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ISOMETRIC OPERATORS ON П* * ** * SPACES*

Y a n  S h a o z o n g * G h e n  X ia o m a n * Z h a n g  J ia n g u o *

A bstract

The authors obtain all generalized triangle models of {/-dilation of an isometric operator on 
Пк  and prove that an isometric operator on Hr  has Wold decomposition and the unilateral 
parts of generalized Wold decomposition for an isometric operator on Пк  are uniquely deter
mined up to unitary equivalence. Then a necessary and sufficient condition is got under which 
an isometric operator on IIк  has a regular Wold decomposition.

K eyw ords Pontryagin space, Isometric operator, Indefinite inner product,
Unitary dilation, Wold decomposition.

1991 M R  Subject C lassification 47B50.

In this paper, we give definitions of generalized triangle model, generalized Wold decom
position, Wold decomposition, and regular Wold decomposition of an isometric operator on 
Pontryagin space П In first section, we obtain all forms of (7-dilations of an isometric 
operator on under any generalized standard decomposition. In second section, we obtain 
two results that any isometric operator on П# has Wold decomposition and the unilateral 
parts of generalized Wold decompositions for an isometric operator on П# are unitarily 
equivalent to another. In last section, we get a necessary and sufficient condition under 
which an isometric operator on Ик  has regular Wold decomposition and give a class of 
isometric operators on IU which do not have regular Wold decompositions. Our necessary 
and sufficient condition is simpler than B. W. McEnnis’ in [3].

§1. (7-Dilation of Isometric Operator on Пк

In [1], Yan Shaozong obtained all forms of (/-dilations of contractions on under a 
regular decomposition of ILk - In [2], we showed that any contraction on П# is of the 
triangle model under a standard decomposition of П#. Naturally, we desire to find all forms 
of (/-dilations of contractions on Пк relative to a standard decomposition of П#. In this 
section, we settle this problem in the case of isometric operators on П#.

D efinition 1.1. If V is a linear operator on Uk  such that

(Vx, Vy) =  (x, у ), for any x, у e  П*, 

then V is called an isometric operator or isometry.
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Rem ark 1.1. In the case of П#, any isometric operator must be bounded.

D efinition 1.2. I}R k  =  R e® {Z + Z *}® R m such that Hi, Пш are complete subspaces of 
Rk  and {Z, Z*j is a Hilbert dual pair, then R k  =  П^ф {Z + Z * }® R m is called a generalized 
standard decomposition.

D efinition 1.3. If V is an isometric operator on П # and there is a generalized standard 
decomposition R k  =  R e ® {Z + Z * }®  Пт  such that

A
Ue

В
0

Fm

c
E
F

8~ u

Z
Re
Пт ’
Z*

(1.1)

where S : Z -> Z ; Ue : П* -> П̂ ; Vm : Rm ->■ Пт ; E : Z* -> П*; F : Z* -> Пт ; and 
T : Z* —> Z; S is nonsingular on Z\Ut is unitary on Re.; Vm is an isometric operator on 
Пт . A =  = -SFlVn,C  = -S(E*E + F*F)/2 + ST, and T = -T * provided
that Z is identical with Z*, then V =  {S,Ue,Vm,E ,F ,C } is called the generalized triangle 
model of V, where f and * denote the adjoint operations in indefinite and definite inner 
products respectively.

It generalizes [4], Chapter 3, §2.

D efinition 1.4. Suppose that T  is a contraction on Пк  and H  is a Hilbert space. If 
there exists a unitary U on Rk  Ф H, which is a unitary with respect to the indefinite inner 
product, such that

T  =  PU\RK ,

where P  is the projection from Пк  Ф H onto R k , then U is called the U-dilation ofT .

Under the generalized triangle model (1.1), the ([/-dilations of V must be of the following 
form:

- s A В c w - z
0 Ue 0 E X He
0 0 \rv m F Y n m
0 0 0 S ' 1* Q z*

.M L j К Uol H

By a direct calculation, W  is of the following form

r S - 1 Et Ft c* K*1

t/t = 0 U v i Rt Jt
0 0 0 S* M*

. Q* X t Ft w * Щ J

UU* =  I  is equivalent to the following equations: 
S S ' 1 +  WQ* =  I,
XQ* =  0,

(I) YQ* =  0,
QQ* =  0,

. U0Q* =  0.
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(И)

(III)

(IV)

(V)

' SE* +  AU\ +  WX* =  0,

U iU \  +  n f =  I ,

< Y X t =  0,
QX* =  0,

k ME* +  LUj +  UQX f =  0.
' SFt +  B V l  +  WY* =  0,

XY*  =  0,
< VmV l +  Y Y ' =  I,

Q Y t =  0,
; M Ft +  JVj, +  UoY* =  0,

SC* +  AA* +  BB* +  CS* +  WW* =  0, 
UtA* +  ES* +  XW * =  0,

< VmB* +  FS* +  YW *  =  0,
S ^ S *  +  QW* =  I,

k MC* +  LA t +  J B * +  KS* +  U0W* =  0. 
' SK*  +  ALi +  B J i +  CM* +  WU$ =  0, 

ВД+ +  EM* +.ХЩ  =  0,
< VmJ t +  FM* +  YUq — 0,

S *-^M* +  QUq =  0,
k M K*  +  L it  +  j j t  +  KM *  +  UqUq =  I.

U^U =  I  is equivalent to the following equations:
S~1S +  K *M  =  I,' 
t f M  =  0

< M *M  =  0,
JtM  =  0, 

k Q*S +  Щ М =  0.
S-i-A  +  Е Щ  +  K*L  =  0,

(IV)
u\ut + tfL = 0,
J U  =  0,

(ПГ)

M*L =  0,
k Q*A +  X t ^  +  C7*L =  0. 
' S ' 1 В  +  FW mK *J =  0, 

t f j  =  0,
< vivm + ju  = i,

(IV')

M *J  =  0,
. Q*B +  Y lv m +  U£J =  0.
' S - 'C  +  E*E +  F*F +  C*S*~l +  K *K  =  0, 

uI e  +  A^S*~1 + L ^ K  =  0,
< V lF  +  B+5—1 +  J IR  =  0,

S*S*-1 +  M *K  =  J }

k Q*C +  X*E  +  Y*F  +  W*S*~1 +  Щ К  =  0.
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(VO

' S - 'W  +  E*X +  E*Y +  C*Q +  K*U0 =  0, 
U }X  +  A*Q +  L*U0 =  0,

< v £ y  +  b *q  +  j *u 0 =  o ,

S*Q +  M*U0 =  0,
k Q*W +  X*X  +  Y*Y  +  W*Q +  Щ ий =  I. 

If UUt =  I  and U*U =  I  hold, then we have

Q =  0, X  =  0, M  =  0, L =  0, J  =  0

from the above equations. Therefore, equations (I)-(V) and (r)-(V’) are simplified as follows:

SF* +  B V l  +  WY* =  0. (1.2)

VmV l +  Y Y i =  I. (1.S)

£ II p (1.4)

SC* +  AA* +  BB* +  CS* +  WW* =  0. (1.5)

VmB* +  FS* +  YW * =  0. (1.6)

KS* +  UQW* =  0. (1.7)

YUS =  0. (1.8)

<§
5 II (1.9)

II p (1.10)

S ^ C  +  E*E  +  F*F +  C*S*~X +  K *K  =  0. (1.11)

Y*F +  PV*5*-X +  US К  =  0. (1.12)

Y*Y +  USU0 =  I. (1.13)

In fact, by Definition 1.3 the above equations can be simplified further. Since C  =  
—S(E*E  +  F*F) / 2 +  ST, hence К  — 0, equations (1.7) and (1.12) are reduced to

UQW* =  0, (1.70

Y*F  +  =  0. (1.120

In (1.5), substitute —SF*Y  for W. Hence

SC* +  AA* +  BB* +  CS* +  SF*TT*FS*

=SC*  +  SE'ES*  +  SF*VmV&FS* +  CS* +  SF*YY*FS*

= S C * +  SE*ES* +  SF*VmV£FS* +  CS* +  SF*(I -  VmV&)FS*

=SC* +  SE*ES* +  SF*FS* +  CS*

=5(C'*5,*_1 +  E*E +  F*F +  S~1C)S*

=°,
where (1.3) is used. Again substitute the expression of W  in (1.2), and then we have

SF' +  BVX +  i - S F ' Y ) ^  =  SF*-+BV*l - S F '  +  SF*VmV£

=  -S F 'V mV l +  SF^VmV l =  0
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Note that equation (1.6) is the adjoint of (1.2). So, (1.2) and (1.6) hold naturally. Con
sequentially, W U  =  I  and U W  =  I  are equivalent to

( V mV l +  Y Y i =  I,
U0Y f =  0,
W 0* = I ,  (A)
Y'V m =  0, 
y t y  +  17*t70 =  I.

W  =  -SF*Y. ( И " )

It is clear that the equation system (A) determines all forms of 17-dilations of the isometry 
Vm on (Пт , (•,•))• By (A), we can solve Y. Thus W  =  —SF^Y.

Theorem  1.1. Suppose that V  is an isometric operator on 11#, Пк  — He®{Z+Z*}®Um, 
and the corresponding generalized triangle model is

■ S A B  C  
Ug 0 E  

Vm F
s * - 1

V =

z
Ut
nm 

J z*

Then, the U-dilation of V  exists, all forms of U-dilations of V are

Г S A 
Ut

U =

B, -S F *Y c  • z
0 0 E

Уп Y F n m
0 U0 0

s * - 1.
H
z*

where Vo =
v" ТГ, Y

U0

(1.14)

is a unitary on indefinite inner product space (Пт  ®Я,(-,-)0(-,-)я).

Moreover, in order that U is a minimal U-dilation of V, it is nesessary and sufficient that 
V Y 1m TT is a minimal U-dilation ofVm.

U о J
Rem ark 1.2. Since all forms of 17-dilations of V  are of (1.14), it follows that Un,n  =  

1 ,2 , . . . ,  are also the 17-dilations of Vn.
foo

Rem ark 1.3. 17 is called a minimal U-dilation of V, if П#  ® H  =  V 17ПП#.
— OO

P roof o f  Theorem  1.1. Since
~Vm Y(B ,-S F * Y ) =  - S ( F \  0) U0

U is a unitary on П# ® H. Naturally, (1.14) are all forms of 17-dilations of V. It is sufficient 
for us to show that the necessary and sufficient condition for 17 to be a minimal 17-dilation 
of V  is that Vo is a minimal 17-dilation of Vm. Assume that 17 is a minimal 17-dilation of V,

too t°°
i.e. Пк  © H  =  V 17 П # . If V Vq 11щ is  a proper reduced subspace to Vb, then

— o o  — OO

Vi
too
V v0nn m

—oo

(V 5 V^Um)3-
— OO
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too
Since V Vq IIm D Пт and V% and V2 are unitary operators, we have

—  OO

n m

( fv  У0! ! ^

>m' Y
v0 = Uo.

y2.

Y  =  (Уь 0), and U0 =  

Letting

К
V2

- 5  A (B, -S F * Y ) C  ■ Z
0 Ut 0 0 E Hi

U' = Vm Yi F n m
Щ 0 Hx

L 5*_1 j z*
we know that U' is also a unitary; furthermore

U = U'
V2

П # ® Hi

( fv  У о -П ^ -
— OO

This contradicts the fact that U is a minimal 17-dilation. Conversely, when У is a minimal 
17-dilation of Vm, using the same method, we can show easily that U is also a minimal 17- 
dilation of У.

§2. Wold Decompositions of Isometric Operators on Spaces

As we know, for any isometry on Hilbert space Wold decomposition exists, i.e.

H  =  ® V n(VH )± ® n V nH,
0 '  n = 0

■ OO OO ,
У is a unitary on П V nH  and У is a unilateral shift on © У ”(УЯ] , moreover, subspaces

n = 0  0
OO OO I OO
П V nH  and © Vn(V H )J- are reduced subspaces to У. Is the П V nn к  a regular subspace?

n = 0  0 n = 0
OO

In general, it is not true (see Example 3.1). П \/пПк  is possibly a degenerate subspace.
n = 0

So we have to generalize Wold decomposition. We define generalized Wold decomposition, 
Wold decomposition and regular Wold decomposition and prove that any isometric operator 
on И# space has Wold decomposition and the unilateral parts of isometric operator on П# 
are uniquely determined up to unitary equivalence.

D efinition 2.1. Let V  be an isometry on Пк- A complete subspace L of Л к will be 
called wandering for V i fV pL L V qL for every pair of integers p, q > 0,p Ф q; since V is an
isometry it suffices to suppose that V nL±.L for n =  1 ,2 ,----

One can then form M+(L) — V  VnL, however M+(L) is possibly degenerate. We let
n —0

[M+ (L)\o be a nondegenerate subspace of M+(L) ([M+(L)]o is not unique).
00D efinition 2.2. Let V be an isometric operator on П # and П УпПк =  Z  © Пм, where

n = 0

Z =  [ П/ D j f ]  П [ П \1п11к }Х, Hu =  [ П Vnn * ] 0.Ln=0 J Ln=0 J Ln.=0 J u
If there is a generalized standard decomposition Пк  — Пи Ф {Z+Z*} © П5 such that V  =  
{S ,U ,V s,C ,D ,B }  is a generalized triangle model, where U is a unitary on Пи and У3 is a
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unilateral operator on IL,, then V =  {S,U ,Vs,C ,D ,B }  is called Wold decomposition ofV . 
If there are complete subspaces П#» and P  such that Пд- ~  Пк> ® P  and V — U ®VS, where 
U is a unitary on Пк' and Vs is a unilateral operator on P , then V — U ®VS is called a 
regular Wold decomposition o fV .

D efinition 2.3 Let V be an isometry on Пк- If there is a generalized standard decom
position Пк  — Пи' ® {Z '+ Z 1*} 0  Пу such that V  =  {S', U', Vai,C', D ', B'} is a generalized 
triangle model, where U' is a unitary on Пк and V3> is a unilateral operator on П у, then 
V — {S' ,U' , Vy ,C ', D' B '} is called a generalized Wold decomposition ofV .

Next we discuss Wold decomposition and generalized Wold decomposition.
Theorem  2.1. Any isometric operator on Пк space has Wold decomposition, i.e. there 

exists a generalized standard decomposition Пк  =  П„ © {Z +Z *j 0  П8 such that
Z

n u
П /
z*

where

n u ® z =  n v nn K , L =  n K e V n K , M +(L )=  V VnL,n=о n=о

Z  =  M + (L )n M + (L)± , IIS =  [M+ (L)]o, M+(L) =  Z ® n s,

and S is unique. U and Vs are uniquely determined up to unitary equivalence by the choice 
of the subspace Z *.

Proof. We first prove the existence of Wold decomposition.
At first we prove ( П VnIIjc) =  M+ (L)± . If x G П УпПк, then there exists xm G Пкn=0 ra=0

such that x =  V mxm, m — 1 ,2 ,__ Let m >  n,

(Vmxm,V n£) =  (Vm- nxm,£) =  0,

where t  € L, i.e. x ± V nL, and x±M + (L). So УпПк C M+ (L)X. Conversely, let 

у G M+ (L)X (see B. W. McEnnis [3]).

M+(L) =  L © VL  0  ■ • • © V nL © VnM+(L),

and

Пк  © Vnn K =  L © VL © ■ • • © V n~lL.

Hence у G [Пк  © =  WHI*, i.e. у  G П УтаЩг. So ( П Vnn if)-L C  M+(L), and71=0 71=0
OO . |

we proved П УППК =  M+(L)X. Letn=0

Z =  M+ (L) П (M+(L)± =  [jno Vnn K] n

Then M+ (L) =  Z  © [M+ (L)]0, and П УПЩ: =  Z  © [ П У^Пк^о, where [M+(L)]0 and71=0 71=0
OO /  ч OO

[ П Vnn K]o are nondegenerated parts of M+(L) and П УпПя respectively. They aren=0 n=0
not unique. Let Пи =  [ П УпПк-]о, П8 =  [M+ (L)]0, and there exists a neutral subspacen=0
Z* С  Пк  such that {Z , Z*} is a pair of Hibert dual and П/c = П„ © {Z +Z *}  © П8. As

v*v\ n ynnK = vv̂ \ n vnnK = i\ n vnnK,n=0 n=0 n=0

v =
t
и

и
о
va

Jts
c
D

S * - i
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F (n u © Z) and V* (П„ 0  Z) С Пи © Z.
Similarly to triangle model theory of semiunitary on Пд- established by Yan ShaozongW, 

we can find the following generalized triangle model:
Z

n u 
n 8 ’ 
z*

where S,U,Vs,C ,D ,B  are independent variants. S  is an invertible operator on Z. U is 
a unitary on (П«, (•,•)). Va is an isometric operator on (H8, (•,•))• C ,D ,B  are bounded 
operators from (Z *, (•, •)) to (Пи, (•, •), (П8, (•, •) and (Z(-, •)) respectively. And

F = -S C * U , G =  —SC^Vg,

B =  l s ( - C ' C - D * D  +  2Q), Q — -Q*.

Then V =  {5, Е/, V8, C, D, В }. Now we prove that IIS is a Hilbert space and V8 is a unilateral 
operator on П8. As L =  Пк  0  VTLk  is a positive subspace, M+(L) is a semipositive closed 
subspace. Then П8 =  [M+ (L)\0 is a Hibert subspace. Suppose that Vs is not a unilateral 
operator on П8. Then there is a Wold decomposition in the case of Hibert space, i.e. 
П8 =  П8» 0  П8» and Vs =  Vai 0  Va», where y a> is a unitary on П3/, Vs/> is a unilateral

OO

operator on П8//. And П8' =  П УПП8. Then П8/ ф {0}, i.e. there exists nonzero vector
71= 0

x G Пу and x =  V?Xq^, n. =  0 ,1 ,2 , . . . ,
71—  1

Vnx ^  =  ^ 2 S n- 1- j GVsj x iJ l) +  Vsnx P ,  
j=o

where x ^  € П8, n =  0 ,1 ,2 ,___Then there exists zn € Z  such that
71— 1

S ^ - i G V j x ^  =  Snzn.
3 -0

So x =  F n(xo^ — zn), n =  0 ,1 ,2 , . . . ,  i.e. x € П Vnn к  — Z®HU. This contradicts x € П8.
71— 0

So У8 is a unilateral operator on П8. Hence V  =  {S,U ,Vs,C ,D ,B }  is Wold decomposition 
of V.

Let us prove the residual part of the theorem.
Let Пк  — Bui(B {Z'+Z'*}® B si be another generalized standard decomposition such that

V =  {S ',U ’,Vai,C ',D ',D '}  is another Wold decomposition of V. According to Definition 
. c©

2.2, Uu> 0  Z' =  П Vnn K. Then
n — 0

z' = [ n v"nK] n f n vnUKl-1 = z
7 1 = 0  7 1 = 0

and S — VIZ =  S'. We define quotient spaces [ D \ЛП#]/£/ and [M+ (L)]/Z, equipped with
7 1 = 0

the indefinite inner product ([x], [y])z =  (ж, у)- Then [ П \JnBic}/Z is a Pontryagin space
7 1 = 0

and [M+(L)]/Z is a Hibert space. Let Ui : Пм/ —» [ П Vnn k \/Z  and U\X =  [x], Vx € П„/. 
It is the same for Щ. Then U\ and U2 are both unitary operators. We define a linear 
operator [V| П Vnn^] on [ П Vnn # ]/Z  such that [V| П Vnn^][x] = \Vx\. This operator

V = u
и ts 
0 c 
va D

s * - i
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is unitary on [ П Vnn # ]/Z  and U±UrUi =  [F| П It is the same for [V\M+(L)\
n = 0  n = 0 oo

and U^Vg'Uo =  \V\M+ (L)]. Then U1 and Ve> are unitarily equivalent to [V| П VnII^] andn=0
['V\M +(L)] respectively. This concludes the proof.

OO

For Wold decomposition of V  on П^, we ask Z®HU =  П V"!!#- It assures that unitary
n = 0

part and unilateral part of V  associated with Wold decomposition are uniquely determined 
up to unitary equivalence. However, for isometric operator on Пк  there are many generalized 
Wold decompositions. We ask if the unilateral parts of V  associated with the generalized 
Wold decompositions are unitarily equivalent. In the following, we solve the problem and 
compare the generalized Wold decomposition with Wold decomposition.

Let V — {S, U, V3,C , D, B }  associated with =  П„ ® {Z+Z*} ® Па be Wold decom
position. We obtain the following theorem.

T heorem  2.2. Let V  be an isometric operator on Пк- If there is a generalized standard 
decomposition Пк  =  Пад/ ® {Z 1 +  Z'*} ф Пу such that V  =  {S r,U', Va',C ',D ',B '}  is а 
generalized Wold decomposition of V , then

1. п«/ ф г ' с П и ® Z, Z  C Z ',U ui С n„, and S  =  S'\Z\
2. Vs> and V3 are unitarily equivalent, where Vs is the unilateral part o fV  associated with 

its Wold decomposition.
Proof. It is obvious that

П y nUK =  {x\(V^nx,V^nx) =  ( x ,x ) ,n = l ,2 , . . . , } .
n = 0

Then
OO

Ilu> ® Z' C Uu <§> z  = n v nn K.
71=0

We choose a suitable Hilbert pair {Z ', Z"*} such that

Пи, ® {Z 1 +  Z"*} СПИ® {Z+Z *}.

Then there is another generalized triangle model V =  {S ',U \ Vs», C", D", B"} associated 
with

UK =  B.V,® { Z '  +  Z"*}@Tl3„.

Then Z' ф П8// =  Z' ф П8/ and Vsn is unitarily equivalent to V3i. Hence Vsn is a unilateral 
operator on П3» either.

П3 =  Пк  Q [Hu ® {Z+Z*}] C ILK © [П„/ ® {Z[ +Z"*}] =  П.«.

If Па Ф П8» , then П3// © H3 is an infinite dismensional Hilbert space. We choose orthogonal 
bases for П3/, © П3. Then

&7l =  ®7l "b Zn +  Zn +  pn,

where xn € Uu,z n e  Z, z'* € Z* and pn G Пв. Since еп1П 3, pn =  0. Let yn ~ z n +  z'* 
and [•, •] is the definite inner product associated with ILk  =  Пиф {Z +Z *}  фП3. Then xn is 
orthogonal to yn with respect to (•, •) or [•, •]. As [en, em] =  0, [yn, ym] =  0, n ф m. However, 
the number of dimensions of {Z  +  Z'*} at most is 2K . So there exists l, 2 < I < 2К  +  1, 
such that ye =  0. Then ee±{Z +Z *}  and ее G Hu. Hence

(V*ne£,V*net) =  (Ulnee,Utnee) =  (ее, ее) =  1.
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In another way according to the generalized Wold decomposition

V =  {S ',U ',V S",C",D ",B"},

we have

(Vr ee, V^ee) =  (y*„ ee, V*n et ) -» 0, n -> oo, 

which is impossible. Hence П8» — Па. So

Z  ф n s =  (Z ф Пи)-1 C (Z' ф Пщ/)"1 =  Z* ф Па̂  =  z '  ф n s.

Then Z  C Z ’. Z' ф Пu> C Z  ф Пи implies that Пи/ С Пи. For any p  G Па,

Vp =  Vsp +  Gp — V"p +  G"p.

As G"p and Gp e  Z' and p'LZ' for any p' G Z', then

(Vp,p ') =  (Vsp,p') =  (Vs»p,p'),

so Va =  Vsn. Hence Vs> is unitary equivalent to Vs. This concludes the proof.
Theroem 2.2 sufficiently shows that the unilatural part of isometric operator on П# is its 

intrinsic feature.
Let Ls =  П8 © Т^Па be a wandering subspace of Vs and

П s =  M |(L s) =  ® y snL ,

oo
Obviously Ls is a wandering subspace of V  either. We define M+(LS) =  V VnLs and have

n= 0
the following corollaries.

Corollary 2.1. (i) dimLs =  dimL, (ii) M +(LS) =  M+ (L).
Corollary 2.2. Let V be an isometric operator on Пк , V =  { S,U,Vs,C ,D ,B } is its 

Wold decomposition. Then V has regular Wold decomposition if and only ifD  =  0 or G =  0. 
The proofs are obvious.
Below, we will discuss the regular Wold decomposition.

§3. Regular Wold Decompositions of Isometric Operators on П*

In his doctoral dissertation, B. W. McEnnis showed that the necessary and sufficient
OO OO

condition for an isometry V  on П to be of Wold decomposition is П =  V VnL ф V УПП.
71=0 71=0

At the beginning of this paper, we have pointed out that it is difficult to verify this condition. 
Below, we will prove another necessary and sufficient condition for V  to be of regular Wold 
decomposition.

Theorem  3.1. Suppose that V is an isometry on П# (its generalized triangle model 
is (1.1)) and (G o,G i ,G 2, . . .  ,G n, . . . )  is a linear operator from ®(In =  I ) to Z, where

П
Gn =  S k+1F^V£~k and I  =  Пт  © VmIlm. Then, the necessary and sufficient condition 

k= 0
for V to be of regular Wold decomposition is that (Go, G \,G 2 , . . . ,  Gn, . . . )  is bounded. In 
that case there exists a generalized standard decomposition

UK =  Пе  ф {Z ' +  Z'*} ф {Пт , ф P }
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such that

V  =

г S' A! (B' 0) c  i z '
U' 0 0 E'

Umi F' П m'
VPI 0 P*тй1Co Z'*

where Vm" = U„
vp> is Wold decomposition on the Hilbert suace Пт ' ® P , i. e. Umi is

a unitary on Пm> and Vp> is a unilateral shift on P .
Proof. Using the generalized triangle model (1.1), we calculate (V'TIk )'1 and Vn(VHk )X- 

Assume {z[,x' ,y ' , z!f) e  (УП^г)-1 ; for any vector { z \,x ,y , z%) £ Пк  we have

(s* i, 4*) 4- ( A x ,£ )  +  (By, 4") +  (C 4 .4 * )  +  (S*“4 * .z ; )
+(U,x,x') +  (E 4 ,x') + (Vmy,t/) +  (F * ;,y ')= 0.

Let x =  у — z \  =  0. Hence {SZ\, zlf) — 0, which implies z'f — 0. Again let у  =  z | =  
z\ =  0. Hence (Uex,xf) =  0, which implies x' = 0. Therefore

4 )  +  Vmy , y') +  (Fz;, у ') =  0.

Obviously, y' 6 (Пт  © Ут Пт ) and

(S * -1z*,z'1) +  (F z^y') =  0.

This is equivalent to z' =  —SF^y'. Thus

L =  (VUK)^ =  { -S F 'y '  + у У  G (DU © УпПт )}.

By the induction, we obtain

VnL =  { ( - S F t  -  SF'Vm ---------SF*Vm)y' +  V*y\y' £ I}.
oo

It is clear that the necessary and sufficient condition for V VnL to be a regular subspace
71=0

OO

is that V VnL is non-degenerate.
n=0

Now we prove the sufficiency. Let the norm || || be associated with a generalized standard
decomposition •

n *  =  n * © { z + z * } © n m.
OO

Suppose that zn +  yn £ V V mL is a convergence sequence. Since dim Z <  oo and Пт  is
71=0

OO

closed, we have yn —* у £ Пт , zn —> z  G Z. Assume that у  =  0. Because V VnI  is a closed
n= 0

subspace of Пт , we can write
OO

=  * ,«  =  0 ,1 ,2 , . . . .
fe=0

From the isometry of Vm it follows that
OO

\\vn\? =  ii^n)n2 0 (n “ *■ +°°)-
fc=0

oo , .
Since (Go, Gi, G2, . . . ,  Gn, . . . )  is bounded, we have G^y  ̂ -+ 0 (n -+ +oo). By the ex-

fe=0
OO

pression of VnL, we know z —» 0, which means z — 0. Therefore, V VnL is nondegenerate.
71=0
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oo
Second we prove the necessity. In the case, we conclude that ^  GkVk is convergent for

k=0
any {2/fc} G (ВIn- If it is not true, then for some So > 0 there exist m^r, In  < N  for any 
positive integer N  such that

WWy+ljy

II 5 3  GkVkII >  h  for SOme Ь > 0 °  e  ©■**»•
mjv

Set

(mjv)
гпц+tN

0 • . • , 0 ,ymN / 1| 53 G*y*lli---»
m N

(mN+ltf)
™.n+£n/ " ‘ N + t J V  \

II 5  . ^лУй||>0• • • J •
mjv '

Since
k = 0

=  1 and dim Z <  oo, there exists a convergent subsequence

k=0 fc=0
( E  Фьу1(ЛГ|)} £ 0 of { E  G*yi(JV)}№=o.such taht

oo

5 3 СкУкМг) Ф O '(t-*  +oo).

But

so

k- 0

oo rntf+ifi /  mif+£ N

EH v^IlM  E  llmll2) /  II E  G‘»H2
fc=0 mfi /  m*

’IT'N+̂ N
<( 5 3  H r f ) / 5o -»0 (JV ^ + oo),

mN

E  G» ^ ,)+ E  vM iN,) ^
k=0 fc=0

which is impossible.

Similar to the above proof, we can show ]T) GkVk^ 0 f°r any {у^П;}о° ~ > 0, which
fc=0oo

means that V VnL is non-degenerate.
n = 0

If V is of regular Wold decomposition, then

V =  V°
Vi

Ho
ri :Я , ’

where Hq and H\ are Pontryagin spaces, Vo is a unitary on Яо, and Vi is a unilateral shift
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on H\. By the generalized triangle models of Vq and Vi, we obtain

V  =

-Ao Bo Co 1 ^ 0

Ui O Eo П^о

Vmo Fo П т оQ* — l 
°0 J z 0*

Ai В i Cl 1 Zi
Utl Ei

Vmi Fi U m i
s t _ 1 . Zi J

'So Ao &
 

__
I

S i. l--
-- t-» P l j

’ ui0

Vmo

Co

Eo

Fo

j * -2

Cl

E i

F i

st*—2

Z0

П*0

П *
П 
П

mo
m\

z x
Z*Q

Because VUк  contains a maximal semi-negative subspace, zq =  0, IU0 =  0, and Пт „ is 
a Hilbert space. The corresponding decomposition of operator is

V  =

Vrm о “nmo
Bi Cl Zi

Ei
vmi Fi nmi

Ŝ 1. z\
Thus all conclusions of Theroem 3.1 are proved.
Corollary 3.1. There is no pure unilateral shift on any P entry agin space Пк, 0 < k < 

+ o o .

Theorem  3.2. Suppose that V is an isometry on П #. Then, the necessary and sufficient 
condition for V  to be of regular Wold decomposition is that ||Pn||, n — 1 ,2 , . . . ,  are uniformly

n
bounded, where Pn, n =  1 ,2 , . . . ,  are projections from П# onto П УтП к, n =  1 ,2 ,----

m =1
Proof. This theorem is only a direct corollary of Theorem 4.5 in [4].
Remark 3.1. Using the structure of the proof of Theorem 3.1, we can express the 

projections Pn =  1 ,2 , . . .  as follows

Pn =

I  A B„ Cn
I  En

( 7 - P ( y n p)_L) Fn
I

where An - E n =  0, C„ =  SnF*P{y*.p)± FnS*n, and

Fn =  ( V ^ F  +  V * -2F S n~2F S *-1 +  • • • +  FS*<n-V)S*~nP{Vnp)j., n =  1 ,2 , . . . .

Below, construct an example to show that regular Wold decomposition does not hold for 
some isometric operators on П#.

OO

Exam ple 3.1. Set Щ =  £2 and (x ,y ) — - x 0y0 +  Y  х пУп, where x =  • ■ • ),y  =
k= о
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(Уо,У1Г--)- Let

Z  =span{-^= (e0 +  ei)},

Z* = span {-^ (e0 - e ! ) } ,

P  =span{en|n =  2,3, ■ • •

where en =  (0, •• • ,0,1,0, • • •).
Obviously, Ify =  P ®  {Z + Z *}. For any A > 0, construct an isometry on Пк  as follows

'А В C
V\ =  Vp F

1/AJ
where V>en =  en+i, n — 2,3,••• (clearly (VpP)х =  {e2}),P ((e0 — ei)/ \/2) =  e2 (which 
implies P*(e2) =  (eo +  and F*(ek) =  0,k ф 2). Consequentially,

П
Gne2 = J 2 sk+ lF *VP~ke2

k—0
= S n+1F*e2 =  \ n+1(e0 + e x)/V 2

and Gnek =  0, к ф 2. Hence, the necessary and sufficient condition for (Go, Gi, ■ • • , Gn, • • •) 
to be bounded is A < 1.

OO

We can also use the method of structure in the proof of theorem 3.1 to clarify П VnL.
71=0

We have

L =span{-A(e0 +  ei)/V2 +  e2},

V \L  =span{—An+1(e0 +  e i)/s /2  +  en+2},

J l0V\ L =  span{(- Ак+1ак)(е0 +  ег)/у/2 +  Y a kek+2 \ Y  K l2 < °°}-
” fc=o fc=o о

OO. / . \ OO / v
It is clear that ^  |Afc+1||ajj,n'| 0, when A < 1 and \ak \ 2 —> 0 (n —> +oo), which

fe=0 fe=0
OO

shows that V V nL is non-degenerate.
71=0

When A > 1, for example A =  2, let
(n)

( 4 П), a f \  • • • , 4 П), • • •) =  (0, • • • , 0, l/2" +1, 0, • • • ) -> 0.
OO /  ч OO

But £  Afc+14 n) =  1, which implies V VnL =  Z ®  (®V£P).
ь-n n=0
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