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CONSTRUCTION OF PBIB DESIGNS BY USING
DESCARTES PRODUCT OF KNOWN PBIB DESIGNS

WEI WANDI* - XU JuyonNg** =~

: - S Abstract A -

The author dxscuss the Descartes product of a number of association schemes, mtroduce the

Descartes product of ¢ (t > 2) given PBIB designs and finally, solve the general problem: How
to obtain a new PBIB design from any ¢(t > 2) PBIB designs?

s1. Introduction
The concepts and symbols used but not' defined in this.paper are adopted from [1] or [2].
. Let [a,ib] be the set of the integers neither smaller than a nor larger than b. Let Dq(q €
[1 t]) be a PBIB des1gn with w, associate classes and w1th the parameters
Vg bq, "'q, kq’ nqzq1 /\qzq, quqzq’ zq’ Jq’ l € [1 th] (11)
As the usual convention m the PBIB design theory
nqo'-——l )\o = 7‘, ‘

L g
CoE pquq,?q .;_:n?h&hlq’. B A (1\_.2);

g _.8q .__ g, ..
'p-q()jq 'f—pq"jq[l —.6ijq 9

where - . T : R
’ U P T é . _ {1, if z =y,
P L% T Y g, 1fa:9éy e
Denoté by* S, the set of treatments of Dy, by ~* = L
Rygi, (iq € [1,wy])
the 4,-th associate class, and.by B ={Bj, Bj - ,Bg:q_};‘the family. of blocks of D,. Let A,
be the 1nc1dence matrlx of D

ot . i
Ao

= (af ada )’ Zq € [1 vQ]’ ]q G [1 bQ]’ e
Wwhere al ,j, is the number of times the i-th treatment of Dq occurs in the j,-th block of D,.
In order to construct a new PBIB de81gn from two glven PBIB designs, Vartakls] mtro-
duced the concept of the Kronecker product of two PBIB desngns, say D; and D2 Let .
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be the Kronecker product of the matrices A; and Az defined by (1.2). Then Vartak{® proved
that the matrix A can be viewed as the matrix of some PBIB design with wy + wa + wiws
associate classes a.nd w1th the parameters -

’U-—-'U1'Ug, b b1b2, 7;—?”17'2, k klkz, ; e (1.3)

Niy, = n23'2" Nwa+i1 = Niys Nwgtiytizwy = nZiznlin (1'4)
Aizg = T1A205 Awgtiy = T2A1is Awgtis+iawy = A2igALis (1.5)
) (p;?izlz) 0’“’2 Xwy O’I.Uz X 1w wa
L @) = Ouwixws Ouwixws . (Biag) X (m13165) (1.6)
+:\ Owywy xw, ,(61'212) X (-n.lj; 6.1'1-'11'-) (p;§gl2) X (nljl 6.1'111 )
Owzxws 0"{2 Xwy (n2j261212) X (6i111)
(p;vzz+z1 ) = le Xwsz | P’fml) 0w1 X wyws (1.7)
(585 % Bu) Ounrews (o) x () )
: T o : szxwﬁj' o (6172.7'2') X (6i1.7'1)' (Pzzizzz) X (6i1.7‘1)
- (p‘;luz2+i1+iz1”1)_ = "'L.((Siz;‘iz) X (651.1'1 ) . Ouu Xwy (53'2_7'5) X (p;.lhh) | (18)

(P2a) % Bis) Biai) % (d1,)  (Plia) % (o)
where o ’ o '
2'1, jl» ll € [lywll, iz, ,.7.2,‘ l2€ [1,’102]., Y, 276 llawl +'W2 +w1w2]-

_ The general problem naturally arises: how to obtain a PBIB design from any ¢ (t > 2)
PBIB designs? From the complicated expressions in (1.4)-(1.8) for the parameters of the

- Kronecker produet of two given PBIB designs, it can be seen that if one employed the

Vartak’s method to the general problem, then the parameters of the Kronecker product
of t given PBIB designs would be very difficult both in computing and in expressing. We
introduce in the present paper the Descartes product of ¢ given PBIB designs, and then solve
the above general problem. We start with the Descartes product of a number of association
schemes.

§2. Descartes Product of Association Schemes
Let M,(q € [1,7]) be an association scheme with wy, associate classes and with the pa-
rameters 3 :
| , '”qé nqzq’ quqzq igy Jq, ly = [1 wy]. I (2.1)

Denote by S the symbol set of Mq, and by Ry, (z1 €[4, wq]) the assocxate classes of M,.
Put

Rgo = {(54:4)l3q € S}, (2.2)
which is called the O-th assocxate class. Let . D o
S= Sl X Sz X oo X St, ' i : i ) (2.3)
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Io = [0 'wl] X [0 'UJ2] X oo X [0 'wt] et ) (2.4)

r=\O0 o (25).

w=@ D@t @D ()

Suppose % is an arbltrarlly given one-one mappmg from Io to [0 w -~ 1] ’ '
with the property ' L 1 | } -

$(0,0, -+ ,0) = 0. (2.8)

Dlﬁnltlon 2.1. Let (31,82, - %) € Io. Two elements

o0 = (s, o). | s, 5@ (5@, 4D ... o)

are said to be the v(i1,%2, - - ,4:)-th associates of each other, if s(l) and s(z) are the ig-th
associates of each other of M, for each iy € [0,w,]. And the set o ;
Ry(iy ig e i) = {(s(i),s(z)) l';s(l),s(2): are the (31,%2,- -+, 44)~th associates} ' (2.9)

(31,42, -+ ,41) € Ip) is called the z/;(zl, iz, -+ - ,it)-th associate class on the set S.

“Then we have B B

Lemma 2.1. (1) For any (il,-ig, ,zt) €Iy, Ryiy jia, - i) 18 symmetnc, i e.,

(s(l) s(2)) G R"p(z1732) ’zt) |

if and only if (s, s(l)) € Ry(iy ig, w vin)- o

] (2) R’p(zl"‘Z)'." y“) # @ (Zl, 22, : 2t) E IO. - - .
(3) Suppose that (ig,i2,- - i) and (j1,J2," - ,ji) are any two distinct elements of Io.
Then : S ,

- . R";b(zl 1"2) ﬂt) n R’/)(]l 1.72) 1.“) = @
(4) S X 8 = UR¢(21,12, i) (74177'27 < 1%) € IO ’ :
Proof. These properties are 1mmed1ately denved from the correspondent ones for Rq,q

(iq € [0, ], g € [L,1]).
Lemma 2.2. Let s be a given element of S, and (41,43, -+ ,%:) a given element of I.
Then the cardinality of the set

Cs(ilaz'% te ’Z't) = {S, € Sl(s’ S’) E Rd)(il’i2y"' yit)} (2'10)
is

¢
H Maiq)

q=1
which does not depend on the choice of 5.
Proof. Let s = (sy,82,"++ , 8¢)- By Definition 2.1, - ..
_ _ _((31’32’:' '__'.-",9;«")’ '(3'1’5’27" : ’s-;»)) € Riﬁ(iniz,":,it) ’ . (211)
if and only if « - R T e
(s4:8,) € Ryi,y g € [L,1]. (2.12)
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Since the number of s;, satisfying (2.2) is ny,, the number of (4, 8h,-- -, s}) satisfying (2.11)
is (2.10). Evidently, the value of (2. 10) does not depend on the choice of s. This proves the
lemma. :
1 Lemma 2.3. Suppose that (i1,%2," - ,is), (j1,J2,* -, J¢) and (l1,12,- - , 1) be any three
given eIements of I. Let s s2 be two distinct eIements of S such tbat ‘ '

. (S 82) G R'/J(imz, ,u) A (2"13)
Then the cardinality of the set

| {3 € 5l(s:8") € Ry(js g, > (815%) € Rygry ot }
o Sl P |
Hpq;,,z., IR (2:14)
. “g=1 N
which does not depend on the cbo1ce of s* and s% provzed (2 13) hoIds

Proof. Let ‘ : o

i . L8t= (s}n 3%1 as,%)" 2= (8%,' '3§a'f' . ,S?), ;
We know that the relations . .- . .. T ,

((81, 89y, st), (3%, S%, cee s})) € R¢(J'1,J'2,'" e (2 _15)

. ((31132) * ,S_t), (3%’ .33" ' asf) € Rd)(ll,lz_,--- Wle) ! O
hold if and only if S '

(8qs q) € Rq,q, (sq, sq) € quq (ge [1 t}) . ¢ 2 16)
Noting the convention (1.2), we see that the number of Sq satlsfymg (2 16) is (2. 14) Evi-
dently, the value of (2.14) does not depend on. the. choices of s! and s? providd they satisfy
(2.15). This proves the lemma. | ' | ' o

Combining these lemmas, we have

Theorem 2.1. The set S with all the associate classes deﬁned in Definition 2.1 is an
assoc1atlon scheme with w — 1 assoc1ate cIasses and w1tb the parameters: Cod

”—H% ' (21
cg=r. o . o '
ni/’(ﬁx,%z, - ,u) H Ngig> o (218)
g=1 ¢ .
",’(3 ¥i2, 17') . '
p’b(]ih’i’ );t)) 1/)(11112’ ) II quql ) (2-19)

(1"1’7:2"" sit), (j17j2"" ’jt)a -(l12l2".," ,lt) € I.' .

§3. Descartes Product of PBIB Designs

- Beéed on the association scheme of Theorem 2.1, we now turn to consturct a PBIB design.
Let Dy (9 =1,2,--- ,t) be t PBIB designs given at the beginning of §1. Let:

S=8 xS X+ %x8 .
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whose elements are called treatments, and
B =B x 32 Bt
‘whose elements are called blocks. A treatment (say s = (1,32, - ,8¢)) of S is said to be
arranged in a block (say B = (B1,Ba, -+, Be)) of B, if for each ¢ € [1,%], s, has been
arranged in the block B, of the design D,. Then we can prove that this leads to a PBIB
design. e »
It is easy to see that .

1= Hbq? |

q=1
and that for any block (say B = (Bl,Bz',-'- B%)) in B s
g=1 . Lo . L . S
which is a constant.

Let s = (81,82, ,8¢) be an element of .S'. Since for each g € [1,¢] the element s, of S,
occurs in exactly r, blocks in B?, the element s of S occurs in exactly

t

g=1
blocks in B.
Let

{s',6°} = {(31,32s N ’st) (81,32, . »St)}

be a 2—subset of § such that - ' Lo o

(S 82) € R.;,(,l,gz, ,'t:)’ . (3.3)

whete (i,iz,-+1is) € LLetg&[L,e. ©  ~ o7 v
Since (s, s2) € Ry;,, the 2-subset {s}, 52} of S occurs in exactly \; ., (resp. 7y) blo‘cks' in

B? when iy # 0 (resp. i = 0.) Therefore, the 2—subset {s 32} whxch satxsﬁes (3.3) occurs

in exactly
H—‘/\iq'H""q‘ o (3.4)
ig#0 iq=0 . . . S
blocks in B.
- Thus we have proved
Theorem 3.1. Let D, (g e [1 t]) be tbe PBIB demgn descmbed at the begmnmg of. §1
Takmg S1 X Sz X +se X Sy a8 the set of treatments, and 31 X 32 Bt as the famxly of
blocks, and deﬁmng a treatment to be arranged in a bIock if the element of 51 X Sz X XSy
which is taken as the treatment is in the subset which is taken as the bIOck e obtam a
PBIB design with w — 1 associate classes a.nd w1t11 the pa,rameters e

w=TLow b= [Tt 7= Hrq, e=Tlk 5 6

g=1 = .g=1 . .. g=1 : q=1
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t ‘ A i : v R L
n; =_H Ngigs ‘ (3.6)
'¢j=1 .
=Tl . an
Lo q—l ’ . . , g x - S e e
M= H o | (3.8)
147#0 iq=0 N S -

where 9 is the mapping described by (2.7) and (2 8), and

i =(iy,d2, - ,8) #£0, §= ¢(.71a.72, X 7.7t) #0, I=19(l,lz,-- 1) #0.
We now turn to some special cases of Theorem 3.1.
For the case t = 2, we have | ,
- Corollary 3.1. When t = 2, the design D obtamed in Theorem 2.1 has w1 + wg + wiwy
associate classes and the parameters

v = V102, b b1bz, k= k1k2, ?”-7"17"2, T 3.9)

ng —n111n2127 %—¢(’&1,22)7ﬁ0 | L , (3 10)
i =(dy, 62) # 0,

Pj’t = p?ﬁh 'pg'zlz’ -7 =¢(j1a.'7'2) 75 Oa (311)

1=, ) #0,

AiyT2, ©=1(i1,0) #0,
M= Mr, i=9(0,i) £0,, (3.12)
iy Aigy 1= 1P(i1,%2), 01 75 0, i2 #0,
. 7" .7’ le ll w +w2 +’l.U1’LU2],
wbereep is any non-one mappmg from {(31,142)|41 € [0, w1}, %2 € [0,202]} to [0, wy +w2+w1w2];._
w1th,the property (0, 0_) :
Put o
‘p(0,22) = 'iZ’ 52 € [1,‘11)2],
¢(i1,0) = w2 + 41, 4 € [Lwi],
(i1,42) = wa + iy +lowy, 43 € [Lwi), 42 € [Lwg],
#(0,0) = 0. co
If we take ¢ in Corollary 3.1 as ¢ and note thie convention (1. 2), then (3.9), (3.10), (3 11)
and (3:12) become (1. 3), (1 4);' (1. 6) (1 8) and (. 5), respectively. So Vartak’s réstlt is a
special case of our Theorem 3.1. And 1t is clear that the expressmns in (3 9) (3 11) are much
snnpler than those in (L. 8)-(1.8). T o ' ‘
" Since a BIB de51gn can be vxewed as a specal PBIB' des1gn w1th only one assoclate class,'

for the Descartes product of ¢ BIB designs we havé -
Corollary 3.2 Let D, (q € [1,1]) be 2 BIB desxgn with the parameters

" by, vq, rq, k'q, Ay qe [1 t]
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Then the Descartes product of Dy, Dy, Ds,::- ,D; is a PBIB design with 2* — 1 associate
classes and with the parameters .

b= Hbq, 'v—qu, r—-Hrq, k= Hkq’

T g=1 ' g=1 "g=1 ' g=1"

H Aq H Tq,' if j = P(j1, Jz, "+ 2Jt)s J € [1’2 ;1]’ - .
Jo=1 Jg=0 I vyt

nj= [[w-1), ifi= ¢(j1,j2,v' g G € (1,28 -1], (313)
pa= J] @-1)- H 0- JI w-2- I © (3.14)
iq=0 iq=0 tq=1 ig=1
Jg=lg=1 Jq#q Jg=lg=1 Jq=14=0

ifi= "/J(il,":%' e 77:t)’ Jj= ¢(j1aj21‘ e ajt)’ l= "/}(llrl% vt ’lt), i, J le [1)2t - 1]

The PBIB design which is given in Corollary 3.2 is a EGD/2t — 1-PBIB design as the
definition which was given by K.Hinkelmen and O.Kemptharne in [4] and [5]. Obviously,
Corollary 3.2 given a general method for constructing EGD/2¢ — 1-PBIB designs. The
parameter pj-, has clear expression in Corollary 3.2, but K.Hinkelmen and O.Kemptharne
was not able to do so in [4] and [5)].

Furtherfore, we have

Corollar 3.3. If the BIB design Dy (g =1,2,:-- ,t) in Corollary 3.2 are all cyclic, then
the family of blocks of the Descartes product of Dy, Ds,- -+ and Dy is determind “component-
wise cyclicly” from any one block (say {(s},s3,-+ ,8}), (53,83, - ,82),+-+ ,(s¥,8%,--- ,s5)})
in the following way:

{((si + 7:1)01’ (s% + 7;2)‘02’ M) <S% + it)vt)’ ((S% + 7:1)01’ (s% + i2>02’ Tt (sg + it)”t)’
. ’((sllc + i1}y, (slzc + i2)uy ’(s? +it)u )} iq € (0,09 — 1), g € [1,1],

where the symbol (z), represents the smallest non-negative residue of z modulo y.

It is known that for any integer v > 2, there exists a (v, v — 1, v — 2)-cyclic difference set.

So we have
Corollar 8.4. Let v, > 2 (q € [1,t]). Then there exists a component-wise cyclic PBIB

design with the block
{(s1,82,7+ ,80)I0 < 8 S wg — 2 (g € 1,8])}
and with the parameters n1, P} as in (3.13) and (3.14) and

qu, —r—ch H(vq—l

g=1 q=1 g=1

/\j = H('Uq _2) ’ H('Uq— 1)’ Ifj =¢(j11j2"" ,jt)a je [1,2t— 1]

Jg=1 Fq=0
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