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DISTORTION THEOREM FOR BIHOLOMORPHIC 
MAPPINGS IN TRANSITIVE DOMAINS (III)

Z h e n g  X u e ’a n * * * G o n g  S h e n g **

A b stra c t

The distortion theorem for biholomorphic convex mappings in bounded symmetric domains 
are considered. Especially the distortion theorem for biholomorphic convex mappings in clas­
sical domain of type IV and two exceptional domains are given.
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§1. Introduction
Let M  C Cn be a transitive domain, bounded or unbounded, m be a point in M. Let G 

be a Lie group consisting of some holomorphic automorphisms of M  and acting transitively 
on M, К  be an isotropy group of G which leaves ra fixed. Then M  is a realization of G/K.

Let g e G, фд denote the holomorphic automorphism corresponding to g, and J^g(z) be 
the Jacobian of фд at point z £ M.  If M  is unbounded, we must assume | det J^h{m)\ =  
1 for all к in K. We denote by фя a holomorphic automorphism of M  which maps 
z e M  to m  e M. Set K m (z , z) =  c det (z)det J^z (z) with c being constant and 
K m (z , z) is the Bergman kernel function for certain constant when M  is bounded. Denote 
К м ^ т ) - 1 £ - K M{z,z) by Cp.

^  Z  —-  771

Suppose /  is a biholomorphic mapping of M  into Cn. Then we can use K m (z , z), Cp and 
the coefficients of the expansion of f  to express the det Jf(z).  This is a result of Gong and 
ZhengW.

Let M  C Cn be a bounded symmetric domain. Then G is a semisimple, connected, 
noncompact Lie group with finite center, and К  is a maximal compact subgroup of G. Let 
Q be the Lie algebra of G, К  is the maximal compact subalgebra of Q which corresponds to 
K .  Then Q has the Cartan decomposition Q =  К +  V. Suppose 21 is the maximal Abelian 
subspace in V, and A  is the analytic subgroup in G corresponding to 21 in Q. Then G has 
Iwasawa decomposition G =  K A N .

We can choose a basis of 21, -Xi,-- - , X q, where q =  dim2l =  rank G /K,  and for any 
X  e  21, there exists a unique decomposition X  =  x^Xi  +  • • • xqX q. If £ is the mapping 
which realizes G /K  onto M. For every z € M , there exist X  G 21 and k € K, such that

г =  £(fca • O) = (£ exp Ad(k)X ■ O)
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where О =  eK  is the identity coset in G /K.  For g £ G, we have 'фд(г) — £(</ 1ka • О). Let
Ф д = ‘Фд-1.

Moreover if £ satisfies the following conditions:

1) Л =  £(ехрД • О) = (tanha:i, • • < ,ta n h x g,0, • • • ,0);

2) z = £(exp Ad(k)X  • О) =  Л&;

3) k —> k' is the unitary representation of K\

4) £ is the holomorphic diffeomorphism of G /K  onto M ;

then we say M  is the canonical realization of G /K , or M  is the canonical form of bounded 
symmetric domain, or M  is the Harish-Chandra realization of G/K.

Obviously, if bounded symmetric domains M  and N  are holomorphically equivalent to 
each other, then M  and N  are two different realizations of the same G /K.  Any bounded 
symmetric domain is holomorphically equivalent to a canonical form of a bounded symmetric 
domain.

The holomorphic mapping /  which maps M  into Cn is normalized if /(m ) =  0 and 
Jf(m )  =  I,  where I  is the identity matrix, i.e.,

f(z )  = z - m  + yjT / di,j(zi -  m,i)(zj -  mj) H----- (1.1)
i,3

where dij  =  (d[f, ■ • • , }), m  = (тщ, • • • , mn), г =  (zb  • • • , zn).

A family S  of normalized holomorphic mappings of M  into Cn is called an A-invariant 
fmaily if the following condition is satisfied: the composition of any f(z )  6 S  with any 
holomorphic automorphism of M, after normalization, remains a holomorphic mapping in 
S.

In [1], we proved

T h eo rem  1.1. Suppose M  C Cn is a bounded symmetric domain which contains the 
origin, and it is the canonical realization of.Hermite symmetric space G /K . Suppose f  is 
a normalized biholomorphic mapping which maps M  into Cn, /  € S  and S is a normalized 
А -invariant family. Let

я
z =  £(expAd(k)X • О) & M, X  ^̂  ^T^XjXj, m  = 0.

Then

where

j= i

log
det Jf(z)

y /K M(z ,z ) /K M( 0,0)
1 + |tanh xf

2 7 = 1  1
Xv\

G(S) =  sup in Co С*
Ы II II m я

i,3

( 1.2)

(1.3)
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Inequality (1.2) implies the following distortion theorem

Ik m (z , z) ( -Д. 1 -  |tanha;p| \  ( ) 
у K M(0,0) Щ 1 +  |tanha:py

I K m (z , z ) ( r j  1 +  |tanha!p|
< | det Jf(z)\ <

K m ( 0,0) n fVp=l
|tanh xv

C(5)

(1.4)

In [2], we gave the estimates of the upper and lower bounds of C(S) for the family S  of 
normalized biholomorphic convex mappings on the classical domains of types I, II and III. 
In this paper, we will discuss the bounds of C(S) for family S  of normalized biholomorphic 
convex mappings on bounded symmetric domains. We will especially give the estimates of 
C(S ) for which the domains are classical domain of type IV and two exceptional domains. 
We will make a conjecture about the precise value of C(S) for the bounded symmetric 
domains which include the conjectures we made for the classical domains of types I, II and 
III at [1]. If the conjecture is true, then we can only use the Bergman kernel function of M  
to express the estimates of | det J / ( z )|.

§2. Holomorphically Equivalent Bounded Symmetric Domains

L em m a 2.1. Assumption as Theorem 1.1, then the C(S) defined by (1.3) is the smallest 
positive number which makes (1.2) and (1.4) hold.

P roo f. In [1] section 4, we already proved that: when M  is the canonical realization of 
G JK , then the equality

log det Jf(z)  =  log K m {z , z) [ l y r
K M(0,0) J0

tanh x%
1 — p2tanh 2xp 2 2  kpidij}(p)dP

1,3
(2.1)

holds, where dfjjj was defined a t Theorem 1 of [1], к =  (kij) € Un. Since 0) =  d \^ , we 
may take \z\ sufficiently small so tha t

2 2  кр А ? ( р ) = 2 2  kPidi f + °(1)-
i,3 i,3

Let d =  ( E 4̂ i^ •••  i l l dn j ) ' kP ~  (kpiG-‘ , M -  We can express d as (yi, • • • ,yq,0,--- ,0)k 
з з ^

where y%, ■ • • , yq are real numbers and к € Un.
By the definition (1.3) of C(S), for any preassigned small number e > 0, there exists a

holomorphic mapping f(z )  and p0, 1 <  po < q, such that Li *-poiaij 
hi

— C(S) -  e, where

d f f  are the coefiicients of the expansion of f(z )  at (1.1).

It is possible to choose а г such tha t z = £(exp Ad(k)X ■ 0) where the unitary represen­
tation of к is k'. Then

2  у kpidij = kpd — kpk (j/i, ■ ■ ■ , j/g, 0) ■ ■ ■ ) P.) Урj 1 — P — 0.1
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and (2.1) becomes

+ 2
9 rl

? i r
tanhav

-o{l)dp.
p2tanh 2xp

It is also possible to choose a z such that yPotanh xPo > 0 and Xj — 0 when j  ф po- Then 
the previous equality becomes

logdet J,(z)  =  log ^  +  ( Ы  +  o(l)) log

1 +  jtanha;Pol
‘'Pol

Since e is any preassigned small number, the right hand side of (1.4) cannot be improved.
Similarly, it is also possible to choose a z such tha t yPotanh xPo < 0 and Xj — 0 when 

j  Ф po. Hence for any preassigned small number e, we can choose a z such that

logdet J ,(z)  =  log +  (C(S) -  « +  0(1)) f l o g

It means the left hand side of (1.4) cannot be improved. Combining these two results, we 
prove that C(S) is the smallest positive number such tha t (1.2) holds.

L em m a 2.2. I f  f(z )  is a normalized holomorphic mapping (1.1) which is defined on M, 
then | det Jf(z) \ .... -a a  bihoiomopphic invariant.

Proof. Suppose H  is the biholomorphic mapping which maps M  onto N. Since /  is a 
normalized holomorphic mapping on M , the mapping h — Jh (™) 0 f °  H~l is a normalized 
holomorphic mapping on N.  Then

det Jh(w) =  det Jff(m ) det J f(z ) det Jff-i(w).

Since N  =  H (M ), we have

K N(w,w) = K M(z,z) \de tJH-i(w)\2,

Км(т, m) = К м (ш ,т ) \det JH-i(m)\2 = К м {т ,™)\det Jh {™)\~2 

where H(m) = m. By (2.3), (2.4), we get

( 2.2)

(2.3)

(2.4)

KN (w,w)
у К н (т ,т )

By (2.2), (2.5), we obtain

I K M(z, z) det JH-i(w)\\ det J# (m )|. (2.5)

K N(w, w) J K M(m, m) ^det Jf(z)\ = | det Л(зд)|,
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i.eM
| det Jf(z)\_____ __ | det J/i(w)|

у /К м (г , z ) /K M(rn, m) К n (w , w) /К я(т, m)

From Lemmas 1 and 2, we immediately get
L em m a 2.3. If M , N  are holomorphically equivalent to each other, C(Sm ) and C(Sn ) 

are the smallest numbers such that (1.4) holds on M  and N  respectively, then C(Sm ) =  
C(Sjg). In particular, when M  and N  are holomorphically equivalent to each other and M  
is the canonical realization o f G / K ,  then C(Sm ) =  C(Sxv).

Based upon these lemmas, the estimates of C(S) will be given. As a simple application, 
we have

T h e o re m  2.1. If M  is a bounded symmetric domain which is the canonical realization 
of G /K , and S is the family of normalized biholomorphic convex mappings on M, then 
C(S) < 2ra — 1.

P ro o f. Since M  is the canonical realization, any point г =  (zi, • • • , zn) G M  can be ex­
pressed as (Aj, • • • , Ag, 0, • • • , 0)k where |Ai| <  1, • • • , |A,| <  1, k € Un. Since M  is bounded, 
there exist rq+x, • • • , r n , such tha t \rq+izq+i | <  1, • • • , |rnzn | <  1 hold for all z  G M. The lin-

/ 1  \

ear transformation w = zA  transforms M  to N  where A —
1 0

rg+1

0
\  rn )

If Sm  and Sn  are families of normalized biholomorphic convex mappings on M  and N  
respectively, then C(Sm ) =  C(Sn ) by Lemma 2.3. But w = (wi, • ■ • , wn) G N  has the 
property: {wjej G N } forms a unit disc, j  =  1, • • • , n, where ej denotes the ra-dimensional 
vector for which each entry is zero except that the j'-th entry is one. N  is convex since M  
is convex. Using the method which we used at the Lemma 3 of [2], we get | d ^ |  <  2, where 
d f f i  are the coefficients of the expansion (1.1) of the mapping in Sjsr- By the Lemma 2 of 
[2], we get C(Sn ) <  2n — 1. We prove Theorem 2.1 by C(Sn ) = C(Sm )-

§3. Jacobian of Holomorphic Automorphism Mappings
On purpose to get the estimate of the lower bound of C(S), usually we try  to find a 

mapping in S, and find a value such that (1.4) holds. Of course we expect this mapping is 
the extremal mapping. Now we take the mapping as Fb which we will define below.

We start from the Lie group of holomorphic automorphisms. We denote the non-zero 
roots (including multiplicity) of adjoint representations of 21 in Lie algebra Q by

{±cij,j  =  9 +  l ,- - -  ,2n}

where aj  are positive roots. Then the basis X i, • • • , X q of 21 and Yaj +Y-aj, j  = q+l, • ■ ■ ,2n 
form a basis of V , where Y±a . are the eigenvectors corresponding to the non-zero root ±а^-, 
and Ya . — Y - a ., j  = q + 1, • • • ,2n  form a part of the basis of K. The mapping

Exp : x  -г-» k(x)a(X) • О
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is a diffeomorphism of an open set in 2n-dimensional Euclidean space to a condensed open 
set in G /K , where x = (xi, ■ ■ ■ , x2n), О is the identity coset in G/K,

2 n  Я

k(x) — exp xi (Y °4 °  W  =  exP S xi X i '
3=Я+ 1 3 - 1

Let g G G, we evaluate J<t,g(z). For any z =  (z i ,• • • , zn) G M, we can express z  as 
(Ai, • • • , \ q, 0, • • • , 0)k, where' Aj =  ta n h Xj, j  =  1, • • • , q, к G Un. Let Zj =  Uj + iun+j. 
Then и =  (ux, • • • , u2n) gives the real coordinates of the point z, and we have real orthogonal 
matrix P{k) such that

(til, • • • ) 1l2n) — (Ax j • • • , Ag, 0, • • • , 0)P(k).

For any к G K ,  the action of фк on M  is just as a linear transformation action bn M, 
and the absolute value of the determinant of the Jacobian is equal to one. So we only need 
to consider the Jacobian J^ai of фа1, a\ G A. Let Fai be the normalization of фа1. Letting 
ax approach to the boundary b, we obtain a normalized biholomorphic mapping Fb. M  is 
convex since M  is the canonical realization of G /K. фа1 and Fa, are convex mappings, 
which implies Fb is a convex mapping.

2 n
Let k(y)a(Y ) • О = а гА:(ж)арQ • О where у =  (ух,• • • ,y2n), k(y) = exp J ]  Vj(Хц ~

3=Я+ 1
я

У_а .), ах (У) =  ехрУ =  exp УзХ з-
з=1

We take the local coordinates t =  {ti, • • • , t 2n} at a neighborhood of k(x)a(X) • O. The 
points at the neighborhood of k(x)a(X) • О can be expressed as

я
{k(x)k(t)a(X + T) • О, T  =  ] £  *,•*,}■

j=i

фа acting on each point of this neighborhood, we get a neighborhood of k(y)a(Y) • O, its 
local coordinates are {s =  (ax, • • • ,$2п)}> the points in the neighborhood can be expressed 
as

я
{k(y)k(s)a(Y + S) • O, S =  s ^ } -

3=1

We have the following diagram:

t --------> k(x)k(t)a(x F T )  -O

a,

s -------> k(y)k(s)a(Y + S ) - 0

*

€

z = (Ax (< ),- • •  ,A ,(t) ,0 ,- ,0 )fe (i) fe (® )
Фа j

+ W =  iv i(s)i---  ,0 )k{s)k(y)
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« =  ( « ! , «2n) =  (Ai(*),••• , Ag(t),0, ••• ,0)P(k(t))P(k(x))

--------► v =  («!,-•• ,v2n) =  (»?i(s), • • ■ ,779(s),0 ,-> -,0)P(k(s))P(k(y)).

At this diagram, k(y)k(s)a(Y  +  S) -O  =  afe(a;)fc(t)a(A +  T) ■ О, Aj(t) =  tanh +  tj), 
r]j(t) = tanh(j/j +  sj), \ j  = tanhcCj and 7?j — tanhyj, j  =  1, • • • ,q.

Our goal is to evaluate d (w l t -•• л )
0(21."** »2n) Obviously,

• ,02 n) • ,tw„)
a (u i,- . " , tt2n) * , гп)

and
- l

, V 2 n )  _  9 ( v i , V 2 n ) d ( s i , • • •  , S 2 n ) f  d ( u U - - -  , U 2 n ) \  ' 

d ( u \ , • • • , U 2 n )  ^ ( s l  » ’ ’ ' , ®2ri) ^ (^ 1  j ‘ ‘ > ^ 2 n ) \  ^ (*1 » " ’ ' >^ 2 n ) /

We try  to  evaluate these three Jacobians. At first we evaluate the last one.
Since U =  (u: , • • • , u2n) =  (Ai(t), • • • , A ,(t),0, • • • , 0)P(fc(t))P(fc(a:)), the value of щ  at

t — 0 is
du
dtr

д (щ ,••• ,u2n)

i= 0 dtr
=  (0, • • • , 0,1 -  Aj!,0, ••• , 0)P(A:(®)) =  (1 -  Xl)erP(k(x)).

t= о
When 1 < r  <  q and er is a 2n  vector, each entry is zero except that the r-th  entry is 1.
The value of щ  at t  =  0 is

du
dti

d(ui ,- - -  ,u2n)
t - о dti t=о

=  (A,, ■ • • ,  л „  o, • ■ • ,  o) A p ( *  W F W * ))-

But
d_

dti p m )
t=о =  F(l;fcw)

= p 1 Jr exp J2
i=9+i

i= 0
2n

=  Р (У « ,-У 1 0 |).
t= 0

We get
c?tt
dti

= (A i,--. ,A „ 0 ,. . .  ,0)Р(Уа1 - Y - ai)P(k(x))
t= о

when q +  1 <  Z <  2n. Combining these results, we have
/  dui 

0ti »

dui
at, >
dui

8 t q+1 >

duin \  
at i \

Sti;22.at а

\ d u i

du2n
d t q+1

du2„ /

/ 1 - A f ,  0,

0, 0 ,

V

, 0, 0,

, 1 -  A* 0,

0 \

0 P (* (* ) ) -
/

at2n ’ ’ 9t2n
On the first matrix on the right hand side, the 1-th column vector is

(Ai, • • • , Ад, 0, • • • , 0)P(Ya, -  Y -ai)



374 CHIN. ANN. OF MATH. Vol.14 Ser.B

when q +  1 < l < 2n. We have

Similarly,

d(u ! , -• • ,U2n)
d{h,- - • ihn )

d(v1,- ‘ >̂ 2n)
0 ( s b - • > ®2n)

=  П (1 -Л |) А ( А „ - .- ,А ,) .
*=0 3=1

=  Y [(1 - 7i2i ) A (Vl,'- - ,Vq), 
t=0 j=i

(3.1)

(3.2)

where .A(Ai, • • • , Xq) is a function of Ai, • • • , Xq.

t=о
. Since k(y)k(s)a(Y  +  S) • О = aik(x)k(t)a(X  +Now we try  to evaluate 

T) • O, there exist k\ € K,  such th a t k(y)k(s)a(Y +  S)ki =  aik(x)k(t)a(X  +  Г). Taking the 
adjoint representation on both sides, since the representation of a is diagonal and the real 
representation of к is orthogonal, we have

AdaiAdk(x)Adk(t)Ad(a(X  +  T)2)(Adk{t))'{Adk{x))'{Adax)' 

=Adk(y)Adk{s)Ad(a(Y + S)2)(Adk{s))'(Adk(y))'. (3.3)

We take the derivative with respect to ti on both sides of (3.3), and evaluate the value at 
t = 0. Because .Ad exp X  =Exp adX,  where Exp means the exponential of matrix, we have

2 n

dti
Adk(s) d

t—0

2 n

=  ^ -E x p  S  sj ad(Yaj -  Y -a .)
3=4+1 t=0

-  E
j=q+l dtl

ad(Ya . -  Y -aj),

d_

dti
Ad(a(Y  +  S )2)

t=о
d

t=0
— Ad(a(Y)2) W[Ad(a(2s))

t= о

dAd(a(Y)2) — E x p '^ 2 s j adXj
3=1 t=о

=  Ad(a(Y)2)ad I 2
3=1

d s j

dti
t=о

2A i(a { Y f )  Y ,  g?
3=1

adXj.
t—0

But (Adk(s))' =  (A.dfc(s))-1 =  Adk(—s). We take the derivative with respect to tj on the 
right hand side of (3.3), the value at t = 0 is

2 n2 n

A t m  £  | f
з=ч+1

ad(Yaj- Y - aj)Ad(a(Y)2)(Adk(y))'-Adk(y)Ad(a(Y)2) ] T

t=o 3=4+1

d s j

dti
t=о

■ad{Ya . -  Y -aj)(Adk(y))' + Adk(y)Ad(a(Y)2)2 £
3=0

dsj
adXj(Adk(y))'.

t—0
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We consider the left hand side of (3.3). Since

^ M ( a ( X  +  I f )
d

=  Ad(a(x)2) — Ada(2t)
t= о t= о

± Adm

=  Ad(a(x)2) — Exp 2tj • adX  
j - 1

=  Ad(a(x)2)2adXi 

= 2Ad(a(x)2)adXi if 1 < / <  q\

8  j2”= яьЕхр E ь ай (¥ ч  -
j=q+l

t - 0

8

t=o
t= 0

=  ad(Yai -  Y1QI) if q +  1 < l <  2n;

the value of the derivative with respect to  U on the left hand side of (3.3) at t =  0  is 

Adai ■ Adk(x) - 2Ad(a(x)2)adXi • (Adk(x))'(Adai)' if 1 < l < q\

Adai • Adk(x) • ad(Yai — Y- a i) • Ad(a(x)2)(Adk(x))'(Adai)' — Adai • Adk(x)-

•Ad(a(x)2) • ad(Ya, — Y - a,)(Adk(x))'(Adai)' if q +  1 < l < 2n. 

Combining the previous equalities, we have

Adk(y)
2 n

E d s j
dti

ad(Ya j - Y . a .)-Ad(a(Y)2)

2 n

-Ad(a(Y?) Y ,
3=9+1

t = 0

d s j

д й
t - 0

ad(Yai -  Y . aj) +Ad(a(Y)2)2 ]T
j =i

8 s  j

д й
adXj

<=o

Adai • Adk(x) • 2Ad(a(X)2)adXi ■ (Adk(x))'(Adai)', if 1 < / <  qr;

=  { Adai ■ Adk(x)[ad(Ya, -  У_а |) • Ad(a(x)2) -  Ad(a(x)2)ad(Ya, — У -а()]- 

(Adk(x))'(Adai)', if q +  1 < l < 2n.

(Adk(y))'

(3.4)

Letting t  =  0 at (3.3), we get

AdaiAdk(x)Ad(a(x)2)(Adk(x))'(Adai)' = Adk(y)Ad(a(Y)2)(Adk(y))'.

Taking the inverse on both sides, we have

(Adai)-1 (Adk(x))Ad(a(x)~2)(Adk(x))'(Adai)-1 =  Adk(y)Ad(a(Y)-2)(Adk(y)) '. 

Multiplying the right hand side of the previous equality to the left hand side of (3.4), and
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the left hand side of the previous equality to the right hand side of (3.4), we get

2 n

Adk(y)Ad(a(Y)~2) £
з=ч+ 1

d s j
dti

ad(Yaj -  Y -a .)Ad(a(Yf)(Adk(y)y -  Adk(y)
t = о

2 n

3=Я+ 1

d s j
dti

—, Яо .
ad(Yai -  Y„aj) ■ (.Adk(y))' +  Adk{y) • 2 £

t=o j= l
dti

adXj(Ad(k(y))'
t=о

{ (Adai)-1 Adk(x) • 2adXi(Adk(x)Y (AdaiY, if 1 < /<<?;

(Adai)-1 Adk(x)Ad(a(x)~2)ad(Yai — Y -ai)Ad(a(x)2)(Adk(x)Y (AdaiY 

— (Adai)~1Adk(x)Ad(a(x))2ad(Yai — Y - ai)(Adk(x)Y(AdaiY, if q +  1 < l < 2 '$ '^  

For any X  E 51, we have

Ada~1(X)adY0llAda(x) = ad(e~adXYai) =  ad(e"e,^>Fei) 

because [X, Yaj ] =  a j(X )Yaj holds for all X  E QL. Similarly

Ada~1(X)adY^aiAda(x) = ad(eai^ Y ^ ai).

Therefore
e —2а ,(У )  _  e 2 « ,(Y )

Ad(a(Y)-2)ad(Yaj - Y - a .)Ad(a(Y)2) = ----------- ------------od(Ya i+ Y - ai)
е -2 « ,(У ) . в2«|(У)

+ ----------- ? --------- ad(Yai +  y_ai);

Ad(a(X)~2)ad(Ya . - Y - a .)Ad(a(X)2) =
e - 2 a , ( X )  _  e 2a , ( X )

ad(Ya, + Y -ai)
р - 2 а , ( Х )  , p2 a ,(A )

+ ----------- f --------- ad(Yai +  y_ei).

Substituting this formula into (3.5), we have

Adk(y)
2 n

E
i=q+l dti

e-2MY) _  g2a,(V)

(е-««(У) _  e«,(K))2

{
0

«г(У„,-У_«,)) + 2 £ ^

a d (y a , +  У_а ,)

CLctjfcj
t=0

(А »(У )0

2(^dai) 1Л^/г(а:) • adXi(Adk(x)Y (AdaiY, if 1 < Z <

(^ d a i) ,_1^dA:(a:)
e-2ai(X) _  e2ai(X) (g-a:i(X) _  eai(X)\2
----------- ------------ ad(Yai +  У-о:,) 4-------------- r------------

ad(Ya i  y_a() (Ad^l:(а;))'(Лdal),, if q +  1 <  l < 2n.
(3.6)

y>:g+i "ЬУ—a,+i j ' ‘ ‘ > ^агп агп } *s ^ hasis of 'P, and {У*9+1 У -ад-|-1 > ‘ ’ , У*2п
—У -а2п} is a part of a basis of /С, V  and /С are invariant subspaces under the adjoint 
representation of К  in Q. When we choose the basis of Q as above, the adjoint representation

matrix of к E К  on the column vector can be expressed as ( ~ ), where k\ is acting
\  0 k2 )

on V, and k2 is acting on K.
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Let

B ( Y ) =  diag |e a»+1(y ) +  • • • ,e  +  e « 2»(T)J >

C'(Y’) =  diag , - -aq+i(Y) _  e a.q+i(Y)  ̂   ̂g-0!2n(Y) _  еа 2п(У)

Taking the basis {-X̂ i, ■ ■ ■ » 5/ae+1 +  YLq,9+1 , • • • , leg,, +  Y—azn, Ta4+1 TL0!(|+1, • • • , Yazn
Y - a2n,- • •} as coordinates, then the left hand side can be expressed as

dsi ds2n dSq+x ds2n n . . .  (A
d t i ' ’ dti dti ’ ’ dti )u

/ 2  I q 0 0 0 \  ..
0 Ш у )с (у ) 0 0 f k i { y )
0 0 |С (У )2 0 V 0

V 0 0 0 i )

Since ax G A, we have ax =  expR, R  =  rjX j  € 21. If d\ is the adjoint representation
j = i

matrix of a^"1, we have

Ad(a^)ad(Yaj -  Y - a .)Adai = \ ( e ~ a^  _  e<*i(R))ad(Yaj +  F_a .)

+  +  eaiW)ad(Ya . -  YLa .),

Ad(a^)ad(Ya . + Y ^ ) A d ai =±(е~а^  + ea^ ) a d ( Y a. + Y_a .)

+ -  ea^ ) a d ( Y a . -  У_*.),

Ad(a^1)adXjAda,i =adXj.

Relative to the basis of Q, we get

d i

Then the right hand side of (3.6) can be expressed as

2ei r  ? ч )  ox, if 1 < l< q \\  0 k2(x)J

Q  (e-2««(*) _  e[ + L _  e«i^ У е 2п+1.

( I q, 0, 0 , ° \
0, \  B ( R ) , i  C(R), 0

o, iC(R), 5 B(R), 0

\ o , 0 , 0 , I J

ki(x) 0
f M  0 k2(x) ] a i ’

i.iq + 1 < l <2n.
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Combining all these results, we have
dsi
att ’

9si 
9 t2„  ’

/ 2  Iq

dS2n 9s„+1 9s2n o,ati > 9ti ’ > 9ti >

9s2n 9sg+i . . ds2tl 0,at2n ’ dt2n ’ ’ at2n > t=0

0 \B (Y )C (Y )
0
0

0 \

0
0

|  C {Y ?  0

“ (

0
V о

2 Iq 0 0
О Ш Х ) С ( Х )  \ C { X f

I )

( h  (y) ^ 0
V 0 k2(y)

fcx( X )  0 

0 fca(X)

A 0 0 0 \
0 1 B(R) \C(R) 0
0 i c m I  B(R) 0

V ° 0 0 I )
Prom the previous equality we get

- (

dsi
dh >

dsi
Э*2п’

9s 2J3,dtl

’ 9 t2n /  t= 0
0° | В ( Г ) С ( Г ) ) ^ ^

, ) * ( * ) ( { •  , . ! L U ' 0 .)О ± В ( Х ) С ( Х ) ) К" Л 1 \  0 L B ( R ) ) ^ \ o  \C ( X fE ( x ) \C ( R ) )  ' (}7)

where E(x)  is the 2n — q square matrix which consists of the first 2n  -  qth. rows and columns 
of k2(x).

Taking determinants on both sides of the previous equality, we have

d ( s u • ' j ^2гг)
a ( t b - ' ) 2̂71) t=о

2«А *(1в(У )С (У ))

0
= 2 M e t( lB (X )C (X ))d e ,( lB (B ))d e t( j l W +  ( °  D(x)E{x)D{R) 

where D (X)  =  C (X )B (X )~1. After simplication, (3.8) becomes

a (sb - ' > 92n)
a ( tb - ' 1̂ 2n)

(3.8)

(3.9)

where

A(x,R) = ki(x) + 0 0
0 D(x)E(x)D(R)

Prom (3.1), (3.2) and (3.9), we get

a ( v i , - - • , V 2n) _  0 ( u r ,  • • • , V 2n ) d ( s u - - ■ j s 2 n ) /  5 ( t * i , - - ) ^ 2 n )  \

а (г * 1 , -  • ■ ) ^ n ) t= o ' 5 ®2n) t = 0 " »^2n) *=o \  ^ (^ i>  ‘ ' > ^2n ) / t=о
4 l - r f-пьj= i

^ ( Ш х и < 7 ( Х ) )
X) • A(77i, • • • ,vq)A '(Xu- ■ ■ , A,) det(i j3 ( y ) i c (y ) )

det(^2?(i?)) det'(A(®, R)). (3.10)

det ^  ф 0, since <£ai is a biholomorphic mapping and 7̂  0. (3.10) is a
continuous function on M . Let X  —► 0, the limiting values on both sides exist. The limiting
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value of right hand side is nonzero because the left hand side is nonzero. Therefore

lim d e t( Ic (X ))A “ 1(Ai,- - ■ ,At )

9
is equal to a constant, and denote it by cq. Taking X  — sD, D = Y1 djXj,

i=i

lim _  e«((s£>)) =  _ adD )
s—*o s 2

hold for any D  G 21. But lim 7 tanh sola — ola. We have 
J s-*0 8 3 3

l im d e t( ic (sD ))A  1( ta n h sd i,• • • ,ta n h sd g) =  (—l) 2” q
s—>0 2

2 n

П  ,dq)
j=9+l

for any D G 21.

We get the value of A{d\, • •
2 n

,d 9) =  ( - l ) 2̂ -9c0 П  aj(D). Set
j - g + l

We rewrite (3.10) as

9
аДж) =  tanh xraj (X r ).

r—1

d(vi,- • ,*>2n)

d(uu - ' t ^ 2 n )

f r l z ^  TT М П  de t( |B (X ) • §<?(*)) 
M  1 -  Ai  M i  det{\B{Y)  • iC(X))

■det(^B(R))det(A(x,R)).
z

Finally we have
T h e o re m  3.1. Suppose M  C Cn is a bounded, symmetric domain which contains the

origin, and it is the canonical realization of the Hermite symmetric space G /K . I f  z  G M,
ч

then z — £(exp Ad(k)X •О) is the realization of G /K  onto M  where к G К , X  =  XjXj G
j= i

9
Ш, О = eK  is the identity coset in G /K . I f  аг =  exp R  € A, R  =  £  r jX j  G 51 and фа1

3=1
denotes the holomorphic automorphism corresponding to a\, which maps z = (zi, • • • , zn) to 
w = (wi,- • • , wn), where

g
z =  £(exp Ad(k(x))X • O), k(x) G К, X  = ^  ХзХ з e

3=1

™ =  £(exp A d { m ) V O ) >  k ( y ) e K ,  Y  = E v ^ e H l ,
3=1

then
d ( w „ - - , w a) 2 A  1 - 1 ?  f y  3 j(y )  d e t ( ^ ( X ) t C (Af))

9 ( * i . - . * » )  M  1 -  Ai Э Д  d e t( lB ( r ) lC (y ) )

.d e t( |B (B ))d e t( lA (x ,B )) , (3.11)

where Xj = tanh  Xj, rjj =  tanh y j , j  — 1 , • • • , q; {«j , j  =  q +  1 , • • • , 2n} ore nonzero positive
roots of adjoint representation of 51 m С/, г.е., [X, Ya j] =  otj(X)Yaj holds for any X  G 51,
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where Yaj is the corresponding eigenvector of nonzero positive root aj,

B (X )  =  diag [e~a*+lW  +  e“*+l(x ), • • • +  e“2n(x)

C{X) =  diag 

and A(x,R)  =  ki(x) +  ^

g * g P^2n( )̂ _ g®2n(-^)

:D ( * ) B ( V w ) ’ ° {X) =  C m B {X )~1’ E(X]  iS а ‘Ы ~ Ч

matrix which consists of the first 2n  — qth rows and columns of the matrix k2(x), k(x) —

( ki(x) 0 j ^  adj0int representation matrix ofk(x) G £  inQ;x — (x„+i, • • • , Ж2п)> 
0 k2{x)J

У ~  ( V q + i r  • ' ,У 2 п ) -

§4. Bergman Kernel Function and the Jacobian of Fb
If z — £(ka • O), where к € К , a € A, О = eK  is the identity coset in G fK ,  then

K M{z, z)
=  |de t Ji>ha{Z(ka ' ° ) ) \2 =  |det J^ o(^(a-O ))|sK M(0,0)

Taking x  =  0, R  =  —X , Y  = R  + X  =  0 in (3.11), we have

О Т = П  т ^ л ?  . I T  4 o ( - 1)S” " d e t ( ^ ( j r ) ^ ( x ) )

det(-B(X )).det(A (0, - X ) ) .  
z

Obviously,

d e t(A (0 ,-X )) =  d e t ( / - ( °  в ( ^ )2) )  =  d e t ( / -  B (X )2) =  d e t ( i s ( X ) ) - 2.

For any point z — £(ka(X) • O) G M , we can choose k, X  such that a 'j(X ) >  0, j  =  
q +  1, • • • , 2n. Then we have ,

Ш"*!ад>ПгЬ,п%2 n n - q

=  П г ^ л ?  Пj = l  3 j = q + l

j=q+1
2n  e « i ( X )  _  e - a j (X )

2 a j(X )
(4.1)

But

since

e<Xj(X) _  exp (£»Н-Я(гай'
e2xj =

1 +  A j

p№ )

® j ( J 0  — J[ ®fc®j(-^fe)-
fe=1 

2 n2n q /  \  p(Afc) 2n
Hence JJ e“J'W  =  ( f^x* ) where 2p — aj- Thus

j = q + i  k= l  '  k ' j*=q+1

# м ( М )  Д  (l +  A f e ) ^ ) - 1 ^  1 -  e - 2<*jW _
^ m (0 ,0 )

-г- r  J- ~  с  -  ТТП
11+1 S ,(X )  Ш  *> •

(4.2)
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T h e o re m  4.1. The Bergman kernel function of M  can be expressed as (4,1) or (4.2), 
where bf. =  тах{р(сгХ*.), <r € W}, W  is the Weyl group o fG /K .

Let X  —> 0 at (3.11). Then
2 g 2 n 1

“ I B 1 - * ? )  П
2 -0  j= i i= 9 + i

я
where R =  rjX j  € 51, 0,- =  tanhr,-, j  — 1, • • • , q. If Fa is the normalization of фа, then 

i = i

d(wu •• • ,«>n)
5(21, •• ■ > гп)

I (2)| П (1 _ л?)а?,(х)(1 - ф а , ( Я )

. d e t ( i i ^ c m ^ № № )) 

d e t( |B (y ) |C (y ))
By Theorem 3.1,

|det JFa (z)I2 =  Д 'Д— det(i4.(x,R)),
1 K m (  0,0) K m ( v , v )  det(±B(Y))

where

e = Z(ka(R)-0), v = £(ka(Y) • O).

Let a i =  a i(il)  approach to infinity along the geodesic exp ti?0. 9 = £(ka(R)-0) == £(fcai •
П

O) tends to  a point b on the characteristic boundary of M  if and only if M ^ o ) i  ф о.
i=9+1

In particular, we can take R q such th a t aj(Ro) <  0, and then letting R  =  tRo, t  —► oo we 
get a point b at the characteristic manifold of M. The mappings Fa —> Fb, and

| * l M f  =  lim Urn АЦЛ<гГ,иЬ)):
1 bWI K M(0r0)e-+bKM (v,fj)t-+<*> d e t( | £(Y ))

In particular, we take 2 =  £(a(X) • О). Then

А (ж , Д )  =  /  + 0 D(X)D(R)
Because Z)(i?) —► J when R  =  tHo, * —> + 00, we have

2 e - “ i W
Hm det(A (S,ti?0)) =  det ( l  +  D ( x ) ) )  =  det(J +  D(X)) = Д  e«,(X) + 'e-«HX)*t—*oo

Moreover,

,1
d e t t iB C X jis t tf io J J d e t- 't iB C r ) )  =  Д

j = q + l
,2n

since T  =  X  +  1R0. The right hand side of the previous equality is -—-— ±S-i-

when t —* + 00. Finally, we have

2(e~aFx+tR0) £aj(x+tRQ)̂  

2n
П

J=9+l 2e

\JFb{z)\ = ! ’!? lim ■ I K m ^
^ м (0 ,0 ) у KMiViV)

, when 2 =  £(a(X) • O).
T h e o re m  4.2. Assumptions as Theorem 3.1, £hen (4.3) holds where в =  £(ka(R) • O)

(4.3)
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§5. Distortion Theorem for Bihoiomorphic Convex 
Mappings in Classical Domain of Type IV

We can use Theorem 4.2 to evaluate the lower bound of C(S) in classical domain of type 
IV.

If Riv  is the classical domain of type IV which is defined as

1 +  |ti»w'|2 — 2ww' > 0 , 1 — \ww'\ > 0,

where w = (w\, • ■ • ,wn) e Cn. The linear transformation z = wP0 where Pq =  

0(« Я y / 2 A J
transforms Riy  onto M, where

M  =  {z =  e"(Ab  A2,0, • • • ,0 ) k e C n,k  = Р0_1ГР0, Г € SO(n), |AX| < 1, |Aa| <  1},

and it is the canonical realization of R\y.
The Bergman kernel function Kiy(w,W) of Rjy is 

1 1
777П—г ‘ т;— ■■ — a (V(Rrv) is the volume of Piv)>
V(Riy) (1 +  |«ш '|2 -  2йш ')п v v ' •

where w = zP0 =  A2, 0, • • • , 0)Р0_1Г =  eie (-л1+^2 , ±(дх _ *A2), 0, • • • , 0) Г, i.e.,
1 1

K ^ w )  y ( jR lv )

Because the difference between K\y{w,w) and K\y(z, z) is only a constant, we have

(5.1)

I k m (Q ,9 )

•-ь  V K m (v , П) * “  V С1 " *?)"(! -  $D n ‘

Since щ = we get

1 ~  Vj _  (! ~  Vj)(l +  Vj) 0- ~  A j)(l -  0j)( 1 +  Aj)(l + 9j) _  1 ~  ^j
i - o ]  1 - 0 ]  ( i - q w  + w *  U  +  W

The right hand side approaches (1 +  A3)( l — Aj)-1 when Qj —> 1. We obtain

IК м (0,0) _  ( (1 +  Ai) ( l  +  A2) 
h V )  V ( ! -[Ж.)у

lim  T. . и Km {v, Ai )(1 -  A2)
(5.2)

( Ву ТЬеогещ 1.1, (5.1), Theorem 4.2 and (5.2), we have 
T h eo rem  5.1. Let S  be the family of normalized holomorphic convex mappings in R\y 

which map R\y into Cn. I f  f  € S, then
{(liM); o„

Г n ( l - A ^ s b ?  
j = i_________________

f j n  a  + .а д ° ‘<5,+}
i-rximl

n a + A , ) 0 ***)-»
< | det Jt {z)\ <  1=5---------------------

П  (1 -
j=l

(5.3)

^ t i s p e s

where z  =  eie ( ^ ± 4  §(АД -  A2),0, • • • , 0) Г, Г € SO(n),  1 > Ax >  A2 >  0, and C4(S)

п я ...
.(p ,v 0 u 'A

£t
Ajl Л е  b^clus|ons in the th^prjem arp proved, except the right hand side inequality of 

(5.4). We can prove it as follows:

(5.4)
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Let /  G S, f ( z )  = z + Y^dijZiZj H-----. Then F(z) = \ ( f( z )  +  f ( - z )) belongs to the

image of Riy  under f(z ) .  Let <j>(z) =  f ~ 1(F(z)). Then ф is a holomorphic mapping which 
maps M  into M. Obviously,

h i

and ф(ггвг +  Zj6j) = 2dijZjZj +  • • ■, when i ф j .  Take z =  +  zjej such that z =
elt(X, 0, • • • ,0)Г, Г G SO(n). It is always possible because we just take Ai =  A2 =  A in the 
expression of z . There exists 9 such tha t z — Xezt cos + Xezt sin 9ej. Then (z* ej +  Zjej) =
2dijX2 cos в sin 9e2zt +' • • • .  Multiplying it by e~2it, and integrating from 0 to 7r, we get 
Ш I t  +  Z j e j ) e ~ 2ztd t  = dijX2 sin 20 € Riv- Taking 9 =  f ,  we have |A2d-^ | < 1. 
Letting A —> 1, we get | c ^ |  <  1 when гф  j .  Similarly, we can prove \d[^\ < 1. We get the 
right hand side inequality of (5.4) by the definition of C ^S).

C o n jec tu re  5.1. C ^ S )  =  the convex mapping Fb(z) which we construct at Section 4 
is an extremal mapping.

If the conjecture is true then (5.3) becomes
2 2

П а + А л -  < idet j / w i  < Ш 1 -  Aj)‘ “
i = 1 3=1

§6. Distortion Theorem for Holomorphic Convex 
Mappings in Exceptional Classical Domains

Now we consider two exceptional classical domains. Let R y С C16 be the canonical real­
ized exceptional classical domain in C 16 and Ryi С C27 be the canonical realized exceptional 
classical domain in C27; let Ky(z, z) and Ky\(z, z) be the Bergman kernel functions of Ry  
and R y i respectively.

By Theorems 1.1, 2.1 and 4.2, we have
T heo rem  6.1. I f  S  is the family of normalized biholomorphic convex mappings on Ry  

which map R y  into C 16, and f  € S, then

K v (z ,z )
K y (  0 , 0)

1 — |tanh Xj I 
1 +  |tanh Xj I

C5(S)

< |d e t Jf{z)\ <
K y(z ,z )  [ -Д  1 +  |tanha:j| 
Ky{0,0) 1 \  _  |tanhajj|

Cs(S)

(ел)

a n d

1) C5(S) < 31,

l+|tanh X j  I 
|tanh X j  I2) lim  J K v m  <  [ П  i ±

Z) n V ' K v M  s  1 -

3 ) lim  /  К у{в ,ё)  у  f  T-T l - | t a n h a ?-
6 '  еЛ ь  V  Kv(r),v) -  l 11 l+ |ta n h  xj

Cs(S)

C&(S)
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where
&

0 =  £(kia(R) • О) =  (01,02,0, • • • ,0)&i e R y ,R  ~  ŷ r j X j , 0 j  = tanhry,
5—i

2

V = № « 0 0  • O) =  (m,V2,0, • • • ,0)%2 € R y ,Y  = ^ V i X ^ V i  =  tanhyj,
i = i

■2

г =  i(kza(X) ■ О) =  (Aj, A2,0, • • • ,0 )k3 e  R y ,X  =  'sjT^XjXj,Xj =  tanha;,-,
3 - i

and

Vj = A , + *j -, i  =  1 ,2 ;
1 +  ^jOj

b is a point in characteristic boundary of R y .
C o n jectu re  6.1. The mapping Fb which we construct at Section 4 is an extremal 

mapping of (6.1).
Similarly, we have
T h eo rem  6.2. I f  S  is the family of normalized biholomorphic convex mappings in Ry\ 

which map Ryi into C27, and f  G S, then
Ce(S)

j Kyi ( z , z )  ( -Л 1 -  |tanhXj\ 
K y i(0,0) l ДА 1 + |tanha:j|

И Л .  r t ~\i ^  Kvi(z,z)  / TT 1 +  ltanhsjl<|det J,(*)| < I I l r q s ^ i
Ce(S)

(6.2)

and
1) C6(S) < 53,

l+ lta n h  x-j | 
- |tan h  Xj |

o') l im  . / Kvi(e,S) <  f  A  i ±
l )  в ™ V  K vi{v,v) S  i -

3 ) l im  n $ v jS £ £ I  >  [ Г7 1—|ta n h x , \  | 
6 > e ™  У К У 1 Ш ) ~  l Д  l+ ltan h ^ -1  I

and

0 =  €(kia(R) • О) =  (6i,02)^3,O, • • • ,0)ki € R y i,R  =  ^ rjX j,0 j  =  tan h rj,
j=i

з
V =  £(&2а(У) • о ) = (771,772, 773,0, • • * ,0)k2 G Ryi,  Y  = yjXj,rij = tanhj/j,

i=i
3

2 = £(k3a(X)  • O) =  (Ai, A2, A3,0, • • • , 6)*s G #vi, AC =  ^ X j X j ,  Xj =  tanh Xj,
3=1

Xj + 0j
^  =  T v x ^ j '

j  — 1,2,3;
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b is a point in characteristic boundary of Дух.

C o n jec tu re  6.2. The mapping Fb which we construct at Section 4 is an extremal mapping
of  (6.2).

Prom the process of the proof of Theorem 1.1, we can get a more precise form of the 
theorem.

T h eo rem  6.3. Assumptions as Theorem 1.1, then

K m (z , z) A  ( 1 -  |tanhsp|\ Cp(S) 
K m  (0,0) -Ц \ 1  +  |tanh®p| /

3 -L

<| det J f ( z )| < K m (z , z ) A  / 1 +  [tanhffpl 
K M(0,0) “  \1  -  |tanha3p|

CP(S)
(6.3)

holds where CP(S) =  sup{| € -S'}.
j

Let Aj  =  ta n h Xj, j  = 1, • • • ,q. For Лjej +  A/e* <E M,1 < j,l  < q, if there exists к e K, 
such that (Ajej + Aie{)k — Xiej + Xjei, then Cj(S) = Ci(S), and the estimation formula 
(1.4) cannot improve.

If S  is the family of normalized biholomorphic mappings, then

Д / l_ - | t a n h ip |X c -(s> 1К м №  ,  А  А  +
* *  V1 +  |tan hxp\)  о->ъ у K M(v, v) V1 ~  ltan b хз \)

where
_  9

9 — £(ka(R) • O) = (9i, • • • ,9q, 0, • • ■ , 0)fc, R  =  TjXj,9j  =  tanhr-j-,
j = i

V =  €(ka(Y) • O) ~  (??i, • • • , Щ,0, • • • , 0)%, Y  = ]T VjXj,Vj = tanhy,,
3=1

and

Vj
_  зXj  +  Bj

1 +  Xj6j j  =  1,

b is a point in the characteristic boundary of M.

Finally, we make a conjecture for the distortion theorem in bounded symmetric domains 
as follows.

C o n jec tu re . Let M  C Cn be a bounded symmetric domain which contains the origin. It 
is the canonical realization of Hermite symmetric space G /K . S  is the family of normalized 
biholomorphic convex mappings which map M  into Cn. K m ( z , z ) is the Bergman kernel 
function of M . For any z  € M , z can be expressed as

z  =  £(ka(X) ■ O) =  £(exp Ad(k)X ■ O) =  (Ai, • • • , A,,0, • • • ,0 )fe,
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where X  = xj Xj ,  A j = tanh Xj. I f  f  e  S, then 
i=i

IKM(z, z ) lim к м(е,ё)
Х м (0,0) V K M(vw ,v w )

lim \L Kr ,fK V к м ( 0 , 0 )  в г , - ,eq- > - i  у
(6-4)

where

в =  £(ka(R) ■ О) =  (9\, • • ■ ,0q,0, ■■■ ,0)k 6 M ,R  = ^ rjXj ,0j  = tanhr,-,
i=i

rjW = £(kia(Yi) • O) = ) ilq\0, • • • ,0)fci € Af,

у* = X) y f xi> = tanh > г = 1>2>
j=i

( i ) . H M i i  „<2) _ J M ± A  , = i ... „
“  1 - 1 Л Л ’ _ 1 +  |А # , ’ J '■

The estimation (6.4) is precise, the mapping Fb(z) which we construct at section 4 is an 
extremal mapping. Fb(z) makes the equality of (6.4) hold.

If M  is the unit disc, the conjecture is true.
If M  is the ball, the conjecture coincides with the conjecture at [3].
If M  is a classical domain, the conjecture coincides with the conjectures at [2] and at 

section 5 of this paper.
If the conjecture is true, then the distortion of normalized biholomorphic convex mappings 

can be expressed by Bergman kernel function only.
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