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A CLASS OF HOMOGENEOUS LEFT INVARIANT
OPERATORS ON THE NILPOTENT LIE GROUP G#+3**

JianG YariNg* Luo Xueso*

Abstract

This paper is devoted to a class of homogeneous left invariant operators L on the nilpotent
Lie group G4+2 of the form

d 2 -
Ly==)"X7~i) AmTm, A=(A1,X2)€0?
j=1

m=1

where {X1, -+ ,Xq,T1,T2} is a base of left invariant vector fields on G4t+2, With aid of
harmonic analysis on nilpotent Lie groups and the method of increment operators, for all
admissible Ly, subelliptic estimate and an explicit inverse are given and the hypoellipticity
and the global solvability are obtained. Also, the structure of the set of admissible points A is
described exhaustively.

Keywords Lie group, Homogeneous left invariant operators, Hypoellipticity,
Global solvability
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§1. Introduction

Since the 70’s, harmonic analysis on nilpotent Lie groups has become an active area,
whceih affords a new powerful tool for the analysis of LPDOs. In recent fifteen years, a
lot of important results have been obtained*~%1~4, In particular, investigation for left
invariant operators on the Heisenberg group H,, or more general nilpotent Lie groups is the
most widespread.

This paper is devoted to a family of second order operators of the form

d 2
Ly=- ZX; -1 Z AT, (11)
j=1 m=1

where {X7, -+ , Xg,Th, T2} is a base of left invariant vector fields associated to the Lie group
G2, and Ay, g are complex numbers. The operator Ly may be regarded as a nontrivial
extension of the operators discussed in [1], which plays an essential role for studying the
parametrix and hypoellipticity of second order operators with the form -

4
L=- Z 9in(2, )22y — iV + C(z,7)
Jrk=1
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on a smooth manifold U with dimension d+2. In general, a quadratic change of coordinates
can not convert simultaneously the matrices A4,, = [ag.zl)](m = 1,2) into ones in normal
form (see §2), so that one.cannot directly apply the method in [1] to the operators Ly of
(1.1). To overcome this difficulity, we employ the method of increment operators (proposed
in [9,10]) so that the operator Ly of (1.1) is changed into the one discussed in_ [1]. We
establish a subelliptic estimate to show the invertibility for the operator Ly and construct
explicitly the inverse of the operator Ly. Moreover, the set of admissible points A = (A1, Ag)
in @2, characterizing the invertibility of the operator Ly, is described exhaustively. Further,
we obtain the hypoellipticity and solvability for the operator Ly. For the hypoellipticity of
left invariant operators on general nilpotent Lie groups, it is well know that B.Helffer and '
J.Nourrigat in [5] and L.P.Rothschild in [11] obtained general results characterized by the
unitary representations of the operators. But, for the operator given in this paper, it seems
difficult to verify their conditions. The conditions of hypoellipticity by us, characterized by
the parameter ), are easily verified. As applications, the hypoellipticity and solvability for
heat operators and Schrodinger operators on the Heisenberg group H,, and the generalized
Kolmogorov operators on R4t? and the operator Ag,l — AV, are discussed.

§2. The Group G%*2 and the Operator L)

The group G%+2 is the Lie group whose underlying manifold is R**? with coordinates
(1, ,&d,t1,t2) = (z,t) and whose group structure is given by

(z,t) - (y, ) (w+y,t+s+-—yAa:) - (2.1)

where yAz = (yAi1z,yAzz) and the matrices A,, [a(m)]( =1, 2) are skew-symmetric. It

is easy to verify that the group G%*2 is a two step nilpotent Lie group. In particular, when
[a(z)] =0,d=2n+m(n,me I.), and

a®

a;, ntj =

1
=

[4 .
a«E;,.)f-j,j, J= 1:27"' s Ty

otherwise,
we have

Gtmt2 > f x R™H (studied in [16)),

where H,, is the Heisenberg group of degree n.
A base of the left invariant vector fields on G4t2 is {X;,- o, Xa, T, To}

. (m) - e d
X5 = 8:1:1 t3 }: Z Tk Thgy 8t J=12d, (2.2)
k—lm— - .
Tm= s 9 m = 1,2.

Their commutation relations are as follows:

2 .
[X.’ian] = Z a_’jkTm, J,k =12, ad, (23)

m=1.

[Xj,Tm] = [TmaTn] = O, m,n=1,2.
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Definition 2.1. For p > 0, we define the dilations on G%t? to be p(z,t) = (pz, pt) =
(px1,- -+, p2a, p2t1, pPL2), (2,t) € G2, and the dilations on L3(G%?) by '

o5 (x,t) = f(pz, p%t), F(z,t) € L}(G42). (2.4)
Definition 2.2. We say that a function f in L2(G%*2) is G-homogeneous of degree m. if
8os(z,t) = p™ f(z,t), p>0. (2.5) -
Definition 2.3. An operator Q on L3(G%t?) is G-homogeneous of order m if it satisfies
6;1Q‘5P =p"Q, p>0. (2.6)
We introduce the G-norm || - || of (z,t) € G4+
G, )l = (lf* + 1812)1/2,
and denote the Euclidean norm of (z,t) by |(z,t)]. Then it is easy to verify the following
relation:
CT 1+ (=, t))? < 1+ (=, 1)l SCA +|(=, 1)),
C>1 @2.7)

For any A = (A1, A2) € @2, we define the operator

sz —q Z AmToms (2.8)

j=1
where X, Ty, are given by (2.2). The operator Ly is left 1nvar1ant and G-homogeneous of
order 2 on G4*+2,

§3. The Increment Operator and a
Subelliptic Estimate for the Operator Ly

Put
: : 1/2 ’
d 2 d :
lullgo = (nun2+Zquun2+Z lleun?+ZanXkuuz) , ueCP(GH?),
j= m=1 =1

where || - || denotes the L?-norm. Let G denote the completlon of the space C°(G?+2) in
the || - ||go-norm.

By the same argument as (2.12)-(2.22) in [1], we can obtain the following lemmas.

Lemma 3.1. || - ||lg, s independent of the choice of X1, -+ ,Xq, also of coordinates
T1,0 0, Td.

Lemma 3.2. [[ullq, ~ lul + Z X2l + E [ Tmull, w € C’8°(Gd+2)

J_.
To discuss the invertibility of the operator in L2 we need to set up a subelllptlc estimate.

. For given u(z,t) € S(G%t2), we have

d SRR '() P 2 2 s |
Lyu(z,t) = —Z(ém—J-l--z-ZZajk wk%;) ——iz:l/\mgt—; u(z,t). |

j=1 k=1m=1
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Taking the Fourier transformation in the two sides of the above equality in the variable
t = (t1,t2) and denoting the dual variable by 7 = (11, 72), we get

_ d 2
(Fth\(u)(mvT) = [—z (3.’1:_7 + = Z Z @ Tm‘”k) + Z )\me:l (Ft'u')(w T) ( )

j=1 lc-l m=1 m=1
Let

d \ 2
L} = Z (6 2 Z Z s, ‘Tm.'l}k) + Z AmTm, (3.2)
T k=1m=1 m=1 ‘
then (3.1) shows that '

(FiLyu)(z,7) = L} (Fu)(z, 7). (3.3)
Moreover, by introducing an auxiliary variable zo € R?, we obtain.
'™ LTv(x)
d 2
B (LS )
j=1 k=1m=1
2 ]
-1 — | (&0 S(R%). (3.
i (:L::l )\me> 3:1:0] (e°v(z)), wv(z)e S(R%) (3.4)

Put

k=1m=1 m=1

4 2
Pl = —Z ( 2 Z Z aJ,c mek ) -1 (Z )\m'rm) azo. (3.5)

Then, if we regard 71, T2 as two parameters, the operator P} is just one discussed in [1].
Definition 3.1. We call the operators P] a family of the increment operators (with the
variable zo ) associated to the operator L.
(3.4) shows that
Pl (e"°v(x)) = e Liv(x), v(z) € S(RY). | (3.6)
Combmmg (3.6) with (3.3) yields .
(P (e'®° (Fyu)))(z, T) = €™ ((F;Lyu)(z, 7')), u(z, t) € S(G42). 3.7
From the operator Py, we can derive the nilpotent Lie group G4+ whose underlying

manifold is R4+! with coordinates (xo,z) = (29,21, - - ,24) and whose group law is given
by ; A

(z0,) - (Y0,9) = (930 +y+ Z Z a,k Tm:vky,,w + y) (3.8)

j,k‘l m=1
A base of the left invariant vector fields on the group G¢*! is {X7, X7,--- , X7 }:

I
XO_E;;,

142 (3.9)
j a$J+2EZaJkTma:k s j=1,2,---,d.

k=1m=1
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Let
1/2
lwlle, = | lwl? +ZIIX’wII2 + Z IX7xpwl? | , weCP@HY,
Jik=1
and denote the completion of Cy(GZ*+!) in the || - ||g, norm by G..
Let

iifl("-)’-'-I:z'fZ('r), o ai—-ifnr (T)a fj >0

2
be the nonzero eigenvalues of the skew-symmetric matrix A(7) = Y. 7TmAnm, repeated ac-

cording to multility. Then, f;(7) are positive homogeneous of degree 1 in 7 and continuous
functions of t in view of Theorem 6.1 of Chapter 2 in [7]. Moreover, the plane R? is divided
into 2m conic domains by the straight lines cg,¢g, -+ , ¢, passing the origin so that n, is a
constant in every conic domain.

For given 7 = (71, 72) € R?\{0}, put

Ty

Fa(r)=)_(2a; +1)f;t), eely,
j=1

AT = M7+ A2, A=(A1,A2) e?,
and let A™ be the subset of R as follows:
R, ifn,.=0,
‘A= {veR:|v|>F(r)}, if0<2n,<d,
{reR:|y =F, (1),a €I}, if2n,=d.
Definition 3.2. Let A\ € €%2. We say that the point X is an admissible point of the

operator Ly if A -7 & AT for each 7 € R*\{0}.
Theorem 3.1. The operator Ly given by (2.8) satisfies the subelliptic estimate

lullee < CUILull + llull),  u(z,?) € S@E*?), (3.11)

if and only if X\ is admissible.

To prove Theorem 3.1, we need the following lemmas.

Lemma 3.3. For given 7 € R?\{0}, the increment operator P{ given by (3.5) satzsﬁes
the estimate

wlle, < CE)(IPfwll +llwl), w e SGHY, (3.12)
if and only if A- 7 & AT. _ ‘

Proof. We take the Fourier transform of w(zo,x) in the variables (2o, &n, + 1, -+ ,24)
and denote the dual variables by (Co,¢1,** ,{ars M, sMd—2n, ). By Plancherel’s theorem
and a translation in the variables 1, - , T, , (3.12) is equivalent to the following inequality
for each ((o,7) € (R\{0}) x Rd—zn":

d—2n,
ol + Z D3] + ¢35 () 2olP] + (€ + Y nd)llvll?
j=1

Or)(I(P el + 0], v € S(R™), (3.13)
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where

z'amj’ j=1a2)"' )

(Pl)en = Z[Dz+(Cmgfg 21+2Amfm<+|n|2

m=1
Using the unitary dilation of L2 (R™):

pYv(z) = p"*v(px)

= pn/zv(pwl’ e, pTn), p>0,

we know that (3.13) is equivalent to .
d—2n,

Iol2 + S (ID0l + s fi ()2l + 3 néllo]?
i=1 j=1
< COIPD el v() € SR™): (34

If n, # 0, according to the proof of Theorem 2.10 in [1], (3.14) holds for all n € R4~ 2"
ifand only if A7 ¢ A". If n,. =0, (3.13) actually is

d ~ :
G+ nf <O+l +1), (3.15)
j=1 »
(¢o,m) € (R\{0}) x R%. We easily show that (3.15) holds for some constant C(7) and all
(¢o,n) € (R\{0}) x R? if and only if A - 7 ¢ R. This completes the proof of the lemma.
Lemma 3.4. Let A be admissible. Then if || =1, there is a constant C independent of
T such that v

lwlle, < CUIP{wl +llwl), weS(GTH). . (3.16)

Proof. According to Lemma 3.3 and its proof, we have (3.12), which is equivalent to
(3.14). By the proof of Theorem 2.10 in [1], (3.14) is equivalent to

1Q7oll + (1 + [n®)lell < CIQ +Inl> £ A 7)ol v e SR, (3.17)

n € R4 2", where

ZQT Z[D (2 £3(7)?).

Thus, it suffices to show that for the case |'T| = 1 the constant C(r) in (3.17) may be chosen
such that it is independent of 7.

Let {¢(z)} be the sequence of the Hermite’s functions on R". Then each v(z) € S(R™)
has a (unique) decomposition:

= Z Va®o(T), Vo complex numbers.

Define the unitary operators H™ on L?(R") as follows:

1/2
(Hv)(z) IiH [ (1) ] v(vV/ fi(T)z1, A [u(T)20),
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T € R?\{0}; we then have _
(HT)"'QTH"¢a(x) = Fa(r)pa(r)

and hence
(H")'Q H™v(z) = Y Fa(r)vada(z).
Consequently, replacing v(z) by H™v(z) in (3.17), we obtain

3 oal? + 3 F2(Oel? < €)X IFalr) A 7Pl (3.18)

Further, since A is admissible and f; are continuous, it follows that

inf |Fo(r)£X-7[=dy>0

aGIi"'
|r]=1
and hence
1+ F2(7) 1 (2
<=4+ (1+24) =¢ )
TAGEIN i S A<

Thus, C(7) = C) is required in (3.17). If n, =0, (3.12) is actually equivalent to (3.15), and
since ’

|i?~f1 Im(X - 7)| =ex >0,
we have
d d
148+ 1+&+ 0!
' ji=1 ji=1
<
AT+ PP +1 ~ e3é2+nlt +1

1 .
S1+—§~=C)‘<OO,
€x

which implies that (3.15) holds for C(r) = C, independent of 7, and so does (3.12) which
yields (3.18). '

Proof of Theorem 3.1. We first prove the necessity. Suppose that (3.11) holds. Then
by Lemma 3.3, it suffices to show that for each 7 € R%\{0} there is a constant C(7) such
that (3.12) holds.

By virtue of Lemma 3.2, (3.11) is equivalent to

d 2 ,
lul® + Y I1XFull® + D | Tmul? S C(ILxull® + [lul®), ue S(G™). (3.19)

=1 m=1 .
Taking the Fourier transformation of u(z,) in the variable ¢ and denoting the dual variable
by 7' = (7{,7}), from Plancherel’s theorem we know that (3.19) is equivalent to the following
inequality for every 7/ € R%\{0}:

d ) ,
@+ Pl + )N )2l < CULE ol + o)), v e S(RY),
=1 f (3.20)
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where
d 2

‘ (m) s - )
j 8w3+222a’°7wk’ ji=1,2,---,d,

k=1m=1
I =- 2(7;')2 FA-T.
=1
By the argument as above, (; 12) is equivalent to
L+ )wl® + Z IEFT)2l? < CE)LR|? + loll?), v e S(RY), (3.21)
To € R\{O} For given 79 € R\{O} and 7 € R?\{0}, taking 7' = 7o7 in (3.20) we get

1+ 73|T| Il + Z ”T(’Tvﬂz < C(||L"°Tv||2 +[[vl?), veSERY.
Jj=1 '
Hence, when |7| > 1, (3.21) holds for C(r) = C; while for |7| < 1, we have

211 + 73) Il't)llzhtll(fm)2 %) < (L + gl )Ilv||2+ZII X7 |l2
i=1

< CILR ™ol + [lolf? ), vE S(Rd),

which implies that (3.21) holds for C(7) = % To sum up, for each 7 € R%\{0} there is a

| c, if|r|>1,
C =
% {i fo<|rl<1,
|72 '

constant

such that (3.21) holds. So ) is admissible. :
Conversely, suppose that A is admissible. Then there is a constant C' independent of 7
such that (3.21) holds for all 7 € R\{0}, i.e.,

(1 +73) o]l + Z 15720l < CUL™ o||* + [lolf? ), v € S(RY), (3.21)
ji=1
if |7| = 1. For given 7’ € Rz\{O}, (3.20) follows by taking |rp| = |7’} and 7 = 7'/7 in
(3.21).

§4. The Inverse and Hypoellipticity of the Operator L)

Let the space S be defined by Definition 3.7 of [1]. Then Proposition 3.9 of [1] shows
the pseudo-differential operator @ with the symbol g(z,£) € S maps S(V') into C°(V).

By Proposition 3.21 in [1], we note that the symbol o(Q7%)(xo, z, &, &) of the left inverse
Q7 (if it exists) for the operator Py is independent of 2. So, we may denote it by g% (z, o, £).

Theorem 4.1. Suppose that for each 7 € R%\{0} the increment operator P{ given by
(3.5) has a two-sided inverse Q} with the symbol ¢} (z,0,£). Then the operator Ly given by
(2.8) has a two-sided inverse M with the symbol

G(M)\)(wvt7€’7) = q‘l)\-(m’ 1,€).
The proof of Theorem 4.1 needs the aid of the following lemma.
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Lemma 4.1. For given 7' € R%\{0}, suppose that the operator P} has a two-sided inverse
Q7 with the symbol g3 (z,&0,€). Then the operator L} given by (3.2) has a two-sided inverse
M3 with the symbol

o(M3)(z,€) = g3 (=, 1,).
Proof. Since Q7 - Py = I3 which implies that
Q% - Pl(e™0u(2)) = e™u(z), v(z) € S(RY),

we have
0y(z) = /ei(m¢£o+w§)q§(w,go,'g)P;(%('w))(So,6)55065- |
= [ eHeotor=045 o, 60, ) Lo(a) o XA
___./ ei(mo£o+mf)q}"(w,§0,é‘)o'({o - l)ﬁ)(ﬁﬂfﬁf
= g0 / e*ql(x,1,6)L50(EME, (2) € S(RY),
and hence o

/ei"’eq;(a:, 1,5)@(5)@ = v(z), 'u(a:) € S(R%).

We note that the above calculations are formal in the usual sense since ei*°v(z) ¢ S(GZ+?),
but it holds in the distribution sense or the above equality follows from calculating the left
side of the equality

Q5 - P{(e"0™°% 2y(z)) = ¢¥%~5="/2y(z) (¢ > 0)

and letting ¢ — 0. So we may think that the above calculation is reasonable. We denote

‘the pseudodiffei'entia,l operator with the symbol ¢(z,1,£) by MY, where T is a parameter.

Then above equality shows that

M7 LY =1,
Thus ,

M3 = (L3)™
and

o(M5)(=,€) = ¢3(z, 1,£).
Proof of Theorem 4.1. According to Lemma 4.1, the operator L] has a two-sided

inverse MY with the symbol ¢}(z,1,£). Let

v(z,7) = (Ft'u)(a:,'r). | .
- / etz )i, u(z,t) € S(GH).
Then
L} - M{v(z,7) = v(z, 7).

Taking the inverse Fourier transformation for the above equality in the variable 7, we thus
get from (3.3)

(L - (F7 M)z, t) = u(z, ). (4.1)
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Since

(P a50)(e,0) = [ [ a3, 6)(ma)e, et
= [ etettingy a,1, eyate, e,

by writing the pseudodifferential operator with the symbol g} (:L', 1,£) as M), where 7 is the
dual variable, we obtain

(B (M50))(e,1) = (M3, )

or . ,
(Fu(Myw))(2,7) = (M (Feu))(@,7),  u(z,2) € S(GH2). (42)
Combining (4.2) with (4.1) then yields |
 LyMy=1I,
Similarly, with the aid of M7 A 7 = I and (4.2), we also obtain
| My Ly = 1.
Thus
My = (Ly)™t
and

o(My)(z,t, &, 7) = ¢; (=, L,¢),
which implies the theorem.

Next, we shall give an explict expression of the symbol for the inverse operator.

Let N4(,) denote the square root of the matrix (A*(7)A(7)), where A*(7) denotes the
formal transfer of A(7). Then the matrix N4(,) is symmetric and has nonzero eigenvalues
f,-('r), j=1,2,---,2n,, where f;(7)’s are the nonzero eigenvalues of the matrix A(r). =
Z TmAm and fn 4+i(7) = f;(7), § = 1,2,--- ,n,. We appoint that f;(r) = 0 for 2n, <

m__

j < d and write
d

detch(Na(rys) = [ ] ch(f;(r)s),
j=1
th(N A(7)8).. th(f; (’7')8)
——6¢> —
Na) ; fi(7) 4
Remark 4.1. For any matrix N, MI@ is defined by
th(Ns) . 53
. N 3 -
Lemma 4.2(cf. Theorem 6.161in [1]). Let A € @2. Then if \-r & A" for given T € R?\{0},
the operator P{ has a two-sided inverse QY with the symbol

O'(Q)\)(w &075) - q,\(éIOa T(x 607 ))
where o7 (2,&0,€) = a(z‘lXT) with X7 given by (3.9), and the function qA(ﬁo,ﬁ, is deﬁned
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as follows: o

A oo :
93 (60,€) = /0 e G (&, €, 5)ds (43)
if |(A - 7)E| < Fo() and n # 0, where v '
G (€o,€, ) = [detch (Narbols)] /% - ex

Ifn, =0,

> [_ < th(NA(T)|€0's)£’_£ Sl

Nagnyléol

-1
. . d
q"(§0,¢) = [()"T)Eo - 2532] .
j=1
For those A not satisfying |(\ - 7)®| < Fy(r), we can obtain ¢}(£p,£¢) from (4.3) by an
analytlc extension, changing the contour of the mtegral (4. 3) if 0 < 2n, < d or repeating
integration by part in (4.3) if 0, = d.
Combining Lemma 4.2 with Theorem 4.1, we can obtain
Theorem 4.2. Let A € @%. Then if X € A, the operator Ly has a two-sided (; pseudodzf
ferential) inverse M) with the symbol

O'(MA)(wat7€7T) = m,\(a(m,t,E,T),'r),
whe'r'e'o = (01, ,04) and oj(z,t,&,7) = o(i"1X;) with X; given by (22) The function
m(€,7) is defined as follows: ' -

= [ O G (4.4)

if |(A-T)B| < Fo(r), where
th(NA(.,.)s)

NA(T) —6¢E>

G, T,8) = [detch(NA(T)s)] 1/2 e#p[ |

Ifn.r = O then m)‘(f,T) AT+ Z &)L

The desirable mx(&,7) can be obtamed from (4. 4) by the analytlc extension mentioned
in Lemma 4.2.

Proof. The case n, = 0 follows from letting. f; ('r) — 0 in (4.4).

Deﬁne the operator M) by '

Myu(z,t) = / ei(mg"*'t'r)a(M}\)(a:,t,_{,T)ﬂ('f,ﬁ')d'Ed“f.‘ ' (45)

Then, since o(M»)(z,t,¢,7) = ma(o(z,t,€,7),7) and my(€,7) is G{hom__ogenéb’u,é of degree
—2 in (¢,7), we know that, for any compact set K C R**2, o(M))(z,t,&,7) satisfies the
following estimate |o(My)(z,t, £, 7)| < Co(K)(1+](¢,7)|)~2 and hence (4.5) is well defined.

Furthermore, for any o = (ag,a:) € I _‘f_+2, we have . .

t(M)\)(w t & ) = agth((mvt,gq_T)’T) .‘

o 2 | v
: . : 1) (x ) - 1 . o -
= Z o +eoto m,\(a(a:_,t,fi,v'),*.f)v E H <.2_ Z“g'k)fm> J(k).
. oM =(af® .. a®y k=1 o

la(k)|=am,k
k=1,2,---,&
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Note that 8g(l)+"'+"(a)m>‘(§, 1) is G-homogeneous of degree —2 — |az| in (¢,7), we get for
any o = (o, ) € I$H? and any compact set K C Ri+2

12,0 (My)(,,€,7)] < CaK)(1 + (€, 7)) 210110l
- «(K)(1+](m)?
which implies that the integral-

/ e+ D (o (M) (x, 8, €, 7))i(E, TYEDT

converges. Consequently, for any o E'I 4+2 we get

Oz +(Myu)(z, 1) / O 4[e“ o (M) (2,1, €, 7)] - (€, TR,

This shows that M) maps S(G%*?) to C*°(G%+2%). Also, Theorem 4.1 and Lemma 4.2 1mp1y
that My = (L»)™! if A is admissible. We thus have proved the theorem.

Corollary 4.1. Let A €@? and suppose that X is admissible. Then opemtor Ly is globally
solvable, that is, for any f(x,t) € C=(G+2) there is u(z,t) € C°(G*?) such that

L,\u(a:,t) = f(=,1).
Corollary 4.2. The operator Ly is hypoelliptic when X is admissible.

Remark. The main results of this paper have been extended to the case of G"1*"2 by
the same idea given here (see [17]).
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