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HOW BIG ARE THE LAG INCREMENTS OF 
A 2-PARAMETER WIENER PROCESS? (II)**

Lu C h u a n r o n g * * *

A b strac t

The author investigated how big the lag increments of a 2-parameter Wiener process is in 
[1]. In this paper the limit inferior results for the lag increments are discussed and the same 
results as the Wiener process are obtained. For example, if

l
lim {logТ/ат  +  log(logЬт/а|! +  l)} /log logT  = r, 0 <  r < oo,

then
lim sup sup sup )W(R)|/d(T, t) =  ar a.s.,

T-*oo aT <t<T t<»<T ReL* (t)

lim sup sup |W(i?)|/d(T, t) =  a r a.s.,
T-»oo aT <t<T R€ ZT (t)

where <xr =  ( r /( r  +  1))5, L*{t) and L-rit) are the sets of rectangles which satisfy some condi
tions. Moreover, the limit inferior results of another class of lag increments are discussed.
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SI.

Let {W (*,t/);0 < x ,y  < oo} be a 2-parameter Wiener process, and let Ьг(> T 1/2) be a 
non-decreasing function of T. P u t R  =  [*1,0:2] x [2/1 > 3/2]> X(R ) =  (*2 — xi)(V2 — 2/i),

DT = {(x,y) :0 < x ty <bT,xy <T}.

For 0 <  t < T, denote

L*T(t) = L*T(t,bT, T) =  { R : R  C DT, x2y2 = T , X(R) = t},
Lr{t) =  Lr{tjbT,T ) =  {R : R C DT,x2y2 =  T,X(R) <  t},

L r(t)  =  LT(t,br,T) =  {Д : R  C D?,x2y2 — t\X(R) < t, t,t' < T},

d(T, t) =  {2t(log T /t  +  log(l +  log bT/ t %) +  log log t)}1/2.

We discussed how big the lag increments of a 2-parameter Wiener process are and proved 
the following theorem in [1].

T h eo rem  1. Let lT  =  d~x(T,T) =  {2T(log(l +  log fey/T1/2) +  log log T )}"1/2. If 
(a) is a non-increasing function ofT ,
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(b) for any s > 0 there exists a Oq =  во(e) > 1  such that

lim 70fc/70fe+i <  1 +..e
fc—>oo

if 1 <  в <  9q, then

lim sup sup \W(R)\/d(T,t) = 1 a.s.,
<t<TR£L*,(t)

lim sup sup \W(R)\/d(T,t) =  1 a.s.,.
T ^ °°  0<t<T R€Lt(t)

lim sup sup \W(R)\/d(T,t) =  1 a.s.
T—*oo o<t<T R(z£,T(t)

From this theorem, we can immediately write the following
T h eo rem  1'. Suppose that 7у is defined as in Theorem 1. Then, for 0 < a? < T , we 

have

lim sup sup \W(R)\/d(T,t) =  1 a.s.,
T-*°° aT<t<T jRe£;,(t)

Um sup sup \W(R)\/d(T,t) =  1 a.s.,
T->°° aT<t<T ReLT(t)

lim sup sup \W(R)\/d(T,t) =  1 a.s.
T->0° ar<t<T R£LT(t)

In this article, we will discuss its inferior limit and get following two theorems that same 
as the results for the Wiener process in [2].

T h eo rem  1.1. Let 0 <  or < T  be a non-decreasing function ofT . I f  
(iv) lim (log Т/ат + log(l -f log bT/a l/2) ) / log log T  =  r, 0 < r < 00,

T-* 00
then

where

lim sup sup sup \W(R)\/d(T, t) = ar,
T-+00 aT<t<T t<s<T fl€LZ(t)

lim sup sup \W(R)\/d(T,t) = ar,
T-+00 aT<t<T R€ZT{t)

ar r + 1
if 0 <  r < 00, 

if r = 00.

( 1 . 1 )

(1.2)

(1.3)

T h eo rem  1 .2 . Let dx(> VT) be a non-decreasing function of T. If
(iv') lim (log(T +  ат)/Т +  log(l +  log b y /T 1/2)) / log log T  = r, 0 < r < 00,

T —rao
then

lim sup sup \W(R)\/d(t + T,T) = ar a.s.., : (1.4)
T-H5oo<t<dT R e L ;+ T (T)

lim sup sup \W(R)\/d(t + T ,T) = ar a.s. (1.5)
Г —ooO<t<dT R(zLt+T(T)

P ro o f  o f  T h eo rem  1.1. (1) We prove

lim sup sup sup \W(R)\/d(T,t) > ar a.s. (1.6)
T->oo aT <t<T t<s<T ReL* (t)
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It is clear tha t (1 .6) holds true for r = 0. Let us now consider the case of 0 <  r <  oo, 
the case of r — oo is similar. We take a real number 9 > 1 and for any e > 0 denote 
o? = r/(r  +  1) — e, Tn =  9n. Let lim a y /T  =  p and let L = L(T) be the largest integer

T —+oo
for which we have

ijpL+l

(T — ат)ьЬт ~ ^T if P <  1,

aT/2M L+1 = T X/2M L+1 <bT if p = 1, 

where constant M{= 1/e) >  1 . Define the rectangles

Si(T)
ат\ i+ 1

T  ) Ь т , ( b T x 0,
T i+1

(T — атУЪт if P <  1,

k [TX/2M \  T x/2M i+1] x [0, T 1/2M ~i~1] if p =  1.

When 0 <  p <  1 , it is easy to  see tha t L ~  log ^  and Si f) Sj =  0 if i Ф j , Si e  L^(aT). 
Then we have

It := P  {o<i<L\w (s i)\/V^r < a(2<£r)1/2}

< {1 -  сф~Л/\ \  -  Фтг) ехр(-а2фт)}ь+1,

where фт — log Т/ат +  log(l +  log Ьт/аЦ2) + log log ay. By condition (iv) we have

IT < cexp{-(logT )(r~e)(1“ “2)- “2}

< cexp{-(logT )e(r+a2)}.

By using the Borel-Cantelli lemma, we obtain

J im  max |W'(5i(n))|/d(Tn+i , a r n+1) > a.
n —> oo 0 < i< L

Notice that for Tn < T  < Tn+i

lim sup sup sup \W(R)\/d(T,t)
T - * oo aT < t < T  t < s < T  R e i *  (i)

> lim sup \W(R)\/d(Tn+1,aTn+1)
R6L*TJ a Tn)

-  lim _ sup \W(R)\/d(Tn)aTn)
П °° R€LTn(a,T—атп)

>r/(r +  1) — 2e.

By the arbitrariness of e, we gets (1 .6).
When p =  1, we have

It  := P { m g .  1Г(3<)/,/Т(Г=ё) < ^ = ( 2(log(log + 1) +  loglogT))»}

< c exp{—c(log T )e(a2+e)/(1-e)}.

By the same argument as above, one also gets (1.6).
(2) In order to prove Theorem 1.1, now it is enough only to show that

lim sup sup \W(R)\/d(T,t) < ar a.s.
T —>oo a T < t < T  д е £ т (£)

(1.7)
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It is clear that (1.7) holds true for r  =  oo. In the case of 0 <  r  < oo, we need only to prove 
that

lim sup sup \W(R)\/d(Tn,t) <  f — r )  
n^°° <t<Tn Rel Tn (t) V r  + 1 /

a.s. (1.8)

for Tn = ee" . For any e > 0, denote a 2 =  +  2e. We take real number 9 > 1 such that
+  e. Let tk =  9kaTn, kn = [\oge{Tn/aTn)\. We have 

sup sup \W(R)\/d(Tn,t)
a-Tn < t< T n R e L Tn(t)

< max sup sup \W(R)\/d(Tn,tk)
0 < k < k n tk < t < t k+1 R € L Tn («ЛТ»)

< max sup \W(R)\/d(Tn,tk) =: max Ank.
0 < k < k n R £Z Tn(tk+lATn) 0 < k < k n

An inspection of the proof of [3, Theorem 1.12.6] shows tha t for large n we have

я { 4 »‘ >  «} <  ( l  +  log ( l  +  log

XeXP{ - ( 2 T ^ ( l0S| +l0g( 1 + \ o g ^ ^ j  +loglogtfc
) }

< c(logTn)r+e“ (r“ e+1)^ 5  0“ fc(1_Oi2)

< Ce~ne(^ F _e)0_fe(1~“2),

where the following inequality has been used which follows from condiction (iv),

(logTn)r-e  <  (Tn/o Tn)( 1 +  log(bTn/ 4 l 2)) < (bgT n)r+e- 

By using the Borel-Cantelli lemma, we can prove (1.7).
P ro o f  o f  T h eo rem  1.2. (1) Let us first prove that

lim sup sup \W(R)\/d(t + T ,T )> a r a.s. (1.9)
T-+oo 0 < t< d T R € L t+ T (T)

It is clear that (1.9) holds true for r  =  0. We now consider the case of 0 < r < oo, the case 
of r =  0 is similar. For any e > 0, denote a2 = r/(r  +  1) -  2s. We take real number в >  1 
such that

2e2 9 „ о „ r
V -  1 > 0, a29 < r + 12 +  e 9 - 1  

Let Tk = 9k. If Tfe < T  <  Tk+u we Lave

sup sup \W(R)\/d(t +  T,T)
0<t<dT R<=L*t+T(T)

> sup sup \W(R)\/d(t + Tk+i,Tk+i)
o<t<dTk ReL*t+Tk(Tk)

- 4  sup sup \W(R)\/d(t + Tk+i,Tk+i)
0 <t<dTk R€L*t+Tk+i(Tk+i - T k)

=: Ak -  4Bfe.

For simplicity, we denote bk =  bxfc+drfc • К ^ l i ^  Т / (T +  d r) =  p < 1, let

L =  max < j  : Tk + dn Y +1 Tk + (kk
dTk Tk

log bl
Tk +  drk '
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(Tk + dTky+i
h 4  J ’

i = - ,L. We have Si(k)f]Sj(k) =  0(г Ф j), Si(k) € Denote фк =
log Tk^ fTh +  l0g (i +  log +  log logTfc. By (iv') we have

:= P(Ak < a)

< P  { „m ^ . |^ № ( * ) ) |/Г ь1/2 < a (2« ^ +l)1/2}

< {1 -  сФк+Л 1 -  <f>kh) exp{ -а 2вфк+1)}ь+1
< exp{-c(logTfc)(r- e>(1-°!2eb « 2e

< cexp(-k^r+a2'>s).

By using the Borel-Cantelli lemma, it implies

lim A k > a. (1.10)
fe—>oo

Si(k) = dn
Tk +  d,Tk

i+ l
h )

d Tk

Tk  +  dTk
bk x

Let us now show that lim B k < e. Denote tk =  2nTk. Notice thatk—>oo

B k<  max sup sup \W(R)\/d(tn + Tfc+1,T fe+1)
0<n<ootn < t < t n+ i R€L,t+Tk+1 (Tk+ i —Tk)

V sup _ sup \W(R)\/d(Tk+1,Tk+1)
0 < t< T k R £ L t+Tk+1(Tk+ i —Tk)

=  B\k V B2k-

It follows from [3, Theorem 1.12.6] and condition (iv') that

№ ) lP (B lk > s) < Y , P  '
n —0

sup
R ^ L t n + i+ Tk+1(T k + i- T k ) \ / T k + 1 -  T b

where фщк =  log +  log(l +  \ogbtn+Tk+1T~^{2) + loglogTk+1,

P(Blk >  <) < c f )  +  log6, , +l+r . t .n -+1/ 2)x

> e(2^ 3 j^n,fe)1/2

i= 0

X (1  +  log tv±l+Tk+1 \  /  £̂2 0 , 1J  ex p I  2 + £ _ ^ )fcj

< C ] T V n ( 2ni f e ) ~ ^ ^  < с '^ 2 2 ~ п11к- 1- 71
n = l  n = 1

<Ck~l~n.
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On the other hand, we also have

P(B2k >e ) <P< IW W I

т ь Тк+Тк+1(тк+1-тк) V Tk+i -  Tk 

-  £ { j ~ [  ( loS +  1°g (1 +  log ЬТк+тк+1ТкЦ 2) +  loglogTfc+i ^
1/2 '

< Ck

So, by using the Borel-Cantelli lemma, we have lim Bk <  e; it combined with (1.10) provesк—too
that (1.9) holds true.

If p — 1, imitating the proof of Theorem 1.1 and the above, we obtain (1.9) again.
(2) In order to prove Theorem 6, we need only to prove that

lim sup sup \W(R)\/d(t + T,T) < ar a.s. (1-11)
Т —юо 0 < t< d T R £L t+T (T )

It is clear that (1.11) holds true for r  =  oo. For the case of 0 < r < oo, put Tn — 22 . Let 
us show that

lim sup sup \W(R)\/d(t + Tn,Tn) < ar a.s.
n - * ° ° o < t < d Tn R e l t+Tn{Tn)

Denote tk =  2kTn, kn = 1 +  [log2 d ^ T * 1). We have

sup sup \W(R)\/d(t + Tn,Tn)
0 < t< d Tn R&Lt+Tn(Tn)

< max max sup \W{R)\/d{t + Tn,Tn) 
0<fe<fcn tk<t<tk+1 д 62*+Тг1(тп)

V sup sup \W(R)\/d(t +  Tn,Tn)
0 < t< T n R € L t+Tn(Tn)

< max sup W(R)/d((2k + l)Tn,Tn)
° S k ~ kn R ^ 2k+1+1)TJ T n)

V j u p  \W{R)\/d(Tn, Tn) =  Dn V En.
R€L2Tn(Tn)

(1.12)

For any се e  (у т ^ у , 1), we take e > 0 such tha t ^  +1. It follows from [1, Theorem

1 .12.6] and condition (rv7) that

P{Dn > a) <Ckn • 2fc»(1- i ^ ) ( l o g T n ) " ^

<Cn • 2я((Н-«)(1-3£)-3£) < Cn • 2“ ne2,

P(En > a) <C{ 1 +  log ^ p = )  exp j -  log((l +  log ^= = ) log Tn) j

<C2n{(r+s){i- § £ ) -* £ )  < C2~ne\

By using the Borel-Cantelli lemma, we prove that (1.12) is true.

§ 2 .

From Theorems 3 and 4 in [1], we have the following result: Letting 0 < ат < T  be a
non-decreasing function of T  and ат/T h e  a non-increasing function, of T, if
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(a) f3(t +  a, a) is a non-increasing function of a,
(b) for any e > 0, there exists в0 — в0(е) > 1 such that for any 1 < 9 < во and к

supp(t + 6k,ek)/(3(t + 6k+1,9k+1) < ^ ( l  +  e), 
t>  о

sup /3(в^п- ^ к,вк)/13{впк,вк)<  l '+ e ,
ri> 1

and A(T, t ) =  {2t((logTt~x) +  log(l +  logfeyt-1/2))}-1 /2 satisfies 
(a') \ ( t  +  a, a) is a non-increasing function of a,
(b;) for any e > 0, there exists во =  во (e) > 1 such that for any 1 <  в < во and к

sup A(t +  вк, 9k) / \ ( t  +  вк+1, вк+1) < 0X/ 2(1 +  e), 
t>o

sup Х(в^п~1̂ к,вк)/Х(впк,вк) < 1 +  e,
n> 1

then, if 

(ivO j im
is satisfied, we have

lim sup sup Aft +  aT,aT)|W (i?)| =  1 a.s., (2.1)
T -> o o O < t< T -a T R e L ;+ a T (aT )

lim sup sup A(t +aT,aT)|W (jR)| =  1 a.s. (2.2)
T -*oo 0 < t < T - a T R e i t+aT  (aT )

. Furthermore, we have the following theorem.
T h e o re m  2.1. Suppose that 0 < a t  < T , /?(•, •), A(-, •) are as above. If
(v) jim  =  r, 0 < ,  < 00,

then

lim sup sup f3(t + ат,ат)\№(11)\ =  ar a.s., (2.3)
T-+oo 0 < t < T - a T R e L *+ a T (aT )

lim sup sup (3(t + ат,ат)\УУ(11)\ =  ar a.s. (2.4)
T ^ o o  0 < t < T - a T R £ L t+ a T (aT )

P ro o f. (1) At first, we show that

lim sup sup f3(t +aT,aT)W(R) < ar a.s. (2.5)
T -> o o O < t< T -a T R e L t+ aT (aT )

We know that (2.5) holds true for r = oo by Theorem 3 in [1]. If 0 < r  < oo, let a?k =  вк. 
By the same argument as in [1], Theorem 2, we have

the left hand side of (2.5)

< lim sup sup X(t + aTk,aTh)W{R) p(t + aTk,aTk)
k ^ ° ° o < t < r i - a Tk R € Z t + a ~T h ( a T k )  ' ' ' X ( t  +  a T k , a T k )

^  lQg ^  +  log ( l  +  log ~ = a )
1/2

<1 x lim sup
fe^ooQ  < t< T k- a Tk vlog ~ ^  +  b g  ( l  +  log + logl°g(* + aTk)J
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which proves that (2.5) holds true.
(2) In order to prove Theorem 2.1, we need only to show that

lim sup sup /3(t +aT,a,T)\W(R)\> ar a.s.
T —>oo 0<Л <Т —а т  Дб1<|+ от  (о т )

It is clear tha t (2.6) is true for r — 0. If 0 <  r < oo, by (v) we have
A(T,aT) A(T,aT) log log T

log log log T  log log T  log log log T
It follows from (2.1) that for any positive number {Tn}, lim Tn =  oo, we have71—*00

lim sup sup A(t +  атп»°т„)|И^(-^)| =  1 a.s.
Tn-*o oO <t<T n—aTn Й € Ь (+ от^ (атп )

Therefore for any positive number {Tn}, Tn t  oo,

lim sup sup /3(t + aTn,aTn)\W(R)\
Tn-*ooO<t<Tn-a Tn R€L;+aTn(aTn)

>1 x lim sup
f3(t + aTn,aTn) 

rn X(t + aTn,aTn)n-+<x>0 <t<Tn~aTn

By the arbitrariness of {Tn} we can prove (2.6).

lim71—*00
P{Tn,aTn)
\{Tn,aTn)

=  a r .

(2.6)
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