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CONSTRUCTION OF PBIB DESIGNS BY USING 
DESCARTES PRODUCT OF KNOWN PBIB DESIGNS

W e i W a n d i* * * X u  J u y o n g **

A bstract v :
The author discuss the Descartes product of a number of association schemes, introduce the 

Descartes product o f t(t > 2) given PBIB designs and, finally, sdlve the general problem: How 
to obtain a new PBIB design from any t(t >2) PBIB designs?

§1. Introduction
The concepts and symbols used but not'defined in this paper are adopted from [1] or [2]. 
Let [a,<b] be the set of the integers neither smaller than a nor larger than b. Let Dq(q e  

[!,£]) be a PBIB design with wq associate classes and with the parameters

Vq, bq , Tq, k q , Tlqiq, ^q iq) Pqjqlq > 3qi lq €  [1, Wq\. ( 1-1).

As the usual convention in the PBIB design theory
TbqO “ 1, Aq “  T,

. . . . . . .  „ p  Pqjqlq = n qjqtijql4’ . >

> ' PqOjq = P^jqO - S4 3 q \

where ■ ■

( 1-2)

if ж — У, 

; if ж ф у.
Denote by Sq the set of treatments of Dq, by

Rqiq (®9 € [l,Wg])

the i?-th associate class, and by B4 — {B$, B f • • • , B$ }, the family of blocks of Dq. Let Aq 
be the incidence matrix of Dq:

Aq —  ( a i q j q ) l  h  € [l»Vg], Удб[1,Ьд],

where a? is the number of times the г-th treatment of Dq occurs in the j q-th block of Dq.
. In order to construct a new PBIB design from two given PBIB designs, VartakI3) intro

duced the concept of the Kronecker product of two PBIB designs, say D\ and D2. Let

A = A\ x A2
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be the Kronecker product of the matrices A\ and A2 defined by (1.2). Then Vartak^l proved 
that the matrix A can be viewed as the matrix of some PBIB design with w\ +  W2 +  wiw2 
associate classes and with the parameters ,

• v == v\v2, bz= bib2, r ~ v ir2, к =  fak2f : . (1.3)

Щ2 = 2̂i2> ^W2+h = ^ln> г̂и2+г1+*2«>1 ~  (1*4)

Ш

(p%+il+hwl) = 

where

^ W 2+ H  ~  ^ A lii >

/  ( r fu ) O1U2XW1

=  I , 0 W lx W2 O v iiX w i

\Q \V \W 2 X W 2  (.632I2) X (^Hjl

OyJlXW 2
Ow2XWi
' n 4

' №l j l) \

V

/

{n2j2^hh) x
0 WlXWiW2

x (Piixh)

w u/j л

in2j2bj2i2) :
/

'-'■wi xu»2 \ P l j i h )

{n2j2$j2h) X ) 0viiW2XW\

0 W iXW2 ’ (^*2ja) X № ljl)  X

(6*232) *

Y

\

(6*232) x  (6 * iji) 0 W lxw i (6*232) x  { P l j ih J

, (рШа) X Whji) (*>*232) x (fljih )  (Р^гь) X (Pljfiii) /

(1.5)

( 1.6)

(1.7)

(1.8)

*1, j i ,  h e  [i,w i], *2, j2 ,h  e  [l,t»a], y ,2 ,e  [i,w i + w2 +  ttfiwa]-

The general problem naturally arises: how to obtain a PBIB design from any t (t > 2) 
PBIB designs? Prom the complicated expressions in (1.4)т(1.8) for the parameters of the 
Kronecker product of two given PBIB designs, it can be seen that if one employed the 
Vartak’s method to the general problem, then the parameters of the Kronecker product 
of t  given PBIB designs would be very difficult both in computing and in expressing. We 
introduce in the present paper the Descartes product of t given PBIB designs, and then solve 
the above general problem. We start with the Descartes product of a number of association 
schemes.

§2. Descartes Product of Association Schemes
Let Mq(q G [l,t]) be an association scheme with wq associate classes and with the pa

rameters

vq ? nqiqi Pqjqlq > *qi jqi Iq € (2-1)
Denote by Sq the symbol set ot Mq, and by Rqiq (ii G [1, ги3]) the associate classes of Mq. 
Put

RqO = {(Sg,Sg)|Sg G ^9 }) (2.2)

which is called the 0-th associate class. Let

S =  Si x S2 x ••• x St, (2.3)
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. J0 =  [0,wi] x [0,4y2] x ••• x ■ (2.4)

J =  J o \{(0 ,0 ,- .- ,0 )} , (2-5)

W -  (wi +  l)(tt>2 +  1) • • • (щ +  i). ' (2.6)

Suppose ф is an arbitrarily given one-one mapping from Jo to [0, w -  1]

ф : Io -* [0, ад — 1] (2.7)

with the property

■0(0,0, • • • , 0) =  0. (2.8) 

D iflnition 2.1. Let (4 , 12, ••• ,*<)€ Iq. Two elements

s(1) =  ( 4 1}> 4 X)> • • • ,  4 1}). s(2),=  (4 2)> 4 2)> ■ • • > 4 2))

are said to be the ф(н,г2, • • • ,it)-th associates of each other, if and are the iq-th 
associates of each other of Mq for each iq € [0, wq]. And the set

ЕФ(ч,ъ,-M) =  { ( s (1),s (2)) |s (1),s (2) are the (il t i2, • • • ,it)-th associatesj (2.9)

((*1, «2, • • • , it) € / 0) is called the ф(н, i2, • • • , it )-th associate class oh the set S.
Then we have
Lem m a 2.1. (1) For any ( i i , г2, • • • ,ц) € Jo, Rф(i1̂i2t... ,н) JS symmetric, i. e.,

(s^ ,S ^ )  € ,it)

if'andonlyif(s(2\sW )e R ф (ilti2t...^̂t).
(2) Rif(ii,i2,-- ,it) Ф $■) (®1»®2»"* ^ *>•
(3) Suppose that ■ ■ • ,ц ) and (ji, j 2, • • • , jt) are any two distinct elements of J0. 

Then

L ty(ti,ia ,y  ,ii). П T.$*

(4) S X S — ,it), -(*1>®2>' ’ ’ tit) € Jd.
Proof. These properties are immediately derived from the correspondent ones for 

(г, е[0,гив] , 9 € M ) .
Lem m a 2.2. Let s be a given element of S, and (4 , 12,-” 1Ч) a given element of I. 

Then the cardinality of the set

Ce(*i>*2) • • • ,it) — {$ € ^1(s>s ) ^ ,*t)} (2.10)

is
<

П  nqi4 ’
«=1

which does not depend on the choice of s.
Proof. Let s =  (si* s3, • v - , $*)> By Definition 2.1; .

( ( s l j  S2 , • • •,, St), (Si> a2, • • - , St) )  E, Rili(iui2,"-,,it) 

if and only if : ! f --

(S9>Sg) € Rqiqi Я & [l,t]. (2.12)
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Since the number of s'q satisfying (2.2) is nqiq, the number of (si, $'2, • • • , s{) satisfying (2.11) 
is (2.10). Evidently, the value of (2.10) does not depend on the choice of s. This proves the 
lemma.

iLemma 2.3. Suppose that (*i,*2 , • • • , it), (ji,j2 , • • *, ,jt) And (Zi,Z2, • • • ,It) be any three 
given elements of I. Let s1, s2 be two distinct elements of S such that

(в \в 2) е ^ (Ь'Ь,...,и). (213)

Then the cardinality of the set

{s € î Ks, S1) € i2^(jij2|... j t), (s, S2) G ,it)}

is

У  I M v  <2 -14>
9=1

which does not depend on the choice of s1 and s2 provied (2.13) holds.
Proof. Let

S1 =  («J, 4 , v  ,s j) , s2 =  (s?, s ^ , - - , 4 ) ,  ^

We know that the relations ; . ,
((Al,S2 , • • * , St), (sj, S2 , •• • ,s j)) € Rifi(jltj3,— ,jt)i ,, .. .

.. 2 2 2\ n h-15)
®2,"'' »At-)>. (Af, s2> ’ ’ * > ?t)  ̂ ,ft) ’

hold if and only if

(sq,sq) e Rqjq, (sq, s2) e  Rqiq (q € [l,,t]). (2.16)

Noting the convention (1.2), we see that the number of sq satisfying (2-16) is (2.14). Evi
dently, the value of (2.14) does not depend on the, choices of s1 and s2 providd they satisfy 
(2.15). This proves the lemma.

Combining these lemmas, we have
Theorem  2.1. The set S with all the associate classes defined in Definition 2.1 is an 

association scheme with w — 1 associate classes and with the parameters:

V
t :

“ E K - . . (2-17)
. 9=1 . . . . . ■ .

ПФ(ч,г2,-
t

••,*«) ==П п®*«’ (2.18)
9=1

t
Ж ч ,*»,-,*«) _  TT n*9

>jt), Ipiluhi"'- It) 1JL "yjqlq' (2.19)
9=i

( h , *2,  •••,*<) ,  J t ) ,  J t ) € l -

§3. Descartes Product of PBIB Designs
Based on the association scheme of Theorem 2.1, we now turn to consturct a PBIB design. 
Let Dq (q =  1,2, • • • , t) be t PBIB designs given at the beginning of §1. Let

S = Si x 5a x • • • x St
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whose elements are called treatments, and

B =  BX x B2 x ---В*

Whose elements are called blocks. A treatment (say s — (si,S2, • • • , st)) of S is said to be 
arranged in a block (say В =  (B i ,B 2, • • ,B<)) of B, if for each q € [1,$], sq has been 
arranged in the block Bq of the design Dq. Then we can prove that this leads to a PBIB 
design. ' i

It is easy to see that

which is a constant.
Let s — (s i ,$2> • • • , st) be an element of S. Since for each q € [1,t] the element sg of Sq 

occurs in exactly rq blocks in B9, the element s of 5  occurs in exactly

blocks, and defining a treatment to be arranged in a block if the element,of Si x $2 X • ■ • .xSt

|B | =  n v

and that for any block (say В =  (B i, B2, • • • ,B<)) in В
t t

\Bl =  П  |B ,| =  П  к (3.1)
9=1  9=1

t
(3.2)

blocks in B. 
Let

be a 2-subset of S such that

( s ^ s 2) €  Вф(п,12,— ,it ) (3.3)

where { ii,i2 ,••'•',««) € / .  Let q € [l,t].
Since (s*, s2) € Rqiq, the 2-subset {s*, s2} of Sq occurs in exactly Лiq (resp. rq) blocks in 

Bq when iq Ф 0 (resp. iq =  0.) Therefore, the 2-subset {s1,^2} which satisfies (3.3) occurs 
in exactly

*5^0

blocks in B.
Thus we have proved
T heorem  3.1. Let Dq (q 6 [1 ,ф  be the PBIB design described at the beginning of §1.

which is taken as the treatment is in the subset which is,taken as the block, we obtain a 
PBIB design with w — 1 associate classes and with the parameters . , ,

t t t  t

v = П we » b=П v r =П r«’k =П *«> -̂5)
9=1 • 9=1  9=1  9=1
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t
ni — J| nqiq) 9=1 (3d

-,* = II4v9=1
Ш

Ai = П Ai? • П r9> (3.8)
*9^0 *q=0

where ф is the mapping described by (2.7) and (2.8), and

г =  ф(ч,г2, - - ‘ ,ч)фО, 3 =Ф(Зи32,--- ,к)Ф®, l = ip(h,l2,--- ,к)фО.
We now turn to some special cases of Theorem 3.1.
For the case t =  2, we have
Corollary 3.1. When t =  2, the design D obtained in Theorem 2.1 has w\ +W2 +W1W2 

associate classes and the parameters i,

V = V1V2, b = bib2, к = kik2, r — Г1Г2, (3.9)

Tti — Hijj n2i2, г = ф(г. 1,г?) У 0 ,  . . .  „ . (3.10)

* =Ф{ч, i2) Ф 0,

Pjl = Pihh ‘P%2l2, 3 =Ф{ЗиЬ)Ф 0, (3.11)

1 =ф(11,к) фо,

' Xhr2, г = ф(1ъ 0)ф0,

=  < A i2 I'l > г =  ф(0,12) ф 0 , , . (3.12)

. Ajj Xi2, г -  ф(гi,*2), Ч ф 0, %2 ф. 0,

i, j, l e  [1, w% f  w2 +.W1W2],

where ф is any non-one mapping from {(ч ,г2)\ч G [0,toi], i2 G [O,^]} to [0, W\ +w2+wiw2) 
with, the property/0(0,0) — 0. ,

Put ""

(p(0,i2) = i2, * 2 e [ l , w 2], ■ ■ .

¥>(*1 ,0) =  w2 +  h , h  G [1, щ \,

<p(ix,i2) =  w2 +  i1 + i 2w1, 4  G |l,w i], %2 G [l,w 2],

¥*(0,0) =  0.

If we take ф in Corollary 3.1 as (p and note the convention (1.2), then (3.9), (3.10), (3.11) 
and (312) become (1.3), (1.4), (1.6)-(1.8) and (1.5), respectively. So Vartak’s resiilt is a 
special case of our Theorem 3.1. And it is clear that the expression's in (3.9)—(3.11) are much 
simpler than those in (1.3)-( 1.8). 4 ‘ ;

Since a BIB design can be viewed as a special PBIB design with only one associate class’ 
for the Descartes product of t  BIB designs we have

Corollary 3.2 Let Dq (q £ [1, t]) be a BIB design with the parameters

bq, Vq, rqi kq, Ag, ?G [l,t].
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Then the Descartes product of D\, D2, £>3, • • • ,Dt is a PBIB design with 2* -  1 associate 
classes and with the parameters

t t t t

b ~ П v = П г= П Г9’ k = П
3=1 ; 3=1 3=1 g=l

V =  Пл9' П г«> Нз = Ф(зи32,--- ,jt), j 'e  [i,'2*'-'ij,
Зч= 1  З ч ^ °  ;

«у =  П  (w« “ 2)» i f -? =  ^ »л» • ■ • ’ л)» )  е [1.2< - 1]» (3.13)
1

*= П К -!) ■ П 0 П П 0 <3-14)
tq—0 ig =0 Zq—1 Zq1

jq—lq = l jqT̂ lq jq—lq = l jq—lq~ 0

if г =  ,*t), J =  Ф{3и3г,'-- ,jt), 1 - Ф ( к , к ,••• Л)> », 3, l € [1, 2* -  1].

The PBIB design which is given in Corollary 3.2 is a EGD/21 — 1-РВЮ design as the 
definition which was given by K.Hinkelmen and O.Kemptharne in [4] and [5]. Obviously, 
Corollary 3.2 given a general method for constructing EGDf 2* -  1-PBIB designs. The 
parameter p*7 has clear expression in Corollary 3.2, but K.Hinkelmen and O.Kemptharne 
was not able to do so in [4] and [5].

Furtherfore, we have
Corollar 3.3. If the BIB design Dq (q =  1,2, • • • ,t) in Corollary 3.2 are all cyclic, then 

the family of blocks of the Descartes product ofDi, D2, ■ • ■ and Dt is determind “component
wise cyclicly” from any one block (say { (s [ , s\, • • • , s}), (sj, s f , • • • , s |) , • • • , (sf , «*» • • • , s*)}) 
in the following way:

{ « S1 +  *i)Wl, ( 4  +  h)v2,- • • , («* +  «Si +  *i)«i» («2 +  *2>«a*' • • > (st + k)vt),

• ' '  > ( ( s l  +  * l)v u  (s 2 "I" k ) v 2i ■ ‘ > (s t d" *3 ^  [0,^3 1]» q £  [1)^])

where the symbol (x)y represents the smallest non-negative residue ofx modulo y.
It is known that for any integer v > 2, there exists a (v, v — 1, v — 2)-cyclic difference set. 

So we have
Corollar 3 .4 . Let vq > 2 (q € [l,t]). Then there exists a component-wise cyclic PBIB 

design with the block

{ ( s l> s2> ■ ■ ■ ) s<)|0 ^  s q ^  vq — 2 {q £  [1»£])} 

and with the parameters щ, Pjt as in (3.13) and (3.14) and
/ t t t

Ь±=з, =  Д и 5, k = r = 1[ [ k q =: Д (vq -  1),
3=1 3=1 3=1

хз = П К _ 2) • П ~x)> if i = • • • Jt), 3 6 [1,2* - 1].
jq = l jq= 0
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