |
< chs(ePu? + B+ [w]P). o ) __ (2.82)

Combining (2.‘80) -and' (~2.82)’,- -we see that the lemma is-true..
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The next lemma concerns with the lower bound estimates of the life span of J,(”(t —
7)~%hy/2-1), we want to show that it is longer than that of Jp(€Phyj2-1) When o < p but
sufficiently close to p. Here we take a to be small

S 0<a<l/p, 2<p<3 or p=po, - (2.83)
‘op+p(p-3)/2<1l, 3<p<py . . (2.84) -
Lemma 2.8. Let a satisfy (2.83) (2.84). Then - : |
(I) when 2 + 3p — p* — 2a(p — 1) < 0 and ¢ is small enough, J,(% (£ — 7)™ *hy2—1) exist
globally and satisfy :

p(e"(t = 1) %hp2-1) < 267 (¢ - 7‘) *hpj2—1; (2.85)

(IT) when 2 + 3p 2 —2a(p-1) >0andeis small enough Jp(e?(t — 1)~ %hp/2_1) exist
fort < cgs-l(P’a %) and satisfy (2.85), where

(prt,0) = 20(p = 1)/(2+3p - p ~ 20(p- 1)). - (2.86)
Proof. This can be proved 31m11arly as Lemma. 2 6.

.§3. Main Result

As in (1] Theorem 1.2 follows easily from Lemma. 2.5, Lemma 2.7, Lemma 2.8 and Theorem
2.1..

The existence part of Theorem 1.3 follows from Lemma 2.6. We now prove the blow up
part. : .
By Lemma 2.5 and Lemma, 2.7, we get for w = u — eug,

w2 P10 F (L - BENE x[wf —eePt—r) s (@)
So thefe exists to such that when t—r > to and ¢ is small enough
w> c{e”°(t +1)7V2 (=) 4 Exulp). T (3.2')'
Let Q be definedon t —r > ¢p satlsfylng .' |
Q< c{e‘Jo (t +7) V2= )P L B |QPH(t -7 — 1)} (3.3)

Then we have . :
w(t, ) > Qt, z), t—1r 2>t ' k (34)

As in [3], we take @ to be of the form of |
Q=1(t—r—to)(t+ )"/t = r) P02, (3.5)
where I(s) = 0 when s < 0. Then

2E * |Q|"°H(t -r- to)
=2E # |l(t — 1 — to)|Po(t + ) P/2(t — 7)1 |
=E#|I(t = 7 — to)[Por (¢ + r)i P2t — 1)1 — (¢ + 7))
>cE x |I(t — r — to)[Pr ' Gpyja-1[(t — 7)1 = (t+ r)"l] . (3.6)
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By Lemma 2.2, :
Gpoj2-1(t,z)(E + 1)~ < Gl(t z)(t =)t/ 3.7
Therefore, we get from (3.6) " "
CEx|QIPPH(E -7~ o) . .
2B #|I(t =7 —to)[Por [Gpyja-1(t — 7)™t = Gyt - r)ﬂ .
t—r—to
el [ (6o G
t—r—io . . .
—h / (5 + o)~ |i(s) [P ds}
0
pt-r—to -
2l (o+to) DS
0 .
t—-r—tg
= [ e ) o), (9)
_ 0
where 8 = 2 — py/2. Therefore, if | satisfies
i(r) =ce? + ¢ / (s + to)~Hi(s)Pods
0
. T
—(r+10)P / (s + t0)P~1]i(s) [P ds} (3.9)
_ 0
for sufficiently small ¢/, then we have (3.3). |
Let :
I(r) = v(n[(T + tq) [to]B71). (3.10)
Then it is easy to see that v satisfies an o.d.e. of the form
{uﬂ(z)w(z) =c”lv(z)l”°, (3.11)

v(0) = ce?,4/'(0) =

By Lemma 2.6 of {3], we know that v blows up before a tlme KaePo(po—1), Therefore, by

(3.10) and (3.4) we conclude that
T. _<__,exp{h:28p°(p°_l)}.

Thus we have proved Theorem 1.3.

(3.12)
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