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HOW BIG ARE THE LAG INCREMENTS OF
A 2-PARAMETER WIENER PROCESS? (II)**

Lu CHUANRONG*

Abstract

The author investigated how big the lag increments of a 2-parameter Wiener process is in
[1]. In this paper the limit inferior results for the lag increments are discussed and the same
results as the Wiener process are obtained. For example, if

1
Tlim {log T/ar + log(logbr /a? +1)}/loglogT =7, 0L r < oo,
-0

then
lim sup sup sup |[W(R)|/d(T,t)=oar as,
T—o0 ap<t<T t<s<T REL (t)

lim sup sup |W(R)|/d(T\t) =ar as,
T—oo ap<t<T ReLp(t)

where o = (r/(r + 1))%, L%(t) and L (t) are the sets of rectangles which satisfy some condi-
tions. Moreover, the limit inferior results of another class of lag increments are discussed.
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§1.
Let {W(x,9);0 < &,y < oo} be a 2-parameter Wiener process, and let br(> T/2) be a
non-decreasing function of T. Put R = [z1, %3] X [y1,2], A(R) = (z2 — z1)(32 — 1),
DT={(a:,y):0$a:,y§bT,a:y§'T}.v |
For 0 < ¢t < T, denote
Ly (t) = Li(t,br, T) = {R: R C Dr, w32 = T, A(R) = £},
Lr(t) = Ly(t,b7,T) = {R: R C Dr,z2y2 = T, A\(R) < t},
Lr(t) = Lr(t,br,T) = {R: R C Dr,z3y2 = t',\(R) < t,  t,¢' <T},
d(T,t) = {2t(log T/t + log(1 + log by /t?) + log log t)}}/2.

We discussed how big the lag increments of a 2-parameter Wiener process are and proved

the following theorem in [1]. _
Theorem 1. Let vy = d~Y(T,T) = {2T(log(1 + log by /T*/?) + loglog T)} /2. If
(a) vy is a non-increasing function of T,
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(b) for any e > 0 there exists a 6y = Oo(e) > 1 such that
lim ygr /ygu+1 < 1+€
k—co
if 1 <8< 8y, then ' .
Tim sup sup |W(R)| Jd(T,t) = 1

a.s.,
T—000<t<T ReL}(t) o
Tm sup sup |W(R)|/d(T,t) =1 a.s.,

T—oo 0<t<T RELz(2)

im sup sup |W(R)|/d(T,t)=1 as.
T—00 0<t<T RGLT(t) :

From this theorem, we can immediately write the followmg

Theorem 1. Suppose that vy is defined as in Theorem 1. ~_,Th»en,:_f}or 0< af <T, we
‘have ' ' o

Tim sup  sup |W(R)|/d(T,t) =1 as.,
T—00 a7 <t<T REL}(2) '

lim sup sup |W(R)|/d(T,t)=1 a.s.,
+ T—00 01 <t<T ReLp(t) ' '

Tm  sup sup |W(R)|/d(T\,t) =1 as.
T—=00 070 <t<T Reln(t)

In this artlcle, we will discuss its inferior 11m1t and get following two theorems that same
as the results for the Wiener process in [2]. '

Theorem 1.1. Let 0 < ar < T be a non-decreasing functzon of T. If

(iv) Tleréo(log T/ar +log(1 + long/al/z))/loglogT =r,0<r <o,
then

lim sup sup sup |W(R)|/d(T t) = o, (1.1)
T— 00 ap<t<T t<s<T ReL*(t) - o
lim sup  sup |W(R)|/d(T,t) = Qp, - (12)
T—00 ar<t<T RGLT(t) S .
where _ .
T : ‘
- if 0< : L ‘
a,=¢ Vr+1 if o< <o, ' (1.3)
1 if r=o0. '

Theorem 1.2. Let dr(> v/T) be @ non-decreasing function of T'. If
(iv') Jim (log(T + ar)/T + log(1 + log by /T*/2))/loglog T=r, 0 < r < 00,
then ‘

lim  sup sup |W(R)|/d(t+T,T)=a,. 0S8, (1.4)
T—»ooO<t<dT RGLH_T(T) o

lim sup sup |W (R)I/d(t +T,T)=0a, as (1.5)
T—o0 0<t<dr RELH-T(T)

Proof of Theorem 1.1. (1) We prove

lim sup sup sup |[W(R)|/d(T;t)>a, as. ' (1.6)
T—o0 ap<t<T t<s<T ReL: )
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It is clear that (1.6) holds true for » = 0. Let us now consider the case of 0 < » < o0,
the case of r = oo is similar. We take a real number § > 1 and for any ¢ > 0 denote
?=r/(r+1)—¢, T, = 0" Let Tlim ar/T = p and let L = L(T) be the largest integer

for which we have
TL+1

—_— < i
(T—aT)LbT <bp ifp<1,

aPME = T2 < by if p =1,

where constant M (= 1/¢) > 1. Define the rectangles

T—aT i+l T—-aT .i Ti+1 .
( T ) bT,(, T )bT X O,W 1fp<1,

[TY2 M, T2 MY x [0, TY2M Y ifp=1.

Si(T) =

When 0 < p < 1, it is easy to see that L ~ ca—q;-log é;Pa,nd SiNS; =0ifi # j, S; € Li(ar).
Then we have

Ip =P {OnsiiaéxL \W(S:)l/ver < a(2¢T)1/2}

<{L - ebr (1~ 7" exp(—o®r)}*H,
where ¢ = log T'/ar + log(1 + log br/ a;/ 2) + loglogar. By condition (1v) we have
It < cexp{—(log T)("~2)1=a")=a}
< cexp{—(log T)*("+")},
By using the Borel-Cantelli lemma, we obtain

lim max [W(Si(n)|/d(Tnt1, 07,,) >

n—oo 0<:<
Notice that for T, < T < Th41

lim sup sup sup |W(R)|/d(T,t)
T'—00 ar <t<T t<s<T ReL*(t)

> lim sup [W(R)|/d(Tn+1, aTn+1)

n—00 REL}n (a'Tn)

~THm s [W(R)|/d(Tez,)

ReLr, (ar—ar,)
>r/(r+1)—2e. .

By the arbitrariness of ¢, we gets (1.6).
When p =1, we have
" br 1
Ip = P{OISH%XLW(Si)/ T(1-¢)< \/-?—_6(2(log(log ﬁﬁ- 1) +loglogT))=}
< cexp{—c(log T)e(az""e)/(l's)}.

By the same argument as above, one also gets (1.6). ‘
(2) In order to prove Theorem 1.1, now it is enough only to show that

lim sup sup |W(R)|/d(T,t)<a, as. (17)
T—o0 ar<t<T ReLr(t) B v
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It is clear that (1.7) holds true for r = co. In the case of 0 < r < co, we need only to prove
that

.2]_.
im su su R)|/d(T,,t) < r " a.s. 1.8
T, o, oo W 1<(5) e @9

for T,, = e*". For any ¢ > 0, denote o® = ;77 + 2¢. We take real number 6 > 1 such that

' (%_Ifw > g7 te Letty= 6%ar, , kn = [logg(Ty/ar,)]. We have

sup  sup |W(R)|/d(Tn,¢t)
ar, <t<T,, RELx, (1) :

< max sup sup W(R)|/d(Ty, tk
0<k<kn ¢}, <t<tp41 ReLTn(t/\Tn)I ( )l/'( )
< max sup |W(R)|/d(Tn, tr) =: oax Ak

~ 0sk<kn RGZT,. (te41ATw) '
An inspection of the proof of {3, Theorem 1.12.6] shows that for large n we have

Tn T, br
P{A>at<c—{1+Io ———) <1+1 )
{Ank ! k+1( o8 te+1 g\/tk+1

2
X exp _ e log In + log { 1+ log br, + loglog t
(2+¢)0 \/—

< C(].Og Tn)r+€_(r—€+1)me—k(l——a )

<ec e—ne(ﬁz—;—e)e—k(l—az)’

- where the following inequality has been used which follows from condiction (iv),

(log T,))™° < (Tn/ar, )(1 + log(br, /azl")) < (log Tn)™+e.

By using the Borel-Cantelli lemma, we can prove (1.7).
Proof of Theorem 1.2. (1) Let us first prove that
lim sup sup |W(R)|/dt+T,T)>c, as. (1.9)
T—00 0<t<dy ReL;, (T) ' :
It is clear that (1.9) holds true for » = 0. We now consider the case of 0 < r < oo, the case
of r = 0 is similar. For any € > 0, denote a® = r/(r + 1) — 2¢. We take real number 4 > 1

such that
262 6 9 r
1’]——2+€ m-1>0 a0<m~€.
Let T), = 6%. If T, < T < Ty41, We have
sup  sup |W(R)|/d(t+T,T)
0<t<dr RELY, 1 (T) '
> sup sup |W(R)|/d(t+ Tk+1,Th+1)
0<t<di RELy, 7, (T4) . .

—4 sup sup \W(R)|/d(t + Tiet1, Te1) \
0<St<dm, RELy,r, (Tet1—Tk) l
= Ak - 4Bk. |

For simplicity, we denote by = bry +ar, - I T}im T/(T+dr)=p<1,let
—+00

. [Tk +dr, 7+ ~o Ti + dr, gi
= | — < ~
L = max { [ ( i < by, c T log Totdn’
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and

’

dr )“’+1~ ( dr, >‘~ (T + dr, )
S;(k) = k by | =——2— ) Bp| x [0, =Tl
() [<Tk+di © \Tx +dr, k b T}

i = 0,1, ,L. We have S;(k)(\S;(k) = 0G # j), Si(k) € Lf, 1y, (Ts). Denote ¢y =
log TE;TM& + log(1 + log \}’—%—;) + loglog T.. By (iv') we have

I :=P(A; < a)
< P{ o, WS OI/TE < a(2080,1/2)

<{-edii(1- Srr1) exp(— a0 )+
< exp{—c(log T )("~e)(1-o0)~c?6

< cexp(—k("""‘z)e).

By using the Borel-Cantelli lemma, it implies

lim A > a. (1.10)

k—oo

Let us now show that klim By, < e. Denote t;, = 2"T},. Notice that
—00

By< max sup - sup |W(R)|/d(tn + Trt1, Tet1)
0sn<oo ¢, <t<tni1 RELetmy y (Ths1—Th)

V sup _ sup W (R)|/d(Th41, Ties1)
0<t<Ts, RGLt+Tk+1 (Tk+1—Tk)

A
= Bix V Bag.

It follows from [3, Theorem 1.12.6] and condition (iv’) that

P(Blk Z 8) S io:P _ sup M 2 6(20_9'I¢n,k)1/2 ’ :
n=0 RE€Lt, 1 +Tpqq (Thy1—Th) V Tor1 =T -

where ¢, 1 = log t—}"%’“li + log(1 + log btn+Tk+1Tk+1/ ) +loglog Ty41,

o0

T tat1 + ) -
P(Bi, 2 €) <C - H(l + log btn+1+Tr~-,+1TIc-i-11/2)><

3=0

tn+1 + Tt { 2% 9 }
X |1+log —=———=—= | eXp{ —7——¢n
( + log '__Tk+1—Tk> p 2+e€—1¢ e
> 22 ¢ >
<C § 2"n(2"k) "1 < C § 27—l

n=1 n=1

<Ck~1,
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On the other hand, we also have
|W(R)|
P(Byx>e)<Pq _  sup —
ReLm 4my ) (Tht1—Tk) V Tevr = T
26 1+6 1/2
> € (9 7 (l g —5— + log(1 + log ka+Tk+1Tk+ ) + loglong_H))
<CkI. |
So, by using the Borel-Cantelli lemma, we have lim By, < ¢; it combined with (1.10) proves

that (1.9) holds true. '
If p = 1, imitating the proof of Theorem 1.1 and the above, we obtain (1.9) again.

(2) In order to prove Theorem 6, we need only to prove that

lim sup  sup [W(R)|/d(t+T,T)<a, as. (1.11)
T—00 0<t<dy ReLt+T(T) ‘

It is clear that (1.11) holds true for 7 = co. For the case of 0 < 7 < oo, put T, = 22", Let
us show that

lim sup sup  |W(R)|/d(t+Tn, Tn) L o as. (1.12)
n—00 0<Lt<dr, R€Liyr, (Tn)
Denote tk = 2 T, kn = 1+ [logy dr, T, ']. We have
sup _sup  |W(R)|/d(t+ Ty, Ty)
0<t<dr, ReELyy7, (Th) .
<
B B 2 gy WA T )
vV sup  sup |W(R)|/d(t+Tn,T)
0<t<Tn RE€Litr, (Tn) _
< max sup W(R)/d((2* + 1)Tn, Tr)

T 0<k< T
0SkSkn Rl qitagayr, (Tn)

V. sup  |W(R)|/d(Tn,Ty) £ DpV E,.
R&Lar, (Tn) '

For any a € (4/+7,1), we take e > 0 such that g_"“_e > &5 +1. 1t follows from [1, Theorem
1.12.6] and condition (iv') that

P(Dy, > @) <Ck, - 2#(1=35) (log T,,) " ¥

2

2

<Cn - 2”(("'"*‘5)(1‘%3‘-5 2+=) < C’n 2—ne :

sz 2 sz

n 1 n
\/T;)e'xp { 2 e log(( +log m) log T, )}
_<_02'(b((7”+€)(1 28)-22) < c2- e .

P(En 2 Ot) So(l'l‘ log

By using the Borel-Cantelli lemma, we prove that (1.12) is true.

§2.

From Theorems 3 and 4 in [1], we have the following result: Letting 0 < az < T be a
non-decreasing function of T and ar /T be a non-increasing function of T, if |
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(a) B(t + a,a) is a non-increasing function of a,
(b) for any € > 0, there exists 6y = fg(¢) > 1 such that for any 1 < § < 6y and &k

sup B(t + 0%, 0%)/B(t + 6+, 0¥+1) < 61/2(1 4 €),
>0 .

sup B0, gk)/B(67F, 6%) < 1+,
n>1 -

and (T, t) = {2t((log Tt™*) + log(1 + log bpt—1/2))} /2 satisfies
(a') A(t + a,a) is a non-increasing function of a,
(b') for any € > 0, there exists 6y = fp(e) > 1 such that for any 1 < 6 < 6 and k

| sup A(t + 0%, 6F) /(¢ + 6%+ 9F+1) < 91/2(1 + ¢),
>0

sup A(0" Dk gFY/\(97F %) < 1 + ¢,

n>1
then, if
. . log Taz*+log(14log bTa,_l/z) _
- (W) Th_l,%o * logloglog T % = 0
is satisfied, we have
lim  sup sup  At+ar,ar)]W(R)| =1 as., (2.1)

T—o00 0<t<T ~ar RGL2‘+aT (aT)

lim  sup sup  A(t+ar,ar){W(R) =1 as. (2.2)
T—00 0<t<T—ar ReZt—I—aT (a1)

. Furthermore, we have the following theorem.
Theorem 2.1. Suppose that 0 < ar < T, B(,+), A(-,-) are as above. If

. log Tag'+log(i+logbras/?
(v) Jim RETer fpECAReler ) = r 0 <1< oo,
then
lim  sup sup  B(t+ar,ar)|W(R)| = a, a.s.,‘ (2.3)

T—000<t<T—ar RELY,,,  (ar)

lim  sup sup Bt +ar,ar)|W(R)|=ar a.s. (2.4)
. T—o0 0<t<T—ar RGEH_GT (a7)
Proof. (1) At first, we show that

lim  sup _sup B+ ar,ar)W(R) < o, as. (2.5)
T—voo 0<t<T—ar R€Lyyarg (aT) .

We know that (2.5) holds true for r = oo by Theorem 3 in [1]. If 0 < 7 < 00, let ag, = 6F.
By the same argument as in [1], Theorem 2, we have

the left hand side of (2.5)

ﬂ(t + a'Tk’a’Tk)

<Tm sup s At om on ) WR) G o, an,)
k) k

k—oo 0<t<T}, —0Ty REZH,,Tk (aqy,)

1/2

a btta
log—t-%+log(l+log 7%“)

bt-f-aT
\/‘W: ) + loglog(t + ar,)

<1x T
o |
0<t<Ti—ay, log =% +log |1+ log

k

®

=0y,
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which proves that (2.5) holds true.
(2) In order to prove Theorem 2.1, we need only to show that

lim  sup sup  B(t+ar,er)|W(R)| > o, as. (2.6)
T—00 0<t<T~ar RGL:+4T (ar) :

It is clear that (2.6) is true for » = 0. If 0 < r < o0, by (v) we have
MT,ar)  MT,ar) loglogT
logloglogT  loglogT ' logloglog T
It follows from (2.1) that for any positive number {7}, nILn;) T, = oo, we have

lim sup sup At +ar,,ar,)[W(R)| =1 as.

Tn—00 0St<Tn—ar, REL},,, (az,)

Therefore for any positive number {T,}, T, 1 oo,

lim sup sup B(t + ar,,ar,)|W(R)|
Tp—00 0<t<T —am, REL;“_,_GT" (az,)

>1x lim sup A(t + ez, or) = lim B(Tn, a1,) —
Z =80 0<t< Ty ~ar, )\(t + aTn’aTn) [==23 }‘(Tn, aT,,) 'r

By the arbitrariness of {T),} we can prove (2.6).
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