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EXTENSION OF MULTIPLIERS AND 
INJECTIVE HILBERT MODULES

L in  H u a x in * * *

A b stra c t

The author studies the problem whether a multiplier of a hereditary C*-subalgebra В  of a 
C*-algebra A  can be extended to a multiplier of A. One related problem is the Hahn-Banach 
extension theorem for Hilbert modules over C7*-algebras. It is shown that every self-dual Hilbert 
module over W*-algebra or an injective C*-algebra is injective.
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§0. Introduction
Let A be a C*-algebra, В  its hereditary C*-subalgebra and x a multiplier of B. A natural 

question is whether x  has a norm preserving extension to a  multiplier of A. It is a non- 
commutative analogue of the following: Let X  be a locally compact Hausdorff space, 0 an 
open subset of x  and f  a bounded continuous function on 0, can /  be extended (norm- 
preservingly) to a bounded continuous function on x  ? There is another non-commutative 
version of this problem: If В is a hereditary C*-subalgebra of A and x is a left multiplier of 
B , can x  be extended (norm-preservingly) to a left multiplier of A?

In the first section we study these problems. It turns out that the first problem is related 
to the problem whether a bounded А-module map from a right ideal В  to A can be extended 
(norm-preservingly) to a bounded А-module map from A to A? A further problem is whether 
the Hahn-Banach extension theorem holds for Hilbert А-module: if Y  is a Hilbert A-module, 
X  a  Hilbert A-submodule of Y  and a bounded А-module map from X  to A, is there an 
А-module map ф from У to A such that

\\ф\\ =  \\<p\\ and ф\х =  tpl

As in homology theory, the notion of injectivity was introduced in category whose objects 
are Banach modules over a (unital) Banach algebra and whose morphisms are contractive 
module maps, and the existence and uniqueness of injective envelope of a Banach module 
was proved by M. H am ana^. M. Hamana^7, Proposltion and M. Takesaki^17! also showed 
th a t the only unital C*-algebras tha t are injective as injective Banach modules over itself 
are commutative AW*-algebras. In section 2, we shall study the corresponding problems for 
Hilbert modules over C*-algebras. We show that self-dual Hilbert modules over W'-algebras 
and injective C*-algebras are injective. Therefore the Hahn-Banach extension theorem holds

Manuscript received September 3, 1989.
*Department of Mathematics, East China Normal University, Shanghai 200062, China .



388 CHIN. ANN. OF MATH. Vol.14 Ser.B

for those Hilbert modules. We also show that the only injective Hilbert modules over a W*- 
algebra are self-dual Hilbert modules. Existence and uniqueness of injective envelopes of 
Hilbert modules over a W*-algebra is established fit the end of the paper. It is interesting 
to know that Hilbert modules over non-AW*-algebras may not have injective envelopes. 
Applications of these extension theorems can be found in [11].

We shall denote by A** the enveloping W*-algebra of C*-algebra A, M(A) the multiplier 
algebra, the set

{x in A** : xa, ax in A for a in A},

LM (A) the left multipliers, the set

{x in A** : xa in A for ain A}

and QM(A) the set

{ж in A** : axb in A for a, b in A}.

§1. MAW*-Algebras and Self-Injective C * -  Algebras
Let A be a C'*-algebra. We consider the following extension properties:
(1 ) For every hereditary C*-subalgebra В  of A and x  in M (B) there is a у in M{A) such 

tha t yb =  xb, by =  bx for all b in В  and ||ж|| =  ||y||.
(2) For every hereditary G'*-subalgebra В  of A and x  in LM (B) there is a у in LM(A) 

such that yb =  xb for all b in В  and ||x|| =  ||y||.
D efin ition  1.1. Let R  be a closed right ideal of A. A linear map if ip : R  —>■ A is called 

a module map ip{ra) — <p(r)a for all a in A.
We have the third extesion property:
(3) For every closed right ideal R  of A and a bounded module map <p : R  —► A there is a 

module map ф : A —> A such that ф(г) =  (p(r) for all r in R  and ||<p|| =  ||v?||.
D e f in i t io n ! .2. A C*-algebra A  is called an MAW*-algebra if M ( A) is an AW* -algebra.
E x am p le  1 .1 : An abelian C*-algebra A =  Co(X) is an MAW*-algebra if and only if X  

is Em extremally disconnected space.
T h e o re m  1.1 A C*-algebra is MAW*-algebra A if and only if it has the extension 

property (1).
P ro o f. We first assume that A is an AW*-algebra. Suppose that x E M (B )s a and 

||ж|| < 1. Define rn =  (l/2 )(2 /3 )n . Then ||ж|| < 3rx. Inductively, given xn in M (B)s.a. with 
||®n|| <  3r„ , define

, , Pn ==B'(—oo ,—r„)(x n ) t  PnP =  Щ —op,—rn]{x n)i

1 Qn = E[rn ,<x>)(x n ) i  Qn ~  Е(гп,оо){х п)

(the spectral projections corresponding to the sets (—oo, —r n), (—oo, —rn], [rn ,oo) and 
(rn, oo) respectively). Then pn and qn are open projections of A; p'n and q'n are closed 
projections of A. Let Bn,Cn, B n and Cn be the hereditary C*-subalgebras of A correspond
ing to pn,qn, l  — q'n and 1 — p'n respectively. Suppose tha t R n is the right ideal of right 
annihilators of Cn. Then Rn = enA, where en is a projection in A (see [9, Theorem 2.3]). 
Clearly,

Pn+ 1 ^  Pn  ^  ^  Pn-
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Similarly there is a projection f n in A  such that qn+i > q'n > fn >  9n- Accordingly, define

9n ~  f'n^n Tnfm then \\gn\\ ^  rn.

We now define xn+i =  xn — gn. Suppose that В  =  pA**p П A, where p is an open 
projection; then

9n < en +  fn  < Pn+1 +  9n+1 < P-
Hence xn+i is in M {B)s.a. and ||®n+i|| <  2rn =  3rn+i. This completes the induction step. 

Now put

*= E  *■
l< n < o o

Then ||y|| <  1 and у £ A. For every bin  B.

( =  ~  =  (®i ~
1 < г< п  l < i < n

Since ||ajre+i|| —> 0, yb — xb for every 6 in B.
If A  is an MAW*-algebra,, then M{A) is an AW*-algebra. If В  is a hereditary C*- 

subalgebra of A  then В  is a hereditary C*-subalgebra of M(A). So the conclusion follows 
from what we have just proved.

Now we suppose tha t A  has the extension property (Г). Assume that В  is a hereditary 
C*-subalgebras of M (A), В  =  pM(A)**p П M(A). Set

B x  =  {x e  M (A) : xB  =  B x  =  0}.

Then

B x  =  qM(A)**q П M{A) 

for some open projection q of M (A).
Clearly p  i  q. Let 7Г be the universal representation of A. Then 7Г acting on M(A) is 

faithful. Thus there are open projections (of A) pi and q\ such tha t 7r(pi) =  7r(p) and 
7r(gi) =  7Г(q). Moreover p\ _L qi. Set Bi =  piA**pi ПА and C± = q\A**qi ПА. Then В г +Ci 
is a hereditary C*-subalgebra of A  and Pi,qi £ M (B\ +  Ci). Therefore there is a и in M(A) 
such tha t ud — p\d  and du = dp\ for all d in B\ +  C\, and и — 1 . It follov/s that

uPi — Piu — Pit uqi = qiu = 0.
Thus и £ (В -L)J- and и is a unit for B. It follows from the proof of [15, Proposition 1] that 
M (A) is an AW*-algebra.

D efin ition  1.3. A C*-algebra A  with the extension property (3) is called a self-injective 
C*-algebra.

P ro p o s itio n  1.1. An abelian C*-algebra A is self-injective if and only if A  =  C(X) for 
some extremally disconnected space.

P ro o f. (See [5,16.6])
P ro p o s itio n  1.2. Every W*-algebra is self-injective.
P ro o f. See Theorem 2.2.
D efin ition  1.4. Let R  be a closed ideal of A and p be the corresponding open projection 

of A in A**. Set .

LM (R, A) — {x in A** :xr  £ A fo r  all r £ R and xp = ж}.
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For x e  L M (R ,A ), define <p(r) — xr for r in R. Then <p is a bounded module map from
R  into A  and ||y>|| =  ||ж||. As [14, 3.12.3], we can show that for every bounded module map

•

p  from R  to A  there is a unique x  in LM {R , A) such that (p(r) = xr  for all r  in R  and

IMI = N .
P ro p o sitio n  1.3. Every closed ideal of a self-injective C*-algebra is self-injective and 

every closed ideal of an MAW*-algebra is an MAW*-algebra.
Proof. Let I  be a closed ideal of a self-injective C*-algebra A and R  is a closed right ideal 

of I. Suppose that ж is in L M (R ,I)  C LM (R ,A). Then there is у in LM (A,A) = LM(A) 
such that ||у || =  ||ж|| and yr =  xr for all r in R. Let z  be the central open projection 
corresponding to I. Then , clearly, LM (A)z  C LM (I)  =  L M (I,I). So yz G LM (I)  and 
у zb =  xb for all b in B.

The second statement follows from Theorem 1.1 and the above argument.
T heorem  1 .2 . Every self-injective C*-algebra has the extension property (2). Every 

unital C*-algebra with extension property (2) has extension property (1) and consequentely 
is an AW*-algebra.

Proof. Suppose tha t A is a self-injective C*-algebra and В  =  рА**рП A, where p is an 
open projection. Set R  = pA** П A. Let x be in LM (B) C LM (R,A). Then there is a у  in 
LM (A, A) =  LM (A) such tha t yr =  xr  for all r  in R  and ||ж|| =  ||y||.

Therefore yb = xb for all b in B. So A  has the extension property (2).
Now suppose that A is a unital C*-algebra with the extension property (2). Let В  and 

C  be two orthogonal hereditary C*-subalgebras of A. Suppose that p is the open projection 
of A corresponding to B. Then p is in LM (B  +  C). There is an e in M(A) +  A such that 
ed =  pd for all d in В  +  C. It follows from [15, Proposition 1.] that A is an AM*-algebra.

R em ark  1.1. Recall tha t a C*-algebra A is called an injective C*-algebra if given any 
self-adjoint linear subspace S, containing the unit, of a C*-algebra B, any completely positive 
linear map of S  into A extends to a completely positive linear map of В  into A.

T heorem  1.3. Every injective C* -algebra is self-injective.
Proof. Suppose th a t A is an injective C*-algebra, Я  is a closed right ideal of A and 

ip is a bounded А-module map from R  to A. It follows from [17, Proposition 2.8] that ip is 
completely bounded. By [17, 2.5.], both A and R  are matricial normed right A-modules. 
Then from [17, Theorem 4.1] (It works for right А-modules.), we conclude that there is a 
bounded А-module map <p : A —► A which extends p  with the same norm.

R em ark  1.2. It follows from [8, Theorem 4.1] tha t every C*-algebra has a unique 
injective envelope. Therefore every C*-algebra can be essentially embedded into a self- 
injective C*-algebra. However, since there are W*-algebras that are not injective, a C*- 
algebra may be essentially embedded into non-isomorphic self-injective C*-algebras.

§2. Injective Hilbert Modules

It is known (see [7] and [17]) that the only unital C*-algebras that are injective as Banach 
А-modules over themselves are commutative AW*-algebras. As M. Hamana pointed o u t^  
that for a C*-algebra, the category of Banach А-modules and contractive module maps is 
too large. It is then natural to consider Hilbert A-modules.



No.3 Lin, H. X. EXTENSION OF MULTIPLIERS AND HILBERT MODULES 391

D efin ition  2 .l l13K Let A  be a C*-algebra. A pre-Hilbert module over A is a right A- 
module H equipped with an А -valued “inner product”, a function ( у ) : Я х Я - » Д  with 
the following properties:

(1 ) {•, •) is sesquilinear (we make the convention that the inner products are conjugate 
linear in the first variable).

(2) (x , x) > 0; if (ж, ж) =  0, then x = 0.
(3) (ж, да) — (ж, y)a for all a in A.
(4) (y ,x } =  (x ,y )* for all x and у in H.
For x in H, put ||ж|| =  ||(ж, ж)Ц1/ 2. This is a norm on H . If H is complete, H  is called 

a Hilbert module over A.
R em ark  2.1. A C*-algebra A  is itself a Hilbert А-module with (a,b) — a*b. More 

generally, any (closed) right ideal of A is a Hilbert A-module.
R em ark  2.2. If Я  is a Hilbert module over A, its А-dual, the bounded А-module maps 

from H  to A, is denoted by Я # . Each h in H  gives rise to a map h in H *  defined by 
h(y) =  (h ,y) for у in H. We call H  self-dual if H = Я # , i.e., if every map in H *  arises by 
taking A-valued inner product with some fixed h in H. If we define scalar multiplication on 
H *  by

(A r)(h) =  A r(h)

for complex number A, r  in H #  and h in H  and add maps in H #  pointwise, then H #  
becomes a linear space. Я #  becomes a right А-module if we set

( r  • a)(h) =  a* • r(h)

for r  in Я # , a in A and h in Я . When A is a W*-algebra, H*  is a Hilbert A-module 
containing Я  as a closed (Hilbert) A-submodule (see [13] and [9]).

R em ark  2.3. Let Я  be a Hilbert А-module and Hq be a Hilbert A-submodule of Я. We 
shall denote by Hq the Hilbert А-module {ж € Я  : (ж, h) =  0 for all h in Hq}.

D efin ition  2.2. Let A be a C*-algebra. An А -module map i from Hilbert А -module H\ 
to Hilbert А -module H<i is called an embedding if (i(x), i(y)) =  (ж, у) for all x and у in Hi. 
An embedding is called an H-isometry if it is a bijection.

L em m a 2.1. Suppose that H  is a Hilbert module over a C*-algebra A and Hq is a closed 
submodule of H. I f  Hq is self-dual, then H  =  Ho +  Hq .

P roo f. Define a module map P  : H  —► H f ( =  Hq) by the following:

Ph(x) = (h, x) forall ж in H q.

The ||jP|| =  1 and Ph  =  h for each h in H q.

For every ж in Hq and h in Я , ((1 — P)h, x) =  0; in particular ((1 — P)h,Ph) = 0. 
Therefore for every h in Я ,

h = (1 — P)h  +  Ph, and (h,h) =  (Ph, Ph) +  ((1 - p)h ,  (1 -p)h) .

Thus Я  =  Я 0 +  Я^-.
C oro lla ry  2.1(see [6, Proposition 1]). Suppose that Н  is any Hilbert module over a unital 

C*-algebra and H q is a submodule of H. I f  H q is a direct summand of An for some integer 
n, then H  — H q +  H q-.
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P roof. It is clear that An is self-dual. Since Ho is a direct summand of a self-dual Hilbert 
module, H q itself is self-dual.

P ro p o sitio n  2.1. Let H  be a Hilbert module over a W*-algebra A and H q a direct 
summand of H. Then there is an embedding i from H f  into H& such that г |я0 =  *я0 and

P roo f. Let P  be the Л-module projection from H  onto H q. We can embed H q into H #  
by defining г(/)(ж) =  f ( P x ) for all /  in H q and x in H.  Define Q on H #  by Qf(x)  =  f (Px)  
for all /  in H #  and x  in H.  Thus {Qf, x) — ( /, Px)  for every f  in H#  and x in H.  We have, 
for every x  in H q,

((1 -  Q)f ,x)  =  {f,x)  -  (Qf ,x)  =  0.

For each (1 — Q)f,  define an element h in ( H f ) #  =  H f  by h(x) = {(1 — Q)f ,x ) for every 
x in i {Hf) .  Since ((1 — Q)f,  x) = 0 for all x  in Ho, h = 0. Hence ((1 — Q)f, x) =  0 for all x 
in i (Hf) .

Therefore (1 -  Q)(H#)X • Since Q(H) = i(H*),  we conclude that

R em ark  2.4. Let H  be a Hilbert module over a (7*-algebra A, Mn(H) the space of n x n 
matrices over H  and Mn(A) the algebra o i n x n  matrices over A. Then Mn(H) is an inner 
product module over Mn(A). The inner product is defined by a formal matrix product:

, fo r x,y,  in Mn(H).
UyV

H  is an L°°-matricially normed Л-module with respect to the family of norms ||ж||п =  
||(ж, x)Ц1/ 2-, for ж in Mn(H) (see [17, 2.5.] and [12, 1.14]).

Let M(H,A**)  denote the set of bounded Л-module maps of H  into A**. Then the Л- 
valued inner product on H  can be extended to an Л * * ^ а к ^  inner product on M(H,A**)  
(see [13, 3.4]). By the above definition, (M ( H , A **), {|| • ||n}) is an L°°-matricially normed 
Л**-пк^и1е. Notice that H #  is a subspace of M(H, A**).

L em m a 2.2. Let H  be a Hilbert module over a unital C*-algebra A. Then H # together 
with the family norms ||*||n is an L°°-matricially normed (right) A-module(see [12, Definition 
3.11]).

P roo f. As a subspace of (М (Я,Л**), {|| • ||n}), (Я # , {|| • ||n}) is an L°°-matricially
normed space. For each гг, if ж € Mn(H#)  and a  € Mn(A), then

(xa,xa)n = a*(x,x)na

and

IMIn =||(а:о!,жа)п||1/2 =  ||о:*(ж,а:)пО'||1/2 

< ( 11« 1 1 1 (ж.* )п ||||а ||)1/2

<IWIn|HI-
In particular, ||жа||п < ||ж||п ||а || for all a  G Mn(C). Therefore (H, {|| • ||n}) is an L°°- 
matricially normed Л-module.

(x,y)n = ^  ' {Xkui Vkv)
L к
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L em m a 2.3. Let H  be a Hilbert module over an injective C*-algebra A and r  € H #. 
Then there is a bounded А -module map f  : —> A which extends r  with the same norm.

P roo f. Let r  be in Я 3. As in [17, Proposition 2.8], r  is completely bounded and ||'r||сг> =  
||т||. It follows from Lemma 2.2 and [12, Theorem 1.14] that (# # ,{ || • ||n}) is a matricial 
normed А-module in the sence of [17, Definition 2.2]. By [17, Theorem 4.1] (The theorem 
works for right А-modules), there is a bounded А-module map f  : H # —> A  which extends 
r  with the same norm.

D efin ition  2.3. A Hilbert А -module H  is said to be injective if it has the following 
property: for every Hilbert А -module Y , a closed (Hilbert) submodule X  andY and a bounded 
А -module map T  from X  to H, there is an А -module map T  from Y  to H  such that T\x = T  
and ||T|| =  ||T||.

T h eo rem  2 .1 . Every self-dual Hilbert module over a W*-algebra or over an injective 
C* -algebra A  is injective.

P ro o f. Let H  be a self-dual Hilbert А-module. Suppose that Y  is a Hilbert А-module, X  
is a Hilbert A-submodule of Y  and T  is a  bounded А-module map from X  to H. For any h in 
H  define T*(h) in X *  by T*(h)(x)  =  (h,T.(x)) for all x  in X. So ||T*(A)(*)|| < ||T(A)||||®|| 
for all ж in X  and h in H. Hence ||T*(h)|| <  ||T||||A||. If A is a W*-algebra then, by [13, 3.2], 
the А-valued inner product (•, •) extends to X # x X #  in such a way as to make X #  into a 
self-dual Hilbert А-module. Thus T*(h) can be extended to an element in ( X#) #( — X # ) 
with the same norm. If A  is an injective C*-algebra, it follows from Lemma 2.3 that T*(h) 
can be aslo extended to an element of (X # )#  with the same norm. We use the same notation 
T*(x) for the extension. For every яз0 h* X * ,  define an element T(a3o) in H #  =  Я  by

T(x0)(h) =  T*(h)(x0) for all h in H.

Then

| | f ( x 0 ) ( h ) | |  = ‘| |Г ( А ) ( * о ) | |  <  1 Г ( А ) | | | | * о | |  <  im i||A ||U ® o ||.
It is then easy to varify that T  is an А-module map from X #  to H  such that Т |н  =  T  and
imi = urn.

Define P  : у € X #  by (Py)(x) =  (y,x) for all x  in X.  Clearly P  is an А-module map, 
||P || =  1 and P x  = x  for all x  in X.  Then T ( P ) is an А-module map from Y  to A  such that

T(P)\X = T  and ||f (P ) || =  ||T||.

The following corollary is the Hahn-Banach extension theorem for Hilbert modules over 
W*-algebras and injective C*-algebras.

C o ro lla ry  2.2. Let H  be a Hilbert module over a W*-algebra A or an injective C*- 
algebra. Suppose that Ho is a closed submodule of H  and ip is a bounded А -module map 
from Ho to A. Then there is an А -module map (p from H  to A such that

\\Ф\\ = IMI and = V-
P ro o f. Since A  is unital, A  itself is a self-dual Hilbert A-module.
D efin itio n  2.4. A C*-algebra A is called H-self-injective if A is an injective Hilbert 

module over itself.
R em ark  2.5. From [15] commutative AW*-algebras are Я -self-injective. By Corollary



394 CHIN. ANN. OF MATH. Vol.14 Ser.B

2.2 W*-algebras and injective C*-algebras are Я -self-injective. An Я -self-injective C*- 
algebra is a self-injective C*-algebra, and hence, by Remark 2.1 an MAW*-algebra,.

T h eo rem  2.2. Suppose that A is a W* -algebra. A Hilbert А -module H is injective if 
and only if H  is self-dual.

Proof. Suppose that H  is injective. Since H  is a closed submodule of H # , there is an 
А-module map P  from Я #  into H  such tha t Ph  = iH and ||P|| =  1. Clearly, P 2 = P  and 
(1 -  P )2 =  1 — P. Fix an element h in (1 — P)(H# ), define an element,hA in (Я # )#  =  H#  
by hA(x) = (h , (1 — P)x)  for every x  in H Then hA(x) =  0 for all x  in Я , i.e., hA = 0. 
Since (1 -  P)h  =  h, (h , h} = (h, (1 -  P)h)  =  hA(h) =  0. Therefore (1 -  Р ) (Я *)  =  {0}. So 
Я  =  Я #  and Я  is self-dule (see [13, 3.8]).

D efin ition  2.5. Suppose that H  is a Hilbert А -module. A Hilbert А -module Hi is 
called an injective envelope of H  if H\ is an injective Hilbert А -module, H  is a (Hilbert) 
A-submodule of Hi and there is no proper injective (Hilbert) A-submodule of Hi containing 
H.

At this point one may expect that every Hilbert module over a unital C*-algebra has an 
injective envelope. Unfortunately, this is not true. Since unital Я -self-injective C*-algebras 
are at least A IF*-algebras (Remark 2.5), we see from Theorem 2.3 that Hilbert modules 
over non-AW*-algebras may not have injective envelopes.

T h eo rem  2.3. Suppose that A is a unital C*-algebra but not H-self-injective. Then any 
Hilbert А -module containing A has no injective envelope. In fact such А -modules cannot be 
embedded into injective A-modules.

Proof. Suppose that Я  is a Hilbert А-module containing A and a closed A-submodule 
of an injective Hilbert А-module Hi. Then by Lemma 2.1, Hi =  A + A 1 . Let AT be a closed 
(Hilbert ) A-submodule of a Hilbert А-module У and tp be a bounded А-module map from 
X  to A. So 93 is a bounded А-module map from Hilbert А-module X  to Hi. Let ф be a 
norm preserving extension of <p to у and P  be the А-module projection from Hi to A. Then 
Р(ф) is a norm preserving extension of <p from У to A such that

Р{Ф)\х = V and [|P(£)|| =  IMI- 

So A is Я -self-injective, a contradiction.
T h eo rem  2.4. Every Hilbert module over a W*-algebra A has a unique (up to H- 

isometrics) injective envelope.
P roof. We shall show that Я #  is the injective envelope. If Я  C Y  С Я #  and Y  is 

injective, then, by 3.17, Y  is self-dual. Hence, by Lemma 2.1, У is a direct summand of 
Я i.e., H *  =  У +  Y x . Since for every у in У, (y,x) =  0 for x in Я  С У, Y 1 =  {0}. So 
Y  + H*.

If x is another injective envelope of Я , then by Theorem 2.2 X  must be self-dual. Define 
an А-module map r  from x  to Я * by r(x)(h) =  (ж, h). Then ||r|| =  1. Since X  is injective, 
there is a norm preserving А-module map i from Я #  to X  such that г |я  =  *н- We denote 
i(r) by Ф. Then ||Ф|| =  1. Let

X q =  {ж G X  : Ф(ж) =  ж}.

Then X q D H.  Moreover X q is a closed A-module.
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We claim that X q is injective. Suppose tha t N  С M  are two Hilbert А-modules and ip is 
a bounded А-module map from N  to X 0. Since X  is injective, there is an Л-module map tp 
from M  to X  such that

■= and ||<p|| =

Then

Ф(Ф)\* = <P and ||Ф(0)|| = |HI-
Therefore X q = X,  i.e., Ф is the identity map and hence r is an isometry from X  into H*.  
If h is in since X  is self-dual, (r*(h),x) =  h(r(x)) for all x in r(X ). On the other
hand, by Corollary 2.2 there is an hA in (# # ) #  =  H#  such that h(r(x)) = (hA,r(x)) for all 
x in X.  Now

{r(r*(h)),x) = (r*(h),x) =  h(r(x)) =  h{x) =  (hA,x) 

for all x in Я. So r(r*f) = hA. Thus (hA,y) = {r(r*(h)),y) for all у in Я # . In particular,

(r(r*(h)),r(x)) =  (hA,r(x))

for all x  in X.  Therefore r(X)  is self-dual. As in the first part of the proof, r(X)  =  Я # . 
Therefore hA =  h. Hence for each x  in H*,  by [11, 3.4],

(r*(h),r*(x)) =  (r(r*(h)),x) =  (h,x).

So r is an Я -isometry.
R em ark  2.6. AW*-algebras, injective C*-algebras, monotone complete C*-algebras, 

unital self-injective C*-algebras, unital Я -self-injective C*-algebras are all, in some senses, 
generalizations of commutative C*-algebras C(X)  with X  being stonean spaces. It is desir
able to clarify the relationship between them. Here are some questions:

1) Is every self-injective C*-algebra Я -self-injective?
2) Is every unital self-injective C *-algebra monotone complete?
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