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ON THE LIMITING BEHAVIORS OF INCREMENTS 
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A bstract

The a.s. limiting behaviors of big increments of partial sums of a sequence of random 
variables are obtained without moment conditions.The theorems sharpen the results of Lint5!.
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§1. Introduction and Results
The a.s. limiting behaviors of increments of partial sums of a sequence of random vari­

ables are profound and elegant results in the probability theory. Csorgo and Revesz^l have 
obtained many fine results of this kind for i.i.d. random variables. Lint3’4! and Shaot6! 
generalized their results to more general cases. But all require existence of either moment 
generating functions of 2 -f- (5-order moments (6 > 0). Recently, Lint5! first considered incre­
ment problem without moment hypotheses according to an idea that strong limit theorems 
depend (in principle) on probabilities rather than moments. Lin’s theorem imply the ex­
isting results with moment conditions; however, more complicated conditions are imposed. 
The purpose of the present paper is to give a group of simpler conditions, with the results 
that we sharpen Lin’s theorems.

Let {Xn,n  > 1} be a sequence of independent but not necessarily identical distributed 
random variables and {an,n  > 1} a non-decreasing sequence of positive integers. Denote

П
Sn = Y, X{. Furthermore, let {Bun , n = 0,1, • • • , IV; N  = 1,2, • • •} be a double sequence of

i= l
positive numbers, which is non-decreasing on N  for fixed n and tends to infinite as N  —► oo 
uniformly in n. Denote

Bn  =Bon,
b% =2{log(B%+aN /B 2aN) +  log log B2aJ .

For every N ,n  + an < N  < (n +1) + a/v+i, define

B'n  —B n,n+an (so  B'n + cin ~  B n ,N+o,n ), 

b t f  =2{\0i(Bl+aJ B 'N2) +loglogB^2}.
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And define for e > 0

Xje —{Xj V (—e B j b j ) )  Л (eBjb'j-1),
. N + a ff  n+api

TW(E )= B ^ „  £  VarCXf,), TnN(e) = BZ%+a„ £  Var (X,,),
3-1 J=n+1

=limliminf TN(e) A TNtN(e),
ej,0 N —*oo

T? =limlimsup max Тпм(е).
+  eiO JV—юо 0 < n < N  V '

Assume T+ < oo.
Theorem 1.1 .Let {X n} be an independent sequence. Suppose that there exist sequences 

{an} and {Впм} of above-mentioned kinds satisfying, for any e > 0,
OO

(i) E  •P{|X„| > e B 'M  <n=l
n+k

(ii) Jim max max (BaNbN) 1 £  Я{ВД1*/1 < еВ'Ь'Л}
N —*ooO<n<N  1</с<адг j=n+l

0;
n+ajv

(ffi) 5  j f e o »  < 1f t  I <4- — — fl-pl
log )-/3) < oo/or some/?> 0;

(iv) Jim ( и м  S n n+0jv) / ( min Bn n+aN) < oo;
N —*■ 00 0< n < N  0< n < N

(v) BN+aN < ABjv- l+ow-i and BaN < ABaN_y for some A > 0 and every N  >2. 
Then

T_ < limsup -'^r+°w— p l l  < limsup max max ^n+fc— ^  < T+ a.s.
N —*oo B N ,N + a N bN N-+ oo l< n < iV  l< fc < a w H n ,rH-aw 0JV

Remark 1.1. This theorem greatly simplifies the conditions of Lin’s Theorem 1 in [5]. 
Hence, of course, our theorem also implies the existing results about increments of partial 
sums of a sequence with moment conditions, e.g., conditions relative to a non-negative and 
non-decreasing continuous function H{x), the condition “EX% logp(l + |ж„|) < oo for some 
p > 0”and the condition “.Eexp{alogr (l + |X„|)} < oo for some a > 0 and r  > 1” (see 
[5] Remarks 1 and 2, also see [3], [4] and [6]). Furthermore, it is interesting to say that the 
condition “(^У lim an+i/a n = 1” imposed in [5] can be relaxed, according to our theorem,

n—*oo
as condition

(h)" aN < Aajv-i for some A > 0 and every AT > 2.

In order that a theorem without moment hypotheses implies that for the case when there 
exist r-order moment generating functions (0 < r < 1), we rewrite Theorem 1.1 as follows 
(cf. [5] Remark 3):

Theorem 1.2. Suppose that the following conditions are satisfied:
OO

(i)’ P{\Xn\ > alog“ n} < oo for some a > 0 and a > 1;
n=1

(ii) ’ lim тах  тах  (BaNbN) 1 £  Е {Х ^{ \Х ^  < aloga j)} = 0;
N —*oo 0< n < N  l< k< aN  j = n + l

(iii) ’ there exists a to > 0 such that

Eexp(t|Xn|1/,Q:)J(rlogQ:-1 n < \Xn\ < alog“ n) < M  < oo
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for every n, any |i| < to ond some r  > 0 as a  > 1 and r  =  0 as a — 1;
(iv) ’ < N  and aw/ (log JV)2c*-1 —► oo;
(v) ’ on < A atf-i for some A > 0 and every N  >2.

Define

X j = <
' (X j V ( £ loga—1 j)) A (e log"-1 j)  as a > 1,

as a = 1.

Let T+ and T_ be £Ле same as m Theorem 1.1. Then the conclusion in Theorem 1.1 remains 
true.

§2. Proof of Theorems.
In order to prove our theorems, the following lemmas are employed.
Lemma 2.lt5l. Let {gn(^)} be a sequence of non-negative functions, d. \ned for all e > 0. 

Define a* = lim lim gn(e) and g* = lim lim Qn(e). Then there exit1, sequences |e n|  and
ej.0 n—*°° e|0 n—*oо

{e'n} such that en l  0, e'n J. 0 and Urn pn(era) > g*, lim gn{s'n) < g*. Moreover, if gn(e) is
n—>-00 71—♦■OO

a non-decreasing function of e for every n >  l, then lim gn(en) — .. *.
71—>0O

The following conclusion is well-known.
Lemma 2.2. Let {Xn} be a sequence of independent random variables with means zero. 

Suppose that there exists some d > 0 such that
^  dsn a.s.

n
for 1 < к < n, where s2 = X) EX%. If 7 > .0, then there exist constants £(7) and тс(-у) such

k=1
that, when e > £(7) and ed < 7r(7), we have

P{Sn > £sra} > exp{—(1 + 7)e2/2}. (2.1)
Lemma 2.3. Let {£n,n  > 1} be a sequence of independent random variables with 

E^n ~  0. And let {an,n  > 1} be a sequence of positive integers tending to infinity. Suppose 
that there exists a double sequence {crnN, n  =  0,1, • •• ,N ;N  — 1,2, • • •} of positive numbers, 
which is non-decreasing on N  for fixed n and tends to infinity as N  —► oo uniformly in n. 
Put

cr% = min cr2 ,"  0 <n<N naN

PnN ={2vL n tog(*o,JV+ew/<&v) + loglog^L*}172-
If

(a) cr0aN < AcF0aN_l for some A  > 0;
__  П+0-JV

(b) lim max X) Е ^ / а 2па < 1;N-*ool<n<N i=n+1
(c) there exists an e > 0 such that

Ы  < e{oN/Qo&(oo,N+aif/°N) + loglogoi)}1/2, a.s. 
then there is a c(e) with c(e) —► 0 as e —> 0 such that

n+k
&|//?nJV < 1 + Ф )

i=n+l
lim max max

N —юо  0< n < N  l<fe<ajv
a.s.
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The proof of this Lemma can be found in [7].
P roof of Theorem 1.1. Without loss of generality, we assume T_ > 0. The proof of 

the theorem is based on the following facts.
Fact 1.

N + a N

jjg  E  < \Xi\ < =  о.
3=1

Proof. Take such an an for N  that

an- i  < N  + a,N < an. (2.2)

Then, by condition (v),
JV+ajv
E  Е Х р Щ Ъ '- '  < |X,| < еВ'}Ь',)1В%+ш
3=1

< ^ Е Х р ( Щ Ь '- 1 < |X,I <

Q>n
<A2'£ E X ]I(sB 'j b 'f1 < |X,| < e B 'M IB l .

3=1

Hence
N +ак

Ш  £  Е Х р Щ Ъ 'Г 1 < |X,| < е в щ у в ^

тг+ajv
<A2 Ш  max Y  E X p ie B 'M '1 < \Х Л < еВ 'М )/В 2 .~  N-*ooO<n<N ^  3 ^ 3 3  1 J] 3 3 "  a-N

J= n + 1

And further, by condition (iii),
N+CtN

Dm E  E  Е Х р Щ Ъ 'г 1 < |X,| < еВЩ)/В%+а„
e ~*°° 3- 1

n+djv
<A2 Hm "Пт" max { V  ЕХЩ еВ'Л'Г1 < \XA < е Щ )

eiO N->ooO<n<Nl ^  3 ^  3 3 3 3 JJ
j = n + l

x №%+. J B l j b g B l p - p / { B l n i(B%+, j B l ) H B l J ~ l,} = o.

Fact 2.
N+a*

lim lim Y ,  Var (Xje)/B%+aN < HA2T2 for some H  > 0. 
s 0 ->0° j=i

Proof. Define n to be the same as in Fact 1. Then
N+att an
E  Var (X,«)/B|,+№ < ^ V a r  ( X , . ) / ^ . ,
j=1 3=1

<Aa£ v « r  № ,)/B L -
i = i
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Hence, by condition (iv) there exists an H > 0 such that
N+on

Ж  E  Var №o/sSr+.„
3=1

<HA2lim lim max Тп^(е) < HA2Tl.

Fact 3. There exists a subsequence {Nj} of integers such that for j  > 1

BaNj+1 bNj+1 /B aNj bNj < ЧАС 
for some C > 0, and for any e > 0

OO
T i B g Ni /B N. +aN. У/ log + BaN. < 00*.
3=1

Proof. Define Nj by

Nj =  min{n : Bttnbn > 2j },

which imphes that

BaNj > 2j , BaN. _! bNj _i < 23.
From condition (v) we can find a constant C > 0 such that for every N  > 2

bN <  C b n - 1-

Therefore

В a Nj bNj < AC BaN. _ ! bNj -1 

and
ACT? > BaN. bNj > 2K

The latter implies (3), and further we have either

В.Щ >
or

If (2.5) is true, then

B„ < У 12, bN, > У '2.

(BaN,/BN,+aNj )Vl°81+e BaN,

<(logBWl )-'«•*> < ( i jto g 2 )- (1+,>.

If (2.6) is true, then

and
l o / « „ , ) + •»« log B ‘ > Vi-1

Ы В Ъ '+ ^ ./В 2̂ )  > V - '  -  loglog2l >2>-\

Hence, for all large j ,

(В„„. /B Sl+.„, )* <

In any way, we have for all large j

/£ * + « „ , )«/log1+* B„„( < Г  <1+‘>,

(2.3)

(2.4)

(2.5)

(2.6)
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which implies (2.4).
Fact 4. For some 6 > 0 and C > 0

JV+ajv / N—l+aif-i
N-* oo £  Var (Xje) /  Var № )  < C

00 j=i ' j=i
uniformly in 0 < e < 8.

Proof. By condition (v) and Fact 2,
N+ojv , JV—1+ajv-i
£  Var (Xj.) /  £  Var (X*)
i=i ' з=i

N+ajv j iV—l+a^-i
=(EN+aN /^ЛГ-1+aw-i) (  £  Var № .) /J & +J / (  £  Var

i=i ' i=i

<A2 • 2НА*ТЦ\т1 = АНААТЦ Т1
A

provided that iV is large enough and e is small enough.
Using these facts, we proceed to prove our conclusion.
For a given 6 > 0, let e =  e(<5) be indicated later. Define cn = eB'nb'n~l , dn = eB'nb'n and

Fji = (-Xn cnsign X n)I(cn < |Xn| ^  6̂ri)>

+  Fk,

s ; = £ № - B * a
fc=l

71
U n = Y ^ ( Y k ~ E Y k ) ,

k= 1
n

vn = j 2 ( z k ~ EZk)-
k = 1

Then

=  *„I(|X »| ^  dn) + ensign X nI (|-Х̂тгI > dn),

\Xn - Z n\< \X n\I(\Xn\> d n).

So, by dint of condition (i),

P {X n ф Zn, i.o.} = 0. (2.7)

Hence we may only consider Zn instead of X n. From conditions (i) and (ii) and the definition 
of cn, we have

lim max max —--------—N-*oo l<n<N 1<к<ак Bntn+aN0N

n+k
£  E Z i

j=n+1
=  0. (2.8)

Combining it with (2.7) implies that the conclusion of the theorem is equivalent to

T- < lim sup ■ < lim sup max max < T+ a.s. (2.9)
N-+oo Д/У.ЛГ+ад&ЛГ ЛГ-+00 l<n<N l<k<aN iJn)n+ON0jv
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As the first step, we prove

V \Un+k Un\ ^  climsup max max -- ----- ---  <6  a.s.
N —*oo -On,n+aivVN

(2. 10)

Let r  = r(6) be a positive integer indicated later on. Put Yq = 0. Define a function of n, N  
and r as follows:

к
nr = max {& : J^V ar (3$) < %- B \N J  logB ^)- ^, where «satisfies

3- 1

В 1 Л в ш + и в 1 ,) Ы В 1 „ ) ^  < £ V a r  « )
3=1

< -
z +  l B lA (B 2N+w/B l„ )iogB l„ )-e}.

Put Uq =  0. Write

\Un+k -  Un\ < |Un+k -  U{n+k)r\ + |t/(n+fc)r -  Unr| + |t/n -  un 

Consider the first term of the right hand side. We have

8 l

(2.11)

P< max max - |0 » + k  ^(n+fc)r | ^ 2ACH.l^n^N ■l̂ .k̂ .o,̂
N +aff

< { r  £  V ar(rj )/B 2„№ S,+e„/B j„)logB ^ ) - '5 + l}
i = i

X l< n < N + a „  P{|C /n  ~  ~

From Fact 1, there exists a constant M  > 0 such that

N+ajv N+on
£  Var Д )  <2 £  < |x,-| < i,)
j=l j=1

+  <?iP(Cj <  \X j \  <  d .,)}  <  2 M B % +a„ .

(2.12)

(2.13)

Estimate the probability in the right hand side of (2.12). Let e = t =
&ACH2---- -— hjv- Then, for j  < N  + a,N, we have dj < eHBaNb^ and

i z , „ ЧГ, ' 1 / Ш < \ *  1
- 1+щ : Уй* ^ { 1+з (в ~ )  + 12(ва„) + , , ‘}

1 / 2tdj \ 2

aw
2

< ! +  2^ 2“ Var ^  6XP { 4'

< e x p |r 8 A = C ^ . 2

£2B 2 fc д »1»
V " ^ 2 -----l° 8 B aN)

4/3/2
Var «)}• (2.14)
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Put ln = max{m : mr = nr}. Using Levy’s maximum inequality, we obtain

Iu m - u nr| > 2Ш Ш ВакЬн^m r=nr

<2P{\U,„-Unr\> >BaN bjy -  2\/Var (UiN -  Unr)}

(2.15)

2 ЛСЯ2

52етр ( - о т )  П
J = J l r + l  "

<2e x p { - |b |,+ o ( i& )}

<((SSr+ w /B l„)logB ^ ) - 2 

for every large N, where the definition of nr and condition (iv) are employed for the last 
but two inequality. Combining (2.12), (2.13) with (2.15) yields

p{ iS S r iS S . В ^ ь рп+к -  U(n+k)A -
<5rM(B2N/B^r+ON)1“'J/(logB2N)2-'J.

By (2.4), we have

’{ . 1 » , « S .  B . . L b J u " »  - г г ш } <00'

(2.16)

a.s. (2.17)

l< n< N j l< k< aNj B n ,n+aN. bNj ' V “  2A

which implies that

и” 8“р. < ^ J K ,,  B Z ^ M K+k■ f/("+4'1 -  Ш н
Furthermore, noting that the ranges in two max’s in (2.17) enlarge as j  increases and using 
(2.3), (2.17) implies that

limsup max max - — — r-\U n+k -  U{n+k)r\ <6 a.s. (2.18)
N —*oo 1 -Dn,n.+ajv hiV

The second and the third terms of the right hand side of (2.11) can be treated by the same 
procedure except that condition (iii) is applied for the second term, and we have the similar 
inequalities. (2.10) is proved. Thus inequality (2.9) is equivalent to

(1 — 2S)T- < limsup ~  S'n I
N —*oо B N ,N + a N bN

IfS7 — S' I
< limsup max max n —— r ^ - < ( l  + 3£)T+ a.s.

N —>oo 0p{
(2.19)

for any 0 < 6 < 1/ 2.
It is easy to verify that the condition of Lemma 2.3 is satisfied for {X'n}. Consequently 

we have the right inequality of (2.19) from the condition of T+.
tl’bO'N

Next, we prove the left of (19). Let < n+(lJV = £  Var X', v*N = max v2n,n+aN- For
J=n+1 l<n<Jv

j  < N  + a.jv,

\Xj — EXj\ < 2cj < 2cn+un

=  2e & V + a w (B N ,N + a N / V N ,N + a N )v N ,N + a N ■
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Noting 0 < T_ < oo, we have BNlN+aitbN/v NtN+air -*• oo as АГ-*oo and (eb'J]l+aN(BNtN+ati 
vN\+aN)(BN,N+aNbNVN1iN+aN)-Q £ for some constant Q > 0 and every N  > 1. Hence, i 
let e =  e(<5) be small enough, we use Lemma 2.2 and obtain

> г у + т - у ф - в ъ . н + . Л ) 
i e x p i -  1

it

-  • 7- • • - Д

y ( BL  у - » .  дг» ,,
- B S , + „ „ lo g B S ,+0„ -  1

According to the definition of T_ and T+, we can choose an e such that the right hand 
of (2.20) is larger than

R v w + a s / i v 0 , N + a N %  t>o,JV+a* )

for some R  > 0. Let 0 < rj < 6 A (62T 2/4T2), Ni ~  1. Define Nk+i by

Nk+i = min{n : +  ^ ,« + a „  £  v<U*+«n* }•
Then, we have

(2 .2(

V0,N>+1 +  W f a + i ,N k+1+ a „ k+l >  V0,Nk+aNk e v e ry  fc, 

v 0,n +  vv'n,n+an <  v 0,Nk+aNh fo r  ©very П < JVft+i-

Hence we find that N k+ i > Nk  and N k + i +  o>Nk+1 >  N k  +  o,Nk for every k >  1. At fii
prove that

OO
X )  VN k ,Nk+aNk / (W0,iVfc+Oivfc lo g  V0,Nk+aNk 
k=l

) =  00.
fc=1

In terms of (2.24), we get

^ O .^ fc-x + aw ^ ! ^  ^O.Nfc-l =  V0,Nk - 1 V a r  (X Nk) 

^ v o,Nk ~  N k ^  v o,Nk ~  H e 2B% ktNk+aNkb 'Nk

^O.JVfc “  v Nk ,Nk+aNk — v Q,Nk+aNk ~  2VNk ,Nk+aN k’— - U , i V f c

when к is large enough. And
2  2  v  2

iyO,JVfc_iH-aAtA,_1 — ^O.JVfc-l+ajv^-i — ~QV0,Nk+<4vk
by (2.24) and Fact 4. Now using (2.26) and (2.27), we have

oo

"  - - -  - -2 J
OO

X / VN k ,Nk+aNk / (̂ 0,iVfc+ajvfc log v0,JVfc+ONfe' 
fc=2

OO
1 00

— 2 ^(̂ O.iVfe+aNf. ~ V0,iVfc_i+ô fc_1 J/ĈOjiVfc+otVx. °̂S v0,Nk+aNk ) 
^ fe= 2’ fe= 2

oo Q
~2C  X^^°>JVfc+°wfc ~ 'y0,Nfc_i+ajVfc_1)/('y0,Arfc_i+aiv(._1 ÔS(^V0, f̂c_i+aw

fe— 2

Л О  [< « k + * x k 1>-£= > / —------dx =  oo,“ 4С ^ 1 2  xlogxfc=2,/U0,Wfc_ 1+aJV
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which proves that (2.25) holds true.
Put

G ={fc : Nk > Nk~i +
К  = { & :  N k  <  N k - 1 +  a jv fc_ J  s

. To prove the left of (2.19), we consider two cases.
Case 1. Suppose that

^  VNk,Nk+a'Nk/(V0,Nis+atfk loŜ OjJVfc+ajVj.) —
keG

Then, by (2.21)

keG

(2.28)

(2.29)

By noting that {5jyfc+e — S’Nk,k  £ G} is an independent sequence, (2.29) implies that

IS Nk+aNk ~  S Nk \ 

kkeG BNkNk+aNk Ьмк
lim > (1  — 6)T- a.s.,

and hence

h m  — ^ i > ( l - < 5 ) T _
N->oo i> N ,N + aN bN

a.s.

i.e., the left of (2.19) holds true.
Case 2. Suppose that

5 Z VNk,Nk+a,Nk / ( v O,Nk+a,Nk ^°&vO,Nk+ctNk ) ^  001 
k&G

Then, by (2.25),

У  v VN k ,Nk+aNk / ( V0,Nk+a,Nk V0,Nk+aNk ) ~  ° 0, 
k&K

For every к £ К , by (2.23)

0 < -  VQ>Nk < nVNk,Nk+aNk ■
Hence

(л v 2 2 2 2
(1  W)v N k ,N k+a,Nk — V0,N k+a,Nk V0,N k-i+ a,N k_ 1 — VN k ,N k+a.prk

(2.30)

(2.31)

(2.32)

(2.33)

Write

Î JVfc+ajVj, ^Nk\ — \^Nk+aNk ^Nk-i+a,Nk_11 \^Nk- 1+<mk_1 ĴV*. I •
Consider the first term of the right hand side. Noting (2.33), we can use Lemma 2.2 again 
like (2.20) and obtain

S . P { b w, v,.-w,„ Ьм,. l ^ +ew* “  5k - i+ a Wfc_J ^  -  5)T-}
к е к

E log ))('-»№ -•»
к е к

- C 5 Z  VN k ,N k+aN k / ( v Q,Nk+aNk ^ ° S v 0,Nk+aN k ) ~  00 
k&K
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for some c > 0, which implies that
I S',Nfc+OiVj, '^ATfc_i+ojvfc_ 1

kk e K  B N k ,N k+aNk bNk

By using (2.32) and noting 77 < 62T 2/AT2,

3bNk
^ ™ h’ \ Arr  R»r

j = N k+ 1

lim > (1 -6 )T -. (2.34)

ATfc_i+ajvfc_ 1

П E e x p { sT B bNk------- (x ' j - E X 'j)}-- tdi_jyjVfc.Nfc+ojVfc J

< e x p | 3bNfc
fj2rp2 d 2

Nk>Nk+a,Nk j = N k+ l

Nk-i+a,Nk_ 1

E Var (■*})}
<  exp{377b^fcu ^ fc)JVfc+OWfc / 6 2T l B %ktNk+aNk}

< exp{4??T^fe^fc/(52T!} < exp(6̂ J
for large к and small e. Hence, using the definitions of T+ and T_, for large к and small e, 
we have

< exp{-36^fc + ^ J  = /(B ^fc+aNfc log2 B2Wfc)
3  у у ^  я 2  2  V

—^Nk,Nk+a,Nk / (^ 0,iVfe+ajvfc l0 § VN k ,Nk+aN k )

By (2.23)

So, if rj < 1/2,

/  l v0,JV*+aW|l. / (^O.JVfc+aw. . log2 ^ ^ ) -

2 2 2
VN k ,Nk+ a n k ~  V0,Nk+a[fk ~  V0 ,Nk

2 2 2 
— V0,Nk+aNk V0,Nk-i+a,Nk_ 1 ^ VNk ,Nk+aNk

VN k ,Nk+a,Nk — ^(® 0,Nk+ank г,0,ЛГь_1 +адгА,_1 )•

Using this inequality and imitating the proof of (2.25), we can get
°o

^ 2 VN k ,Nk+aN k/ ( v Q,Nk+aNk lo g 2 v 0,Nk+aN k) <  ° ° -  
fe= 1

Therefore

Y l  VN k ,Nk+aN k/ ( v 0,Nk+aNk lo § 2 v 0,Nk+aN k) <  0 0 .
k€H

Thus, from (2.35) we have
\S N k„ 1+ aNk_ 1

lim D ,
kk€K B Kk,Nk+aNkt>Nk

< STL a.s.

Combining (2.36) with (2.34) yields

l^ k + o^ fe  ~ S Nk 1

and hence
кк е к  B N b’N k+a" k bN k

> (1 -  2S)T- a.s.,

Um !% ±M — pH  > (l -  26)T- a.s.,
N—>oo BN,N+aN0N

(2.35)

(2.36)
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i.e., the left of (2.19) holds true. The theorem is proved.
The route of proof of Theorem 1.2 is the same as that for Theorem 1.1. We omit it.
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