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HOMOMORPHISMS BETWEEN SYMPLECTIC GROUPS*
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Abstract

Let F and Fy be fields with |F| > 5, and n, n; integers satisfying n > n1. The present paper
determines the forms of homomorphisms from SPs, (F') to SPe,(F1) and that from PSPy, (F)
to PSPzn(Fl)
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In 1928, O. Schreier and B. L. van der Waerden!® started the study of homomorphisms
between classical groups. Since then, a lot of results have been obtained on the subject. In
[4] , L.N. Vaserstein stated that the problem of homomorphisms between classical groups
is one of the three main ones. A. Borel and J. Titsl®l, B. Weisfeilerl® clarified abstract
~ homomorphisms between subgroups of algebraic grbups on the condition that the images
of the homomorphisms are Zariski dense subsets and the fields over which algebraic groups
are defined are infinite. Recently, Yu Chen/? determined the homomorphisms between two
dimensional linear groups over fields without the assumption of Zariski density and of in-
finitude of fields. Therefore, we have the forms of homomorphisms between two dimensional
symplectic groups over fields. The purpose of this paper is to determine the homomorphisms
between symplectic groups over fields. Namely, we prove the following

Main Theorem. Let F and Fy be fields and n.a positive integer, a: SPo,(F) —
SP,(F1) a non-trivial homomorphzsm Then, o is of one of the following forms (I) and -
(I).

() a: X —» PX"P71,V X € SPy,(F),
where P € GSP,,(F}) and 7 is a homomorphism from F to F.

(I) o*: Li(f) = PL(f7)P~Y,  Li(f) = PLy(f7)PY,

Qis(f) = PQy(f)P7Y, i#j, i,j=1,2
Nia(f) = PNip(f1)P71, Sia(f) Pslz(fT)P-
where n = 2, ch F = ch F;, = 2, P € GSPy(F1), 7 is a homomorphzsm from F to Fy

satisfying that Fy is a splitting field for all polynomials z? +a", YV a € F, and
Li(f) = I + fEatiz, Li(f) = I+ fE; 2,
Nu(f) =1+ f(Bap + Es2),  S1a(f) =TI+ f(Era+ Eas)
Qii(f) = I + f(Ej; + Bayia+), 1 #3, 1,5 =12,
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and

Li(y) = Nio(y?), Li(y) = S12(3?), La(v) = Qualy?), f/z(y)‘ = Qa1 (y?);
Qu(y) = Lz(9), Qn(®) = Ls(®), Ma(®) = L1(v), S1a(v) = Li(w)-

Proposition 1. Suppose F and Fy are fields and n is a positive integer. Then there
ezists a homomorphism from SPy,(F) to SPa,(Fy) with the form of (I) (or (I) when ch F'=
ch F1 =2 and n = 2) if and only if there exists a homomorphism from F' to Fy.

Proof. The necessity is clear. We now prove the sufficiency. When ch F=ch F;=2,
70 : @ — a?, Ya € F, is an endomorphism of F. Then 77y, for any 7 a homomorphism from
F to Fy, is a homomorphism from F to Fj satisfying the condition of (II). Therefore, we
have homomorphisms from §P;(F) to SP,(F;) with the form (I). The existence of form (I)
is obvious. ' : '

Proposition 2. Let F and Fy be fields and n, n; positive z'ntege'rs. Then there does
not ezist any non-trivial homomorphism from SPyp, +2(F) to SPam, (F1) for any my (1 <
my < ny + 1), if there is not any non-trivial homomorphism from SPzn(F) to SPy(F) for
anym (1 <m < ny). ' , :

Proof.” Since SPep, (F}) is a subgroup of SPay,,2(F1) up to isomorphism, we need
only to prove that any homomorphism from SPy, 2(F) to SPsy,, +2(F}) is trivial.

Let : :
' B { diag (1, —I1=D 1, —J(»=1)), when ch F # 2;
0= I+ Eypqa, when ch F' = 2.
1 0 '
A B A B
=910 1 (C D)ESP"’“(F)
C D

Clearly, T2 = I, Ty € C(ll) and II ~ SPy,(F). If a is non-trivial,
i) when ch F1=2, by [1, p.474, p.481], we can assume

S 0
1 0 O
alp=1 .cooviinnn y (1)
0 I
where
0 I
I® 9 o
S = 0 I , l1<rankS=r<mn; +1,
e ¢
. D

and (g g) is definite sign (see [1, p.481]).
Since oIl C Ciy o(aTyp), by [1,p.489] elements in Cim «(aTy) are of the following form
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when r < ny + 1:
A A By B,
0 Ay Bs By 9
0 0 S48 o0 |’ ' (2)
0 C, D3 D,

Ay By

Cy Dy

(52 e

When pg # 0 and D exists, by [1, p.486] we can assume that A; is of the following form
after writing the elements in the same blocks as S.

where A; satisfies A;SA} = S, and (

transforms into

> &€ SPg(n1+1_,.)(F1). When r =ny + 1, (2)

Ajp Az Az 0 0
Ay Axpp Az 0 O
A = 0 0 I 0 0}, (4)
Ay Ag A I 0
0 0 0 0 I
~ where (in 312> € SPy,(F1). When pg = 0, or D does not ekist, the elements corre-
21 Az ,
sponding to D in (4) disappear. Hence, the following map
1 0 A A B B,
. A B o 0 A4 Ba B4 A4 B4
Asleo 1 |70 o stas o |7 (ca Lu) (5)
C D V 0 0'4 D3 D4 ) .
is a homomorphism from S Py, (F) to SPy(ny+1-r)(F1)- It is trivial by the hypothesis. Hence
1 0 A A2 Bi B
A B}y [0 I Bs 0}
“lo 1 “lo o s'4s5 o] (6)
C D 0 O Dg I
If p > 1, the following map provided by (4) '
1 0 A1 .Az Bl BZ
" A B _ 0 I -Bg 0 (A1 Aje
fa: 0 1 = 0 0 S 14,8 0 = (Azl Azz) (7)
C D 0 0 D3 I

is a homomorphism from SPs,(F) to SPy,(F}), and it is trivial for p < ny. Therefore, the
~ A; in (8) is of the following form

I 0 A3 0.0
0 I A3 0 O
A = 0 0 I 00
Ay A A IO
0 0 0 0 I
Clearly, A} = I, we have ‘
aY®)=1, VYell - (8)

But there exist elements whose orders are 3 in SPy,(F), a is trivial by (8) When p =0, it
is easy to point out that (8) remains true. Therefore, a is trivial.
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ii) When ch F; # 2, by [1, p.454, Theorem 2] we can assume

oTp = diag ( I® ) 1) _ I(‘I)),

ptg=m+1. 9)

Clearly, aTp # +1. Hence, p > 1, ¢ > 1, and the elements in Ciy, o (Tp) are of the following

form
Ay By
Ay B,
Cy D, ’
Cs D,
where (gi gi) € SPy(ni41-q)(F1), <A2 g;) € SPy(n,+1-p)(F1)- Similarly to i), the
followmg maps
(1 0 \ /A;[ B
, | a4 B Ay B, A, B,
Al 1 T la D "’(01 D1>’
\ ¢ »p/ \ q D, 10
. {1 0o \ (A;[ B _
. A B a Ag B, As B,
Bl A I o Dy - "’(02 D2)
\'e o) g /)

can be respectively regarded as homomorphisms from SPp,(F) to SPy,(F;) and from
SPy,(F) to SPy(F1). Since p < n1, ¢ < ny, By and B are trivial by the assumption.
Consequently, o is trivial. '
Corollary 1. Let F and F; be ﬁelds with |F| > 5 and n > ny.
homomorphism from SPan(F') to SPay,, (Fy) exists.
 Proof. Clearly, DC(II) ~ SLy(F) ~ II when n = 2 and n; = 1. Therefore, aDC(II) C
Cim o(cdl) for any a : SPy(F) — SP,(Fy). By [2], it is not difficult to prove that & which
satisfies the above relations is trivial. When n > 2, one can easily complete the proof by |

Then no non-trivial

induction on n.

Corollary 2. Let F and F; be fields with |F| > 5 and n positive znteger Then ch F =
ch Fi, if there is a non-trivial homomorphism from S Py (F) to SPan(F1).

Proof. By Proposition 2 and Corollary 1, there exists a non-trivial homomorphism from
.S"Pz,hz(F) to SPy,—2(F1). Repeating the manner, we have a non-trivial homomorphism
from SP,(F) to SPy(F}y). By [2], ch F=ch F. '

Let T € SPy,(F). T is called 1-involution (1-inv for short) if T' satisfies
=1 and

Definition.
the conditions T # I, T?

k (T +1) = { 1, ch F=2;
raf =2, cF+£2
Set ‘ '
T, = diag (1,~1,1,~I), Tp=—T; = diag (-1,1,-1,I)
J1 =1+ Eypnqa, Ja =1+ Eny1,,
I H (I 0
Kl—'(o 1)7 Kz—'(H I))
‘where H = (1) (1) . Clearly, J;, K; (i = 1,2) are involutions when ch F' = 2, and so are

T; (i = 1,2) when ch F # 2.
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Lemmal. Letch F=2 K€ .S'P4(F) Then there is'a P in C(K) satisfying PKP-' =
K; if K satisfies K2 = I and (KK3)? = '

Proof. Suppose K = (‘é, IB)) Taking X = (A + I)H, from the conditions one can

0 I
Lemma 2. Let F and Fy be fields with |F| > 5 a: SPg(n+1)(F) — SPZ(,H_I)(Fl) a

non-trivial homomorphism. Then a maps 1-inv to 1-inv whenn>2orn=1andch F # 2.

Proof. By Corollary 2, ch F = ch F;. i) When ch F # 2, one can assume T is of the
form of (9). From (9), B4(—~I®™) = —I1(29), Hence B} is a non-trivial homomorphism from
SP3,(F) to SPa4(Fy). By Corollary 1, we have n = g, oT} is 1-inv. ii) When ch F' = 2, one
can assume aJy is of the form of (1) (n =n;). If r > 1, By in (5) is trivial, and (6) or (3) is
true. Since 2p < n+1 < 2n, B3 in (7) is also trivial. That is contrary to (8). Hence, r = 1,
aJy is 1-inv, and we complete the proof.

Theorem 1. Let F and Fy be fields with |F| > 5 and n > 2, o : SPy,(F) — SPay(Fy)
a non-trivial homomorphism. Then i) a is of the form of (I) if and only if a maps 1-inv

to 1-iny; ii) a is of the form of (L) if and only if n = 2, ch F = 2 and o maps 1-inv to
,p.4:94].

prove that P = (I X) is What we need.

non-metabelian 2-invl*
Proof. i) The necessary is clear, and we need only to prove the sufficiency. The proof
is by induction on n.
When ch F=2, by Corollary 2 and [1, p.479, Theorem 4], one can assume aJ; = J;.
Clearly, I = C(J1, J2). o induces a non-trivial homomorphism from SP;,(F) to SPzn(Fl)

1 0o 1 0

A Bla A B A, B |
B: 0 1 = 0 1 1 1 (Cl Dl)Espzn(F1) (11)

¢ D/ C1 D,
and B maps 1-inv to l-inv also. When ch F' # 2, assuming oy = T) we have aC(T}) =
Cim o{aF}); therefore
1 0 a b]_
ile A0 Pl M a P (06
C D/ G D,

is a homomorphism from SP,,(F) to SPy(Fy). By Corollary 1, 8’ is trivial. Therefore, o
satisfies (11). By the induction assumption, there exists 7, a homomorphism from F to Fj,
and

1 0
P={, T | T disg (1,1b0,b0])
| Py Py
(where Pu P € SPyn(Fy), bo € FY') satisfyin
le P22 2n\L'1); Y0 1 g: .
1 0 1 0 T
A B A B — '

o D c D
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Since aDC(IT) = DCipy, o(all), by (12) we have
a b ay b ' : o
af I ; 0] - o I & °1, (‘c‘ g)espz(F). (13)
(N § 0T
Therefore, o induces a non-trivial homomorphism from SP;(F) to SPy(F;). By [2], there.
exists 71, a homomorphism from F to Fj, and :

P11 P12
I 01}, :
P2 = P21 P22 dlag (1,], ao,ao.[)
0 I
(where (z ;i z ;z) € SPy(Fy), ag € F}) satisfying
a b ' a b m
I 0] _ I 0 -1
““Ne I kil I d B
0 I ' 0 I
Put '
. D11 D12 . ‘
P* = bu1 P2 | . di I.boI
P21 P2 iog (1,%0T)
D21 P22

and ipra = a where z'p; X P*_IXP*, VX € SPyn2(F1) is an automorphism of
SPyp,+2(F1). Then, one can assume

a b an - pbn
' A B AT - BT
il d | plen dmn ! (14)
C D , cT DT
where p = ag bo.
Set
7(2) 0
M= I BllBis(n-1x(n-1 tric matri d of 0,1
1= | @ is (n — 1)x(n — 1) symmetric matrix composed of 0,
f .
1
M, = 0 I 1 B is n X n symmetric matrix composed of 0,+1
B I
From (14), o acts identically on M; and Ma.
Let : '
1 f
1
I
Ti2(f) = S
-f 1

I
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Since Ty2 € C(M; U Ma U {T}}), we have

{81 -G b 0
10 a 0 0
al
aTlZ(f ) = 0 0 a; 0 ’
10 ¢ - d3 a
al

where g, az, a, b, ¢, dg € Fy. Take E = diag (61, ,6~1I(®), I), where 62 # 0, 1. Since E
commutes with Ty3(f), by straightforward calculation, we have b = ¢ = 0 and a? = o2 = 1.
When chF = 2, we have a; = a = 1. Therefore, one can assume ’

OZT12(1) = Tlg(t). (15)
When ch F # 2, by the identity Ti2(1) = [T12(5)]?, we also have (15). In the similar manner,

one can assume 0% (1) = Th1(s), where T1(1) = T%,(1). By the identity [T12(1)T21(1))3 =
I, we have st = —~1. Put iwa = o, where W = diag (¢, I,t~1,I); we have

aT12(1) = le(l), aT21(1) = T21(1), aX =X, VX eIl

Since SPzny2(F) is generated by Ti3(1), T21(1) and II, « is of the form of (I).

Now we consider the situation n = 2.

When ch F = 2, by the similar discussion to above, we also have (11). When ch F # 2,
B' is a homomorphism from SP,(F) to SPy(F;). Since aTy = Ty, we have §'(—I) = I. By
[2], it is trivial and we have (11). Hence 8 is a non-trivial homomorphism from SP,(F) to
SPy(F1). By [2], we have (12), (13) and (14). By the same discussion as in the situation
n+ 1, a is of the form of (I). By induction, we complete the proof of i).

ii) From i) and Lemma 3, the necessity is clear. Next we prove the sufficiency. Since ch
F = 2, taking 1-inv Ty = Jq, one can assume oTp is of the form in (1) (n = ny = 1). Since
r = rank S = 2, the elements in Ciy «(aT}) are of the form in (3). If p = 0, similar to
Lemma 1, we have (8). That is contrary. Hence, p = 1, aJ; = K;. By Lemma 2, one can
assume

OlJ]_ = K1, an = Kz. ‘ (16)

From oIl = aC(J1,J2) = Cim «(K1, K2), it is not difficult to point out that the elements in
Cim «(K1, K32) are of the following form

(’3 A?_l), A€ SPy(FY).

Hence, the following map ‘
1 0 (a1 by )
a b A a d I N <a1 bl)
0 1 a; b\’ e d
Cc d . ( (4] d1 )

is a non-trivial homomorphism from SPy(F) to SPy(F1). By [2], there exists 71, a homo-
morphism from F to Fy, and P; € GLy(F;) satisfying

a; b1 . a b m -1
(Cl d1>_P1(C d) Pl )
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Take Py = diag (Py,det Py - P['') € GSPy(F}) and put ips = &. We have (16) and

1 0 a b "
a b c d » ‘
%lo 1 = a b ¢t : - Qan
| c d; : ( c d )
From (17), the elements in Cim o(Cim o(K1, K2)) are of the form of ( all'._II 1:111]}[) where

(‘cli 21 ) € SP(F). Since the following r map

a b o
1 0] o aml b H a b
¢c d "*(clH dlI)H(cl dl)
0 1 '
is another non-trivial homomorphism from SPy(F) to SP(Fy), from [2] we see that there

71 iL'z € GSPg(Fl) satlsfymg

T2
(“1 "1) =P, (“ b) Py Take P} = (“I z2] ) € GSP4(F1), We have

exists 72, a homomorphism from F' to F, a.nd P, =

(5] d1 c d $3I L4 I
a b .
1 o) _pefal BH\™ jiaa
al, 4 _P2<cH dI) B
0 1 ‘
From (16), we have z3 = 3 = 0, 1 = 4. Therefore
a b
1 0] (a™I b2H
ale a |7 (cfzﬂ deI) - (18)
0 1 '
Take f € F* Since Ti2(f) € C(J1,1 + Ey2), from (16) and (17) we have
1 0 : 0 b
al 1 : b b]_
T = i e i,
“ 12(f) 1 ay
0 1
Since
1 0 1 0
I fH 0 1 0 1
1 0 1 0
by (17) we have
1 al b1 b
1 fHY [0 1 0
o 0 I 2 I S I 0.
. ai 1
| Since T12(f) commutes with (Er) f;{), we have a; = 0. By ({) fH ) # oT12(f), we
4_ I fH .
have by # 0. If b = 0, we have X* = I for any X € Cin, a( 0 1 ) That is contrary.



No.3 Liu, S. W. & Wang, L. Q. HOMOMORPHISMS BETWEEN SYMPLECTIC GROUPS 295

Hence b = 0 and
' Tio(f) =I+b1B2y,

I fH | (19
a(O fI )=I+b1E1,3~ 19
Since
0 1 0 1
3 1 o)\ (I fH 1 0
T21(f)" 1 0 (0 I ) 1 0 ’
0 1 ' 0 1/
1 0 1 0
I 0 0 1 0 1
1 0 1 0

by (17), (18) and (19) we have
aT51(f) = I+ b1 By,

NEA s o
Let o acts on the identity
I 0 I o0 ; & ocf
ST (é ff) g | = UTRTRRR 0 'T12(cf)(é fIH)
e o I e 1 0 : I

From (17), (18) and (19), we have b; = (f™)? and 7y = 3. Take 7 = 717p. From (17), (18)
and (19), « is of the form of ().

- Remark. The fact that the map of the form (II) is a homomorphism can be proved -
from the definition relations of SP,(F).

Theorem 2. Let F' and Fy be fields with |F| > 5 and n a positive integer, o : SPy,(F) —
SPy,(F1) a non-trivial homomorphism. Then a is of the form of (I) or (II).

Proof. When n = 1, the result can be got from [2]. When n > 3 or n = 2 and chF # 2,
from Lemma 2, o is of the form of (I). When n = 2 and chF' = 2, there exists only 1-inv
and 2-inv in SP,(F;). By Theorem 1, a is the of form (I) or (I).

Theorem 3. Let F and Fy be fields with |F| > 5 and n > n, positive integers. Then
there exist non-trivial homomorphisms from SPan(F) to SPay (F1) if and only if n = ny
and there ezxist non-trivial homomorphisms from F to F;.

Theorem 4. Let F and F, be fields with |F| > 5 and n a positive znteger, a:SPy(F) —
SPy,(F1) a non-trivial homomorphism. Then o is an isomorphism if and only if o is an
eptmorphism.

Theorem 5. Let F and F; be fields with |F| > 5, @ : PSPy, (F) — PSPy,(F}1) a non-
trivial homomorphism. Then @ is induced by a homomorphism from SPan(F) to SPa,(F).
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