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GLOBAL SOLVABILITY OF NONLINEAR WAVE EQUATION 
WITH A VISCOELASTIC BOUNDARY CONDITION
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A bstract

The paper -deals with the global solvability of nonlinear wave equation with a viscoelastic 
boundary condition. The problem is a mathematical mode for nonlinare one-dimensional motion 
of an elastic bar connected with a viscoelastic element at one end of the bar. Under some 
physically reasonable assumptions, the boundary condition is dissipative and the existence of 
global smooth solution of the problem is proved for small data.
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§1. Introduction

(PH

The paper deals with the following boundary value problem of nonlinear wave equation: 
' utt -  cr{ux)x =  0, 0 <  x < L, t > 0, (1.1)

и =  0, x — 0, (1.2)

u +  a(t -  т)ст(их)(х,т)<1т =  g(t), x = L, (1.3)
Jo

и =  щ (х), щ =  щ(х), t  =  0. (1.4)

Problem (P) is a mathematical model for nonlinear one-dimensional motion of ah elastic 
bar connected with a viscoelastic element at x = L. The integral equation (1.3), satisfied at 
the end x =  L by u, is a nonlinear and nonlocal boundary condition. Under some physically 
reasonable assumptions on kernel a(t), (1.3) is a dissipative boundary condition as well and 
we shall show that Problem (P) admits a global smooth solution for small data.

When a(t) is a positive constant, (1.3) reduces to a local nonlinear dissipative boundary 
condition ut +acr(ux) =  g'(t). In this case, the viscoelastic element comprises only a dashpot. 
Greenberg and Li Ta-tsien discussed the problem with g'(t) — 0 in [3]. If the viscoelastic 
element at the end x — L of the elastic bar consists of a spring and a dashpot in parallel, 
i.e. the Kelvin-Voigt’s model, then

a(t) =
,—kt/r

and g(t) =
—kuo(L)e -kt/r

Г ' ’ ' Г
For this particular case, the problem was studied recently by Alben and Cooper in [1]. 
And the problems discussed in [3] and [1] are just both the typical examples of our results, 
Corresponding to the cases a(t) € L^O, oo) and a(t) ф L1^,  oo), repectively.
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The rest of the paper is organized as follows. Section 2 contains a statement of our results 
and an outline of the proof of the main theorem, based on some priori estimates. In section 
3 we give some energy estimates of the problem. And Section 4 is devoted to the proof of 
the dependence of the energy integrals on the boundary value of the solution.

§2. Statement of Results and Outline of Proof
We first list the hypotheses on the kernel a(t). These are:

a(t) =  doo +  A(t), A(t) € C3[0, oo), where о», is a constant, (2.1)

a(t) > 0, doo > 0, A(t) >  0, A'(t) < 0, (2.2)

t5 A(m)(t) e  Ьг(0, oo), j , m < 3. (2.3)

For er we reguire:

a e C3(M), er(0) =  0, <r'(0) > 0. (2.4)

As the main results in the paper, we have
Theorem  2.1. Suppose that hypothese (2.1)-(2.4) hold. Assume further that «о 6 

C3([0, £]), u\ e  C2([0, L]) and g G C3([0,oo)) П Я 3(0, oo) satisfy the following compati- 
bilty conditions

M L) = 9{ 0),
ux(L) +d(0)<r(do(L)) =  g'(0),

( r 'K ( i ) K ( L )  +  d(0)d'K (L ))ui(^) +  a'(0)<7«(L)) =  / ( 0 ) ,

a " K (L )K (L K (L )  +  <t'(u'q(L))u'q(L)

+  a(0)<r" ( < ( L ) K 2(L) +  a(0)a ' (^(L)y \u '0(L))uf(L)

+ a(0)<T"2« ( L ) ) < '( i )  + a'(0)<7'« ( i ) K ( i )  +  «"(0М Ч А )) =

u0(0) =  di(0) =  u"(0) =  < ( 0 )  =  0.

Then there exists a constant s > 0 such that if

Нио||нз(о,г) +  Н'и1|1н2(о,г) +  1Ы1яз(0,оо) < £3> 
the Problem (P) admits a solution и € C3([0, L\ x [0, oo)). Here Hs denotes the Sobolev 
space.

In order to prove Theorem 2.1, we first give a theorem on local existence of the solution 
to Problem (P).

Theorem  2.2. Under the assumptions of Theorem 2.1, there exists a T  > 0 such that 
Problem (P) has a unique solution и 6 C3([0, L] x [0,71]) and T depends only on ||«о||с72[о,ь] 
and \\ui\\ci[oti,].

Reducing equation (1.1) to a first order system, then we can obtain Theorem 2.1 from [1, 
Theorem 2.3].

Without loss of generality, we can assume that

cr'(s) >  (T\ >  0, Vs € Ш,

(2.5)

(2.6) 

(2.7)

(2.8)

(2.9)
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where a' is a constant. There is no harm in making this assumption because we shall show 
a posteriori that

|«а:(®><)| <  6, V® G [0,L], t > 0

for a sufficiently small S >  0. 
We set

E(t) = max f  (u2 + +  u2t + u2xx + • • • + «&*)(*, s)dx
*€[<M] J 0

pt p L
+ (u2 + u l + u f  + ulx + --- + u2ut){x, s)dxds,

Jo J0
fi{t) = max {u2x + u2xx +  t&)(a, e),

s€[0,t]
®g[o,x*]
poo

G(g)= ( A t )  +  A t ) + g " 2(t) +  g"'2m t
Jo

and

( 2 .10)

Uo(uo,Ui) — ||‘Uo|||f3(o|£) +  ||“ l|lH2(0ii).

The main work of the paper is to establish the following estimates.
T heorem  2.3. Let (2.1)-(2.4) hold and и € C3([0, L] x [0, L]) be a solution of Problem 

(P). Then there exists a constant C, independent ofuo,ui,g and T, such that

E(t) < C(Uo(uo, щ)  +  G(g)) +  C(p(t) +  p2(t))E(t) (2-11)

for AT* < t < T , where

T * =  (t\ /2L. (2.12)

Now we give a proof of Theorem 2.1 on the basis of Theorems 2.2 and 2.3.
P ro o f o f  Theorem  2.1. According to Theorem 2.2 and Sobolev embedding theorem, 

we can get a local solution и £ C3([0,L\ x [0, L}) and T  depends on e. We first choose an 
E* > 0 satisfying

C(L^2E*1/2 +  LE*) < 1/4,

then take e >  0 so small that

Ce2 < E*/A, (2.13)

T > AT*

and

E(t) < E*/2, VO < t < AT*. 

For such an e, the local solution и must satisfy

E(t) < E*J2, VO < t < T.

It is easy to see that

p(t) < L1/2E(t)1/2.

So we have from (2.11)

E(t) <  C(U„(u0,u ,)  +  G(g)) +  C ( i1/2B3/2(i) +  LE2(t)], V4T* < t < T .

(2.14)

(2.15)

(2.16)

(2.17)
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If E(t) < E* for 4T* < t < T ( < T ) ,  the estimate (2.17) gives

E{t) < Ce2 +  C{L1/2E*3/2 +  LE*2) < E*/2, AT* < t <  T.

Consequently, by continuity, we have (2.16) from (2.15). Thus we complete the proof of 
Theorem 2.1 and get the boundness of E{t) on [0, oo). Therefore, it is justified to make 
assumption (2.10).

The proof of Theorem 2.3 relies on the estimates give in Propositions 2.1 and 2.2. 
Setting

E1( t )=  J  (^ u 2t + j  <7(77) * ^  dx +  ifcooU2(T,t),

1 q
E2(t) = 2  J  (uu +  cr'{ux)u2xt)dx +  -koou2(L,t),.

E3(t) {u\t +  a'(ux)u2xtt)dx +  ifcootifjCM),

E{t) -  f (« * + « ?  +  ••• +  u2m ){x, t)dx,
Jo

where к<*, is defined in Lemma 3.2, we can get the following energy estimate.
Proposition 2.1. Let и £ C3([0, L] x [0, L\) be a solution of Problem (P). Then

Ei(t) +  E2(t) +  Ez{t) +  a i /  (и2 +  u2t + u2tt)(L, s)ds
Jo

<C iUo(uq, ui) +  Ci Иа'Инз ,̂*)

+  Ci(/i(t) +  /f^(t)) f  E(s)ds, 0 < t < T. 
Jo

(2.18)

Here and throughout the paper, we use C\ , « 1, C2, a 2, • • • to denote various positive constants 
independent of uo,ui,g and T.

For deriving the estimate (2.11) from (2.18), we need a further estimate which gives the 
dependence of the solution on the boundary values.

Proposition 2.2. Let и £ C3([0, L] x [0, T]) be a solution of Problem (P). Then

f E(s)ds <C2Uo(uo,ui) +  C2 f {ut + U2t +  u2tt)(L, s)ds 
Jo Jo

+  С'гНйИяз^) +  C2{n(t)

+  (j?{t)) [  E(s)ds, Vt £ [4T*,T], (2.19)
Jo

We can prove Theorem 2.3 immediately from Propositions 2.1 and 2.2 and Poincare’s 
inequality. The proofs of Propositions 2.1 and 2.2 are given in §3 and §4 respectively.

We close this section by giving another form of boundary condition (1.3). Differentiating 
both sides of equation (1.3), we get

ut +  a(0)cr(ux) + f a'{t-r)(T(ux)(x,T)dT =  g'(t), x = L.
Jo

The kernel k(t) obtained by solving integral equation

a(0)k(t) +  a'(t)/a(0) +  f a!{t -  т)к{т)йт -  0, (2.21)
Jo

(2 .20)
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can be used to express cr(ux) in terms щ and g', that is,

cr(ux) +  ut/a(0) +  f  k(t ~ т)щ(х,т)(1т 
Jo

=zg'(t)/a(0 )+  [  k(t -  т)д'(т)dr, x =  L. (2.22)
Jo

In the course of the proof of Theorem 2.3, instead of (1.3) we use boundary condition (2.22).

§3. Proof of Proposition 2.1
We fisrt give some lemmas.
Lem ma 3.1. Let aft) satisfy (2.1)-(2.3). Then there exists a positive constant a such 

that
i) if a(t) e  L^OjOo), then

Ima(*£)

M * ) l s
><*, V ( £ l ,

ii) if aft) $ L X(0, oo), then

&oo £1тА(г£)
> a, V£ 6 JR,

(3.1)

(3.2)
|аоо +  ^И (*012

Proof. Suppose first aft) € L1(0, oo). It is easily seen that conditions (2.1)-(2.3) imply

Thus

It is not difficult to verify

£ f aft) sin(£t)dt > 0 , V£ Ф 0. 
Jo

Ima(i£)

t № )  I s
> 0 , V£ ф 0.

Ima(i£)
1-6  V £|a(*'£)l2
lim -

poo
=  / ta(t)dt/|a(0)|2 > 0

Jo
and

.. (  Ima(i
А™ V

0.. . . .  . =  l/a(0) > 0. 
5-00 V { |o K )l2 1

(3.3)

(3.4)

(3.5)

(3.3),(3.4) and (3.5) imply (3.1). In a similar way, we can prove (3.2). The proof of the 
lemma is completed.

Lem ma 3.2. Under the assumptions of Lemma 3.1, the kernel kft) in (2.22) satisfies
i) kft) E C2([0, oo)),
ii) kft) =  kco +  K(t),  where K^m\ t )  e  L^O, oo), m < 2 ,  and

iii)

J a x(0), i f  a(t) e  1А(0,оо), 

k°° \ 0 ,  i f a { t ) £ L x( 0,oo),’

f u(t) f K (t - T )u ( r )d T d t > (o i- a ~ 1(0)) f u2(t)dt,
Jo Jo Jo

V T> 0 and ttGC([0,T]).
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Proof. For the proof of assertions i) and ii), we refer to [2,4,5]. We note that our 
assumptions (2.2) and (2.3) are weaker than the corresponding assumptions in [2,4,5], by 
reason that their results are used only in obtaining the assertion i) and ii). Now we prove 
assertion iii). Setting

u(t), te [o ,T ],
u T { t) =

K*(t) =

0, t < 0 or t > T, 

K(t), t  > 0, ,

0, t <  0 ,

we have
pT pt poo __ _______

/  u(t) /  K(t  -  T)u(T)drdt =  /  uT(£)K*{£)uT(€)d(i
Jo Jo J oo

1

where

K*
/ OO

e - a*K*(t)dt =  k(iZ)
-oo

/ oo
e~^uT(t)dt.

-oo

From (2.21) and assertion ii) of the lemms, we find that

1
K&)  =

ш (г£)
, if a € L1(0, oo),

£|«(*0I2 «(0) *a(0)£’

, if a-^ L^OjOo).

Thus we have
. Ooo +  г£А(г£) a(0)

1та(г£) 1

R =  <
£|а(г£)|2 d(0)

, if а € Z/^Oj'oo),'

о oo -  £1пь4(г£) 1
, if a  ̂L1^ , oo).

. |aoo+ *C^(*0I2 a(°)
Substituting (3.6) into (3.5) and using Lemma 3.1, we conclude that

rt

(3.6)

Jo Jo K(t~T)u(T)dr -(a~ f0
=(а- - Щ у1  W,)|2A

This completes the proof of the lemma.
P roof o f  Proposition 2.1. Taking the compatibility condition (2.5) and assertion ii) 

of Lemma 3.2 into account, we can write the boundary condition (2.22) as

o-(ux) + -^-гщ +  [  K ( t - T ) u t (x,T)dT +  kooU 
a ( 0 )  Jo

=koo9(t) +  -irff'OO + f K(t-r)g'(T)dT, x =  L. 
a(0) Jo

(3.7)
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We multiply equation (1.1) by и and integrate over [0, L] x [0, t], using integration by 
parts, (1.2) and (3.7) to obtain

E i( t )+  [  ut (L,s)(-j-rrut(L,s) +  . [  K{ t  -  T)ut(L,T)d,T)ds
Jo <4°) Jo

—E \ (0) +  koo I ut (L,s)g(s)ds +  -^-r f  u(Li s)g'(s)ds
Jo <44) Jo

+ f  ut (L,s ) f  K(s  -r)g'(T)dTds. (3.8)
Jo Jo

Using the assertion iii) of Lemma 3.2 and inequality

|oia2| < u\ai\2 +  |&2Ĵ , Vv > 0

from (3.8) we obtain

Ei(t) +  a  j  u2(L,s)ds
Jo

<Ei(0) +  v ^koo +  +  1  ̂J  u2(L,s)ds

+h +щ + l  (»2(s)+9'2(s)+ (l  K{• ~ TW dr) ) *• (3 9)
Noticing

Jo ( /  K (s-r)g'(T)dTj  d s < \ \K \ \ l 40tOo)J^g,2(s)ds 

and taking v sufficiently small, we find that

Er(t) +  a z [ t u2t (L , s ) d s < E 1(0) +  C3 f \ g 2(s) +g '2(s))ds (3.10)
Jo Jo

for some constants and C3.
Differentiating (1.1) and (3.7) with respect to t, we can find that

Uttt &{jlx)xt — 0, (3.11)
>

cr(ux)t +  - jtxUu +  [  K ( t - T ) u tt(x,T)dT +  k00ut + K(t)ut(x,0)
a(0) Jo

=koog\ t )  +  - j-rg' ,( t ) + [ K ( t - T ) g ,,(T)dT +  K(t)g,(0), x =  L. (3.12) 
«(0) Jo

We multiply (3.11) by and integrate over [0, L] x [0, £], using integration by parts, (1.2) 
and (3.12) to obtain

m + s: “**(i-s)(a(0)’l"(i’S) + I  K(s  -  T)utt{L,r)dT^ ds

=E2{0) +  1- f  f  <r"(ux)ult (x,s)dxds + (g'(0) -  ut (L,0)) f  K(s)uu {L,s)ds
* Jo Jo Jo

+ (koog'is) +  —^ -g"(s) +  Jo K ( s -  r )^ (r)d r^  utt{L, s)ds, (3.13)
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Following the procedure used to derive (3.10) from (3.8) and noticing

-  ff"(ux)ult (x,s)dxds < C 4^{t) /  ult{x,s)dxds,
* Jo Jo Jo Jo

we conclude from (3.13) that

E2(t) +  «5 /*  <4(L, s)ds <C5(E2(0) +  u2(L, 0) +  g'2{0)) +  Cb f\g'2 +  g"2)(s)ds 
Jo Jo

П
Ь

u2t (x,s)dxds. (3-14)
_

Differentiating (3.12) with respect to t, we have

v{ux)tt +  +  f K(t  -  T)uttt(x,T)dr +  K(t)uu (L,0) + K'(t)ut(L,0) +
а10; J0

=fcoo0"(*) +  ~7п\9ш(1) +  f  K( t  -  T)g'"(T)dT +  K(t)g"{0) +  K'(t)g'(0), * =  L.
“(°) Jo (3.15)

For h > 0, we apply the difference operator Ан defined by

(Ahw)(x,t) =  w(x,t  +  h) — w{x,t)

to (3.11), multiply the result by A/i^t* and integrate over [0, L] x [0,t]. After appropriate 
integrations by parts we divide the resulting equation by h, let h j 0, and then use (1.2) and 
(3.15). The result of this computation is

E3( t )+  f um (L,s)(-^-rUut(L,s)+ f K ( s - T ) u Ut(x,T)dr)ds 
Jo a(°) Jo

=E3{0) -  /  {utt(L, 0)K(s) +  щ{Ь,0)К'(8))иш (1, s)ds
Jo

+  [  (g"(0)K(s) +  g'(0)K'(s))Um(L,s)ds ,
Jo

+  J  (koo^'is) +  —^ ' " ( s )  + K(s -  T)g'"(r)dT^ um (L, s)ds

+ u  ^2^ (u&)uxtuxtt 4" а (и х)^хх 'U/xtU*ttt ”1“ 2о* (*̂ 1 s)dxds

-  f  a"{ux)u2xtuttt{L,s)ds. (3.16)
Jo

A similar argument used to derive (3.14) from (3.13) yields

E3(t) +  a6 f u%i{L,s)ds 
Jo

<C6(E3(0) + u*(L,0) +  u2t(L,0) +  g,2(0) +  g"2(0)) +  <76 j \ g " 2{s) +  g",2(s))ds
Jo

П
Ь

(ulx +  ul t  +  « L  +  «*» t +  “m)(®, s)dxds. (3.17)
_

From the compatibility conditions (2.6) and (2.7), we have

; /2(0) +  9"2 < е д (« г ,,Ч 1 ) . (3.18)
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Now we obtain the energy estimate (2.18) from (3.9), (3.13), (3.14) amd (3.17). The proof 
of Proposition 2.1 is completed.

§4. Proof of Proposition 2.2
Let и be a solution of Problem (P) in C3([0, L] x [0, L]), and T > 4T*. 
Lem m a 4.1 .

/  +  u2)(x,t)dx < C 8 [  {u2x + ul)(L,r)dT
JO Jt-2T*

+  C8fj,{t) f [  (ul+v%)(x,T)dxdr, V te[2T*,T], 
Jt- 2T* Jo

/  (ul +  v%)(x,t)dx < C8 (ul + u?)(L,T)dr
Jo Jt

/
i+2T* pjj

J  (ul  +  ut )(*. r)dxdr, Vt e  [0,2T*],

Proof. Introducing the Riemann invariants

(4.1)

(4.2)

R  = \  y /< r '( ji)d r^  ,

s  (ut +  ux^a'(r})dr]^ ,

equation (1.1) becomes

Rt +  X(S -  R)RX =  0, St -  \ {S  ~ R)SX =  0, (4.3)

where A(5  — R) =  ^ a (F ~ 1(S — R)) and function F  is defined by F(a) =  / 0“ y/a'(r})dr).
For t  > 2T*, let the backward 1-characteristic curve Zithrough (L,t) meet line x =  0 at 

(0, rj) and the backward 2-characteristic curve /2 through (0, ri) meet line x — L at (L, 72). 
We denote by fix the domain bounded by lines r =  t, x =  0 and curve l\, and by O2 the 
domain bounded by line x =  0, curve l\ and 1% .

From (4.3), we have

[ [  ((Rt + XRx)R +  (St - X S x)S)dxdT =  0. (4.4)
JJn 1

Using integrations by parts and noticing that R? — S2 — 0 at line x =  0, we obtain

^ /  (R2 +  S2){x, s)dx +  \  [  ((R2 +  S2) cos(n, r)
2- Jo 2 Jh

+  X(R2 - S 2) c o s ( n , x ) ) d l - ^ J J  X’{Rx -  SX)(R2 -  S2)dxdr =  0. (4.5)

It is not difficult to verify that

^ f  ((R2 +  S2) cos(n,r) +  X(R2 -  S2) cos(n, x))dl — -  [  - jJ L = S 2<U (4.6) 
2 J/, J h V l  +  X2

and

f f X'{Rx -  SX)(R2 -  S2)dxdr < JJ (R2 + S2){x,r)dxdr. (4.7)
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Combining (4.5),(4.6) and (4.7), we have the estimate 

*  r Af (R2 +  S2)(x,t)dx < 2 f 
Jo Jh

Similarly, from

V l  +  V
Sdl +  C9/x(t) f  f  (R2 + S2){x, r)dxd,T. (4.8)

J  J

f f {St -  XSx)Sdxdr =  0
v */Q 2

(4.9)

we can obtain estimate

/  . A . ^ Sdl < l  f  AS2(L, r)dr  +  Cioiijt) [ f  S2dxdr. (4.10)
Jit у 1 +  A2 2 JT2 JJsi2

Now (4.1) follows immediately from (4.8) and (4.10).

Instead of backward characteristic curves taking forward characteristic curves and pro­
ceeding as in the derivation of (4.1), we can obtain (4.2). The proof is completed.

Applying a similar argument, as in the proof of Lemma 4.1, to the differentiated equations

Rtt + ^Rxt + AR x =0,
Stt ~ ASxt ~~ AtSx =0,

Rttt +  AR xtt +  2А$12а.*+А«Ла. — 0

and

Sttt ^Sxtt 2At5a;t ^ttSx=  0,

we can prove the following lemmas.

Lemma 4.2.

f {ult +  u2t){x,t)dx 
Jo

ft ft fL
<Cn (u2xt + v%t)(L,T)dT +  Cn »(t) /  {u2xx+ u 2xt + u2tt){x,r)dxdT,

Jt—2T* Jt-2T* JO
Vt е [ 2 Г * ,т ] . (4.11)

f (ult + uu)(x,t)dx
Jo

pt+2T* pt+2T* p L
<Сц  /  (u2xt +  u2tt){L,T)dT +  C n K t)  /  /  ('u2xx + u2xt +  ul){x,T)dxdr ,

Jt Jt Jo
Vt e [0 ,2 T * ] . (4.12)

Lemma 4.3.
fLpLi pZ

I  (u x tt  "к u t t t ) { x ^ ) J x  — ^12 /  (u x tt  "к T)^T
/ 0  J t - 2T*

pt pit
+  c 12(ji{t) +  n2{t)) /  /  {u2xt +  +  u2xxt +  «2« +  адш )(ж>r)dxdT,

J t - 2T* J o

VtG [2T*,T], (4.13)
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f h  f t  + £ ГJ At+'4tt)fat)dx<c12j (ultt + uttt)(L, t)cIt
/

t+2T* pL
yo iult + utt + uL t  +  ultt +  uttt)(x , r)dxdr,

Vt € [0,2T*]. (4.14)

P roof o f  Proposition 2.2. From Lemmas 4.2, 4.3 and (1.1), we find that
pt pL

/  /  (Ulx + Ult + U 2tt  +  U2x x x + Ul x t+  + U 2ttt)(x,T)dxdT
J2T* JO

uxx

p t p spt ps
<Ci3 /  (u2xt +  u2tt +  u2xtt +  u2tt)(L, r)drds

J2T *  J  s —2 T *
pt p 9 p L

+  Cls{fi(t) + n2(t)) /  /  /  («** +  ult  +  utt +  ulxt +  ultt +  иш )(ж>r)dxdrds
J2T* J s - 2 T *  JO

<2T*C13 [  (ult + u2tt + u2xtt +  u%t)(L,r)dr
Jo

n
L

(v?xx + u2xt + u2t + u2xxt +  u2xtt + u2m)(x, т )dxdr
_

and
/*2T pt pt

/  /  (ulx +  • • • +  u%t)(x, r)dxdr <  2T*C13 /  (u2xt +  u2tt +  ultt.+ u\tt){L, r)dn
Jo Jo Jo

+ 2T*C13(n{t) + f f (u2xx + ■ ■ ■ + v%tt)(x,T)dxdT.
Jo Jo

Now we get
r t r L

n

Li

. /<+  • • • +  t )dxdt  < Си  /  (u2xt +  u\t +  ultt + u2m )(L, r)dr

+  Cu(fJ-{t) +  M2(t)) f  [  {ulx +  • +  v%tt){x,r)dxdT. (4.15)
Jo Jo

From (3.12) and (3.15), we find that

/  u2xt{L,T)dT <Cis /  (u\ +  u2tt){L,r)dT
Jo Jo

+  С \ь
,/2 . 1/2+  g"*)(r)dT +  C15(u2(L,0) ■+ g'\0))

and

/  u2xtt(L,T)dr <Ci5fj?(t) f u2t (L,r)dr 
Jo Jo

+ c15 f {u2tt + u2tt){L, r)dr + Cis /  (g"2 + g'"2)(T)dr
Jo Jo

+  Ci&(ut(L,0) +  Utt(L, 0) +  */2(0) + s " 2(0)). (4-17)

The compatibility conditions (2.6) and (2.7) yield

y 2(0) +s,"2(0) <  Cu(ul(L ,0) +  «?(£ ,0) +  «1 ,(1 ,0) +  0)). (4.18)
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Using Sobolev embedding theorem, we have

+ Ut(L,0) +  uxt(L,0) + u2t (L,0) < CnUo(uo,ux). (4.19)

Prom (4.15)-(4.19), we obtain

n
L

(ulx +  ■■■ +  +Uut){x, т )dxdr

<C i$Uq(u0, ui) +  Cis j (u2 +  u2t +  v%u )(L,t)(It +  Ci8 /  {g'2 +  g"2 +  g'" ){s)ds 
Jo Jo

pt pL
+ C18(n{t) +g?{t))  /  /  {u2xx +  • • • +  u2ttt)(x, s)dxds. (4.20)

Jo Jo
The boundary condition (3.7) can be written as

pt pL  p L
v(ux)t +  kooLux + -r-rUt +  /  K(t  — т)щ(х,r)dr —. / /  uxx(f;,t)d£dx

a(.uJ Jo Jo Jx

=koog'(t) + -щ д'(*) +  Jo K(t-T)g'(T)dT, x =  L. (4.21)

Noticing

|cr(lisc) +  k^LUg l̂ <  (o'! +

from (4.21) we obtain

f ul(L,t)dt < Сю [  (v%(L,t) +  g2(t) +  g'2{t))dt +  C19 [  f u2xx(x,t)dxdt. (4.22) 
Jo Jo Jo Jo

Combining (4.20), Lemma 4.1 and (4.22), we conclude (2.19). The proof of Proposition 2.2 
is completed.
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