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HOMOMORPHISMS BETWEEN SYMPLECTIC GROUPS**
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A bstract

Let F  and F\ be fields with |F | >  5, and n, n\ integers satisfying n > n \ .  The present paper 
determines the forms of homomorphisms from SP2n(F) to SP2n(F\) and that from PSP2n(F)
to PSP2n(Fl)-
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In 1928, O. Schreier and B. L. van der Waerden^3! started the study of homomorphisms 
between classical groups. Since then, a lot of results have been obtained on the subject. In 
[4] , L.N. Vaserstein stated that the problem of homomorphisms between classical groups 
is one of the three main ones. A. Borel and J. T its^ , B. Weisfeilert6! clarified abstract 
homomorphisms between subgroups of algebraic groups on the condition that the images 
of the homomorphisms are Zariski dense subsets and the fields over which algebraic groups 
are defined are infinite. Recently, Yu Chen^ determined the homomorphisms between two 
dimensional linear groups over fields without the assumption of Zariski density and of in
finitude of fields. Therefore, we have the forms of homomorphisms between two dimensional 
symplectic groups over fields. The purpose of this paper is to determine the homomorphisms 
between symplectic groups over fields. Namely, we prove the following

M ain Theorem . Let F and F\ be fields and n a positive integer, a: SP2n(F) —> 
SP2n(Fi) a поп-trivial homomorphism. Then, a  is of one of the following forms (I) and 
( I ) .

(I) a: X  »  P X TP~1, V X  e SP2n(F), 
where P  € GSP2n{F\) and т is a homomorphism from F to F\.

(I) a*: Li(f)  i > Р Ц Г ) Р ~ \  Ш  Р Щ Г )Р ~ \
Q ij(f) i-> P Q i j iD P - 1, i ф j , i , j  =  1,2.
^ ( Я и Р ^ с л р - 1, s M ^ P S u i D P - 1,

where n =  2, ch F  =  ch F\ =  2, P  6 GSP^(Fi), т is a homomorphism from F to Fi
satisfying that Р\ is a splitting field for all polynomials x2 +  aT, V a G F, and

L i(f) =  1 + fE 2+i>i, L'M) =  1 +  fE iii+2,

N12(f) = 1  +  / ( # 4,i +  # 3,2), S12(f)  =  I  +  / ( # 1)4 +  # 2,3 )

Q i j i f ) =  I  "b f { E j , i  "b # 2 + i ,2 + j )>  * ф  /> h j  =  1 )2 ,
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and

i,i(v) =  N u ( v K  L'i(y) = Sa(yi) ,  £2М  =  <Ы »§)> = < Ы А ;
Q M y) =  L2(y), Q2i(y) =  L'2(y), N12(y) =  Li(y), S12{y) =  Ь'г{у).

P roposition  1. Suppose F and F\ are fields and n is a positive integer. Then there 
exists a homomorphism from SP2n{F) to SP2n(Fi) with the form of (I) (or (I) when ch F =  
ch Fi =2 and n =  2) if and only if there exists a homomorphism from F to F\.

Proof. The necessity is clear. We now prove the sufficiency. When ch F=ch Fi—2, 
To : a i-> a2, Vo G F, is an endomorphism of F. Then tto, for any r  a homomorphism from 
F to Fi, is a homomorphism from F  to F± satisfying the condition of (I). Therefore, we 
have homomorphisms from SP^(F) to SP^(Fi) with the form (П). The existence of form (I) 
is obvious.

P roposition  2. Let F and F\ be fields and n, ni positive integers. Then there does 
not exist any поп-trivial homomorphism from SP2ni+2(F) to SP2mi(Fi) for any mi (1 < 
mi < ni + 1 ) , if there is not any поп-trivial homomorphism from SP2n(F) to SP2m(Fi) for 
any m  (1 <  m < щ ).

Proof.' Since SP2mi(Fi) is a subgroup of SP2ni+2(F\) up to isomorphism, we need 
only to prove that any homomorphism from SP2n+2(F) to SP2ni+z{Fi) is trivial.

Let
diag (1, — /С™-1), l ,  _ when ch F Ф 2;

I  +  E1)7г+ъ when ch F  =  2.

( 1 0
A В

0 1
C D

Clearly, T$ =  I, Tq G С'(П) and П ~  SP2n(F). If a  is non-trivial, 

i) when ch jFi = 2, by [1, p.474, p.481], we can assume

ocTq =
(I  I S °• 0 0

o i I
( i )

where
/  0 JW

l(p) о

\

0 /(«)
jf(v) c

\

d )

1 < rank S =  r < ni +  1,

“ d ( o  d )  is definite sign (see [1, p.481]).

Since аП. C C;m a(aTo), by [1,p.489] elements in Cim a(aT0) are of the following form
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when r < n\ +  1:
(Ax a 2 Bi B2

0 a 4 Bs B4
0 0 S-'A xS 0

V 0 C4 Dz d 4
(2)

where A\ satisfies AxSA\ =  S , and ^ ^ 4 ^ 4  ̂ 6 SP2(ni+1_r)(Pi). When r =  щ  +  1, (2)

transforms into
( M  В г \
V 0 A T 1) (3)

When pq ф 0 and D  exists, by [1, p.486] we can assume that Ax is of the following form 
after writing the elements in the same blocks as S.

(4)

(A x x A 12 Axz 0
° \

A 2x A 22 A 2z 0 0
Ax = 0 0 I 0 0

A 41 A 42 A 4z I 0
V 0 0 0 0 I /

where ! ^ € SP2P(Fx). When pq =  0, or D  does not exist, the elements corre-Ац A\2
A2 i A22,

sponding to D in (4) disappear. Hence, the following map

Z1

A 0
V

0 \ (Ax a 2 Bx B2
А В  l a 0 a 4 Bz B4

1
0 0 S-'A xS 0

C D J \  0 C4 Dz d 4

( A t  B A  
VC-4 d 4) (5)

is a homomorphism from SP2n(F) to S'P2(n1+i-r)(-f’i)- If is trivial by the hypothesis. Hence

(6)a
A °  \ (Ax A2 Bx B2

A B \ - 0 1 Bz 0
0 1 0 0 S-'AxS 0

V C D J V 0 0 Dz I
If p > 1, the following map provided by (4) 

(1  0 \  /  Ax A2

0a :■ 0
i—> An

A21
a 12\  
a 22 ) (7 )

0 I  
0 0

\ c dJ \ 0 0
is a homomorphism from SP2n(F) to SP2p{Fx), and it is trivial for p < пг. Therefore, the 
Ax in (6) is of the following form

Ax =

Clearly, Af =  I, we have

a (Y 16) =  I, V У G П. (8)

But there exist elements whose orders are 3 in SP2n(F), a  is trivial by (8). When p =  0, it
is easy to point out that (8) remains true. Therefore, a  is trivial.

I 0 A.13 0 , ° \
0 I Л23 0 0
0 0 I 0 0

Л41 Л42 A 4z I 0
0 0 0 0 I /
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ii) When ch F\ ф 2, by [1, p.454, Theorem 2] we can assume

aT0 =  diag ( № ,  jW , — J<«)), p +  q =  щ  +  1. (9)

Clearly, aTo Hence, p > 1, q >  1, and the elements in С1та(аТо) are of the following
form

f A1
a 2 B2

Cl Di
\ c2 d 2

( c l  d \ )  € SP«,.,+ i-,)(-F i), ( c l  d I )  e  Similarly to i), thewhere, Ci Di 

following maps

P'i -
/1

A
0

и a
(Ax

a 2
Bi \

B2 (Ax В
0 1 Ci Dx D

\ C
,

D / \ C2 d 2)
/1 0 \ /Ax Bi \

д/ A В a 2 B2 ( a 2 B,
/̂ 2 : 0 1 Ci Di •-* D

V C d ) \ C2 d 2I

( 10)

can be respectively regarded as homomorphisms from SP2n(F) to SP2p(Fi) and from 
SP2n(F) to SP2q(Fi ). Since p < ni, q < щ , j3[ and /3'2 are trivial by the assumption. 
Consequently, a  is trivial.

Corollary 1. Let F and jF\ be fields with |F| > 5 and n > n\. Then no non-trivial 
homomorphism from SP2n(F) to SP2ni(Fi) exists.

Proof. Clearly, DC(П) ~  SL2(F) ~  П when n = 2 and n\ =  1. Therefore, aDCiJl) C 
Cim a (a ll) for any a : SP^F) —> SP2(Fi). By [2], it is not difficult to prove that a  which 
satisfies the above relations is trivial. When n > 2, one can easily complete the proof by 
induction on n.

Corollary 2. Let F and F\ be fields with |F| > 5 and n positive integer. Then ch F =  
ch F\, if there is a non-trivial homomorphism from SP2n(F) to SP2n(Fi).

Proof. By Proposition 2 and Corollary 1, there exists a non-trivial homomorphism from 
SP2n- 2(F) to SP2n- 2(Fi). Repeating the manner, we have a non-trivial homomorphism 
from SP2(F) to SP2(F1). By [2], ch F =ch

D efinition. Let T  e  SP2n(F). T  is called 1-involution (1 -inv for short) ifT  satisfies 
the conditions T ф I, T2 — I  and

ч Г 1, ch F  =  2; 
rank (T +  J) =  |  2|

Set

where H =

ch F ф 2.

Tx =  diag (1, - 1 , 1, - I ) ,  T2 =  -T i =  diag (-1 , J, - 1 , 1) 
Ji = I  +  Ei,n+1, J2 = I +  En+i,i,

*.-C  ")■ * - a  :)■
0 Г
1 0

. Clearly, Ji, Ki (i =  1,2) are involutions when ch F — 2, and so are

Ti (i =  1,2) when ch F Ф 2.
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Lemma 1. Let ch Fz=2, К  G SP i(F ). Then there is a P  in C(Ki) satisfying P K P  1 =  
K 2 if К  satisfies К 2 — I  and (KKx)3 — I.

Proof. Suppose К  — X  =  (A +  I)H , from the conditions one can

prove that P  =  ^ ̂  ^  ^ is what we need.

Lemma 2. Let F  and Fi be fields with |F| >  5, a  : 5P2(n+i)(F) —► 5P2(n+i)(Fi) a 
поп-trivial homomorphism. Then a  maps 1-inv to l-inv when n > 2 orn  =  1 and ch F ф 2.

Proof. By Corollary 2, ch F — ch F\. i) When ch F ф 2, one can assume Tj is of the 
form of (9). From (9), ^ ( _ / ( 2ri)) =  - j ( 2«). Hence p'2 is a non-trivial homomorphism from 
SP2n(F) to SP2q(Fi). By Corollary 1, we have n — q, aTi is 1-inv. ii) When ch F — 2, one 
can assume aJi is of the form of (1) (n =  щ). If r >  1, fix in (5) is trivial, and (6) or (3) is 
true. Since 2p <  n +  1 <  2n, /32 in (7) is also trivial. That is contrary to (8). Hence, r =  1, 
aJ\ is 1-inv, and we complete the proof.

Theorem  1. Let F  and Fx be fields with |F| >  5 and n > 2, a  : SP2n(F) —» SP2n(Fi) 
a non-trivial homomorphism. Then i) a is of the form of (I) if and only if a  maps 1-inv 
to 1-inv; ii) a is of the form of (П) if and only if n =  2, ch F =  2 and a maps 1-inv to 
non-metabelian 2-mt>t1,p-494l .

Proof, i) The necessary is clear, and we need only to prove the sufficiency. The proof 
is by induction on n.

When ch F = 2, by Corollary 2 and [1, p.479, Theorem 4], one can assume a J i  =  
Clearly, П =  C(Jx, J2). a  induces a non-trivial homomorphism from SP2n(F) to SP2n(Fi) 

T 0 \  /1  0

P-
В

0
D )

( c !  ® ; ) e S i w j!i ) (»4
Ax Bx

0 1 
Cx Dx,

and P maps 1-inv to 1-inv also. When ch F ф 2, assuming aT\ =  Tx we have aC(Ti) =  
Cim a(aPi); therefore

P':
/ 1 0 \ fax bx

A В Bx
0 1 - 1 ci dx

V C d ) \  Cx Dx

fax  6 Л
\  ci dx)

is a homomorphism from SP2n(F) to SP2(Fx). By Corollary 1, P' is trivial. Therefore, a  
satisfies (11). By the induction assumption, there exists r, a homomorphism from F to Pi, 
and

Pi =

/ 1 0

Pu P12
0 1

V P21 P 22

diag (1,1,b0,b0I)

(where ^  ^ G 5P2n(Pi), b0 G P f ) satisfying

/ 1
В

/ 1
Q! =  P

В
P f 1- (12)

D. D t
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a

-L>Cim «(a ll), by (12)

(  a Ь \ /0.1
I 0 -c d 1 C l

\  о I I V
1  *  ° ) .  ( :  <i 3 )

О I I
Therefore, a  induces a non-trivial homomorphism from SP2(F) to SP2(Fi ). By [2], there, 
exists Ti, a homomorphism from F  to Fi, and

P2 =

(Pll
I

Pl2
0

P21
\ 0

P22
I

diag (1 ,/, a0,ao^)

(where ( ^12 \  E SP2(F1), a0 E F?) satisfying

a

/a  b 
I

c d 
\  0

\ / a b
0 1 D i 0

и c d
I I V 0 I

n

p-1 r 2 ■

Put

P ' =  d i a * ( W )P22 I 
V P21 Р22/

and ip*a =  a  where ip . : ж н  Р*~гХР*, УХ Е SP2n+2(Fi) is an automorphism of 
SP2n+2 (F\ ). Then, one can assume

/Pll Pl2
Pll

P21 P22

a

/ a b \ /  aTl pbTl \
A B \ - AT BT

c d Г p-1cTl dn
V C D I V c t DTI

(14)

where p — O0 bo.
Set

f
/J (2) 0 V

J в \M i= \ J(2) В  is (n — l)x (n  — 1) symmetric matrix composed of 0, ±1

{ l  I /
'

f 1 ,  \
M2 =  < 0 1 В  is n x n symmetric matrix composed of 0, ±1

В I / j
From (14), a  acts identically on Mi and M2. 

Let

У 1 J
1

Tu( f )  = 1

~ f  1
I /
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Since T12 E C(Mi U M2 U {Ti}), we have

oT12( /)  =

fax ~a2 b 0
0 a

0

<3

0

0 0 ai 0
0

V
c ds a

a l  /

where ai, a2, a, Ь, с, с£з G Fi. Таке E =  diag (61̂ 2\1 ,6 ~ г1̂ 2\1 ) ,  where 62 Ф 0, 1. Since E 
commutes with Ti2( /) ,  by straightforward calculation, we have b =  c =  0 and a2 =  a2 =  1. 
When chF =  2, we have 0 1 =  a — 1. Therefore, one can assume

«Ti2(l)  =  T12(t). (15)

When ch F  Ф 2, by the identity Ti2(l) =  [Ti2( |) ]2, we also have (15). In the similar manner, 
one can assume aT2i( l )  =  T2i(s), where T2i( l )  =  Ti2(l)- By the identity [Ti2(l)T21(l)]3 =  
I, we have st =  —1. Put iw a  =  a, where W  =  diag ( t ,I ,t -1 , J); we have

aT12(l)  =  T12(l), aT21(l)  =  T21(l), aX  =  X r , УХЕ  П.

Since 5P2n+2(F) is generated by Ti2(l) , T2i ( l )  and П, a  is of the form of (I).
Now we consider the situation n =  2.
When ch F  =  2, by the similar discussion to above, we also have (11). When ch F  Ф 2, 

/3' is a homomorphism from 5P2(F) to SP2(F l). Since aTi =  Ti, we have /S'(—I) =  I. By
[2], it is trivial and we have (11). Hence /3 is a non-trivial homomorphism from 5P2(F) to 
5P2(Fi ). By [2], we have (12), (13) and (14). By the same discussion as in the situation 
n +  l ,  a is of the form of (I). By induction, we complete the proof of i).

ii) From i) and Lemma 3, the necessity is clear. Next we prove the sufficiency. Since ch 
F  =  2, taking 1-inv To =  J\, one can assume aTo is of the form in (1) {n — щ  =  1). Since 
r  =  rank S =  2, the elements in С-1т a (oTo) are of the form in (3). If p =  0, similar to 
Lemma 1, we have (8). That is contrary. Hence, p =  1, aJ\ = K \. By Lemma 2, one can 
assume

otJi =  K i, aJ2 =  F 2. (16)

From аП =  aC (J\, J2) =  C\m a (F i, F 2), it is not difficult to point out that the elements in 
Cjm a (F i, F 2) are of the following form

( 0  A*-1) ’ A € S P * W -
Hence, the following map

f a i  &Л \
\  ci d\ )

fax b iV
\  ci d \ J

is a non-trivial homomorphism from SP2(F) to 5P2(Fi ). By [2], there exists ri, a homo
morphism from F  to Fi, and Pi G GL2(Fi ) satisfying

(<H Ъ А _ п ( а  b \ Tl j.

/ 1 0 ^
/

a b a
0 1

V c dj V

fax bx\  
\cx dx)

1- 1
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Take Pj =  diag (Pi,det P% • Pt ) € GSP^Fi) and put ip* a  = a. We have (16) and
( a  b 

c d

\

\ n

C ?

(17)

From (17), the elements in C-im a(Cim „(Ях, Я2)) are of the form of , where

( -  ^  ^ € SP2(Pl). Since the following map

( a  b
1

: d
1  o | A ^ /  w W *  M

\  0  1 /
\ ClH di

is another non-trivial homomorphism from SP2 (P ) to <SP2(Pi), from [2] we see that there 

exists r2, a homomorphism from F  to P i, and P2 =  € GSP2(F{) satisfying

( 2  £ ) = p’ ( c  i f s - . - b h i s - g  2 J ) € e s a ( f t ) . w h « .

a = * ? (
aI b H \ n p, - i  
cH d i )  2 •

3?3 3?4
XiI X2I 
X3I  X4I

'a b
1 0

c d
0 1

From (16), we have ж2 =  ®з =  0, xi =  X4. Therefore
'a b \

1 0 I _  /  aT2I  ЬТ2Я \
c d -  \^сТ2Я  d * l ) '

0 1/
Take /  € F*. Since Ti2( /)  € C(Ji , I  +  P 4)2), from (16) and (17) we have

a (18)

а Ы Г )  =
Z 1 °ai 1

\

0 b \  
b bi
1 ai
0 1 /

Since

C '?)

/ 1  0 \ 
0 1 

0  1 
V 1 0/

T M

by (17) we have

/ I  f H \ _
4° J )~

/  1  a i &
0  1 b 0

1 0
V a i 1

Since Ti2(f) commutes with ^  we ^ave 0,1 =  ^  a  ^0 ^  aTi2(f),  we

have 61 ф 0. l i b  =  0, we have X 4 =  I  for any X  € Cim a (a  ^  ^ ^  ) .  That is contrary.
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Hence 6 =  0 and

Since

T12 ( / )  — I  +  bi£?2,4?
(19)

by (17), (18) and (19) we have

Let a  acts on the identity

&T21 ( / )  =  /  +  61 £4 ,2 ,

Prom (17), (18) and (19), we have £>1 =  ( / T2)2 and T\ — T2 . Take r  =  Tiro. Prom (17), (18) 
and (19), a  is of the form of (I).

R em ark. The fact that the map of the form (I) is a homomorphism can be proved 
from the definition relations of SP^F).

T heorem  2. Let F and F± be fields with \F\ > 5 and n a positive integer, a : SP2n(F) —> 
SP2n(F1) a поп-trivial homomorphism. Then a is of the form o/(I) or (Я).

Proof. When n =  1, the result can be got from [2]. When n >  3 or n =  2 and chF Ф 2, 
from Lemma 2, a  is of the form of (I). When n =  2 and chF =  2, there exists only 1-inv 
and 2-inv in SP^Fi). By Theorem 1, a  is the of form (I) or (П).

T heorem  3. Let F and jF\ be fields with |P| > 5 and n > щ positive integers. Then 
there exist поп-trivial homomorphisms from SP2n(F) to SP2ni(Fi) if and only if n = щ 
and there exist поп-trivial homomorphisms from F to Fi-

T heorem  4. Let F and Fi be fields with |Р| > 5 and n a positive integer, a  : SP2n(F) —> 
SP2n(Fi) a non-trivial homomorphism. Then a is an isomorphism if and only if a is an 
epimorphism.

T heorem  5. Let F and F\ be fields with \F\ >  5, a : PSP2n(F) —> PSP2n(Fi) a non
trivial homomorphism. Then a  is induced by a homomorphism from SP2n(F) to SP2n(Fi).
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