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Abstract

This paper considers the upper bound for the difference of consecutive eigenvalues of a class 
of uniformly elliptic operators of higher orders. The upper bound of An+i — An is dependent 
on the first n — 1 eigenvalues and the coefficients in equations.
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§1. In tro d u c tio n

The estimates for the bound of (n + l)th  eigenvalue as well as the difference of consecutive 
eigenvalues of the harmonic operator and its polynomials are well known (see [1-5]). These 
estimates are that the (n +  l)th  eigenvalue is bounded from above by an amount depending 
on the first n eigenvalues and being independent of the measure of the domain in which the 
problem is concerned. In this paper we generalize the same kind of problems to a certain 
uniformly elliptic operator of higher orders, and obtain the results similar to in form the 
ones for harmonic operator and its polynomials. The results in [1-5] are all corollaries of the 
theorems in this paper.

Suppose that £1 is a bounded domain in Rm (m > 2) with the piecewise smooth boundary 
dCl and u(x) is a solution of the problem

m

( 1 ) ^  — Alt, Ж €  f l ,

>**=!

“ = ^  =  -  =  ^  =  0' ' - 1' Х € 9 Я ’ (11) 
where V  is the unit outward normal to dCl. is a Cl(Cl) function in x and satisfies
the uniformly elliptic condition, i.e., there exists a constant ц >  0 such that

minа ^ 2...г, > /1, i i , i 2, — ,ii =  1,2, ••• ,m. (1.2)
о

Our main result is as follows.
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Theorem  1.1. Let Aj  be the eigenvalues of (1.1). Then we have

A71+I A n 5:
41

цт2п2 (2 l +  m — 2) max °*i *a—*i (
\i= i

+  M1/2i(i -  l)m ax|V oi1...i,| [ J^A j1-3/2J (1.3)

An+i ^ fim* jum2 +  4Z(2Z +  m  -  2) max

4
+  ^ 2  M1/2li(i ~  1) max iVoi^.i, |A* 1/2*.flTTl Г2 (1.4)

Remark 1.1. If we take а*х...*, =  1 in (1.1) and ц =  1 in (1.2), then maxa^...*, =  1 and
О

max|Vaj1i2...i,| =  0. For this case, (1.3) yields 
О

A „ < ^ ( 2 1  +  m - 2 ) l 5 : A ‘- 1/ , l [ S > f  j  ' <1-4

which is just the result in [4] for polyharmonic operators. So the corresponding results in 
[1-5] are all included.

Remark 1.2. To see the sharpness of estimates (1.3) and (1.4), we consider, for simplicity, 
the following problem:

— Au =  Xu, x € fi, 

и =  0, x € dQ,

where f i С  Д 2 is a unit square with 0 <  x i  <  1 and 0 <  x% <  1. A straightforward 
calculation yields X\ =  2тг2, Аг =  57г2, Аз =  87г2 and so on. Therefore,

Аг ~  Aj =  Зяг2, i.e., A2 =  2.5Ai; A3 — A2 — 37r2, i.e., A3 =  Ax +  I.2A2.

In this case estimate (1.5) with 1 =  1, m  —2 and n =  1,2 gives respectively

A2 — Ax < 2Ax(= 4tt2), i.e., A2 < 3Ai; A3 — A2 < Ax +  Аг(= 77г2), i.e., A3 < Ax +  2A2.

It is usually very difficult to get the exact values of eigenvalues. But it is enough to obtain 
the bounds of eigenvalues in many cases.

{

§2. P r o o f  o f  T h eo r em  1.1

In the sequel we will use the standard notations:

Dk — > h =  1,2, • • • , m, V =  {D\, X?2) ■ • • ) Dm),

Di1i2--ii =  D^Dfa • • • Dj,, ix>*2»' ■' > I» 2, • ■ ■ , na, and D$0 — Dil^1 == I. 

From (1.1) we know
m  »

A j  — 'У ] /  i D i ^ - . - i f U j l  dx, j =  1, 2, • • • .
*i»*ar" i*l=l ^

(2.1)
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So we can order the eigenvalues of problem (1.1) so that 0 < Ai < Аг < • • • < An < • • • with 
the corresponding eigenfunctions tti, ii2» * * * , un, • • • satisfying

/ UiUjdx — &%j) j  — lj 2, *' * . (2.2)

By virtue of (1.2),
m м

5   ̂ /  l^ ii—iiuj\ dx <  Aj/fi.  (2.3)
*li*2i— ,*i= l ^

Let =  1,2, • • • ,n ;k  =  1,2, • • • , m) be the trial functions defined by
П

Фзк =  Ф]к{х ) =  x kuj  ~  ^  b jv Up
P= 1

where bjp =  Jn XkUjUpdx, j  =  1,2, • • • ,n, к =  1,2, • • • ,m. It is obvious that ф$ц are 
orthogonal to « i, «2, • • • , un and

± дФзк д1 1фзк n „ _ ari
*j k ~  du dui - i  - ° >

Hence, we can use the well-known Rayleigh theorem to obtain
lib

(—1)* X) /д  ^jfc^ii—i|(Oii—i|^ii-i|0jfc)d(X
*ii— i»l=lAn+1 ^

By a rather complicated calculus it yields
fn Ф2зк^х

(2.4)

(2.5)

n m  l

= X j X k U j  — ^   ̂b jp Xp Up  -(- ^  ] ( —1) ^  1 •■•цЩ')
P=  1 *i,— ,* l= l *=1

m  2

+  ^  , (~~1)* 5 3  ^ k i t ^ i i —it ( ° * i—* i^ » i—it-i*t+i-"*l^3'))
*1 r** i* l= l 2=1

where

f̂cii
when it =  k,

i t  =  1 ,2 ,  • * • ,r o .
when it ф k,

The orthogonality of ф̂ к with гц(г =  1,2, • • • ,n) gives the following result:
m л

^ ' (—1) I (j)jkDii—ii{aii-"iiDi1...i$jk)dx
* i , - , * l = l  ^

, m t .
= Xj I $jkdx +  ^  ] (—1)Z f̂e*t /  ФзкВгг...{г_11г+1...ц(<1{1...ци{1..ъ1'и]^Х

i i , - , * i = l  <=1
771 I a

+  5  i (~ I )Z 5 3  f̂c*t j  Фзк^гг-ц (flii‘-itDi1...ii_1it+1...ilUj)dx. (2-6)
* i , - , * i = l  *=1 ^

For simplifying writing we define Ijkit ,Jjkif, I  and J  as follows:
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Jjkit —
л

53  ( 1) fa it I

n  m  l n  m  l

/ = E E E Ji“ .. ^ - Е Е Е « -
j =1 k=l t=1 j=l к- 1 i=l

(2-7)

(2.8)

Then, it follows from (2.6) that
n m m /*

5 3 5 3  5  v (—1) I <i>ikDii—ii(flh- -iiDir ..il<t>ik)dx
j=l fc=lii,-«=l
n m л

= E E A* /  01* ^ * + ^ + ^
j=lfc=l

By (2.5),

( п  m  n \  n  m  л

E E  /  4 a  < E E a> /
j= ik = iJn )  i=ifc=i 7n

Replacing Aj in (2.8) by An yields

( n  m  p \

E E / ^ U 7 **7-

j=i fc=i у

Introducing an operator Vp such that

VP= f Др/2> г> =  2*, fc = 1,2,” *,
{  V ^ P " 1)/2), p =  2к -  1, lb =  1,2, • • • ,

we can easily prove, by the inductive method, that for an eigenfunction Uj of (1.1) it holds 
that

(2.9)

E  [  \Di i - i r uj\2 dx =  f  |Vru|2 dx, 1 < r < l
i= l ^

and
!/(•+ !)

( j f  < ( / .  |у я+1̂ | 2^

(2.10) and (2.3) yield

/  |V V , |A  < A ^ .

Using (2.11) inductively and (2.12), we find

/  |VV,-|2d(c < ( \ j / f i )a/l, 1 < $ <1.
J n

, 1 < s < !.

( 2.10)

(2 .11)

(2 .12)

(2.13)

Now, we have the following essential lemma which plays a key role in the proof of Theorem
1. 1.
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Lem ma. For I  +  J  the following estimate holds
71

I  +  J  <1(21 +  m — 2) maxa^.-.i,
j= i

+  1(1 -  1) m_ax | Vaij...*, | ^ (A j/ju )1 3/2i.
П 3=1

Proof. In the sequel, we denote i} i2 • • • i t- i i f+1 ---ц and i \  • • • i t~iit+i • • • • • • ц
by (it ) and (itis) respectively. Integrating by parts for Ijkit , it yields

m lm /. fit t л
I jk i t  =  — ^  1 6ki t I  x ka i ( l ) D ( i t ) u j D i ( l ) u jd %  ~  ^  ^  ) f̂e*t SkiB I  a i ( l ) D  ( i t i s )Uj  H i ( l ) Uj d x

,7FZi Jn -rTZ-t . </0

(2.14)

*(0=1 s = l  
S^ t

n  m  p

+  Y j bj p  ] C  6ki* /  a i(l)D ( 4 ) UPD i( l )Ujd x , 
V= 1 i ( l ) = l  JU

m  m
where Dj/n =  А*...*,, ащ\ =  a^...*,, and J2 = Y  •

*(i)=i *i.-.*«=i
Similarly,

m /m л * л
J jk i t  =  /  x ka i ( i )Di ( i )u j D ( i t ) U j d x  +  ] T  ^ 6kit Skis /  a i ( i ) D ( i t ) U j D ^ U j d x

*(0=i 1/0 *(0=i s=i
m  n  p

-  2  ^ 2 bjP6ki* /  ^ ( О ^ О ^ М М ® -  (215)
*(0=1 P=1 ^*(0=1 P=

Combining (2.14) with (2.15) yields

n n  m  l »

( I jk i t  +  J j k i t )  =  ~  Skit Skie j  a i ( l )Di( l )u j D ( i t i a)u j d x
j = 1 i = l  *(0 = 1  s = l  ^i = i  * (0= i s= i s ^ t

n  m  l

+
. n m ь p

E E E  Skit k̂ig I ai{l)H(it)ujH{is)UjdX'
j= 1 *(Z)=1 s = l  J n

Define
m p

I jk i t i s  =  ~  Skit Ski3 j  a i ( l ) Di ( l )u j D ( i tia)Uj d x i
*(i)= l
m «

^  , Skit Skie I  a i ( l ) D ( i s )u j D ( i t ) ujd%-
.fT T a  JQ ,

(2.16)

T *"  j k i t i
*(0=1

We then have

y~l(^jfc*t +  • I j k i t )  —  5 3
i= i  i= i 5=1

\5Й
5 = 1
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By (2.16),

*(0=i
m

+

*(0=1
Using Schwartz inequality yields

m  m m

m л

Ijkitia ~  У 1 ^kit^ki, I a’i(l)D(it')UjD(ia')Ujdx-{-

™ t
У , ^kit^kie I {DitQ>i(l))D(it)UjD(itie)Ujdx.

. /T z ,  Jsi

lib lib H b  л

Y l^ it ia  < maxai(/)^  53 Skit6kia / |D(it)uj ||D(ie)uj|da; 
i  n  fc=ii(i)= i J a

M 2
( Tft 7ft a  1 f 7ft 7ft .

5 3  Z )  6fci*5fci« /  l^(*«)ui |a<to E E  *«**«. /  l£>it°i(0|2|I>(i«i.)Wj |2<ia:

f c = li( i)= l , /n  /  U = l i ( i ) = l  1,0

I / 2

(2.17)

For t  ф s, using (2.10) and (2.13) we find
m  mlib lib A  7ft 7ft A

5 3  E  k̂it k̂ia I \D(it)Uj\\D(ia)Uj\dx =  5 3  5 3  /
fc = li( i)= l *'П fc = l( iti e) = l ‘' fi

=  /  |Vi_1«j|2da; <  (Xj/fi)1”1/1.
Ju

Similarly,
m m  .  .

53 13 /  l^(it)«j|2̂  = /  |V,_1«i |2(fa<(Ai //*)1"
fc=l j ( i )= l  ’, n  ^

1/i

- 2/г
М »  lib A

53 13 *«•***. /  lA tai(i)|2|D(itis)Ui |2da; <  m_ax|Vai(0|2(Ai //x)1
fc=i i(i)= i •/ «  n

Substituting (2.18), (2.19) and (2.20) into (2.17), we have
m

53 tiW . ^ maxai(0(Ai //x)1- 1/z + max iVa^^KAj/ )̂1-3^ .
,  „  a t

Hence,

(2.18)

(2.19)

(2.20)

k=i Q

l m

13 E3Ji W a mn x a * ( 0 ( A j / M ) 1 1 / i +  max|Vai(0|(AJ//i)1 3/2Z
f c , «в at

= i L
ajtt

Similarly, for Jjkitie we have
{ m

13 Y l J jkitia < ^ G -l)m a x o i(0(Ay//i)1- 1/z,
* ,f= i * = i

(2.21)

a^it

l m

13 13 J h t i . ^ mlm^ aKi)(.XillJ) X 1/1 •
s = t = l  fc=l “

Combining (2.21), (2.22) and (2.23) the lemma then follows.

(2.22)

(2.23)
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To finish the proof of Theorem 1.1, we need the estimate that
Ш П

<t>)kdx >  A*1/Zm2n2( ] r  AV')-1/^

j = x K=X ! 3=1

This is true. In fact, from the definition of <f>jk we have

(2.24)

X“ "' f  f  V~' f^ ] /  (frjkDkUjdx =  ^  ̂ I XkUjDkUjdx — ^ ' 6 ,̂ /  UpDkUjdx. (2.25)
i = i  ^  j = i 1,0 p ,j = i  J a  . ■

, Because of bjp =  bpj  the second term on the right hand side of (2.25) is zero. From the 
identity of f n XkUjDkUjdx =  — | ,  we get

m n  ,  

fc=i i = i 17 ”
kDkUjdx =  —mn/2.

By Schwartz inequality,

/  m  n  * \  n  f

m2n2/4: < I I У"] / lVMjfda:-
\fc=i j= i ^  у j=i ^

(2.26)

From (2.13) we know that f n \Vuj\2dx < (Xj/fi)1̂ 1, which with (2.26) gives (2.24). Substi­
tuting (2.24) into (2.9), and using our lemma, assertion (1.3) then follows. Replacing Aj  in 
(1.3) by An yields (1.4). This completes the proof.

R em ark 2.1. Similar to the method in [3], we can get for problem (1.1) the following 
estimate

f im 2n 2n \ l / l
f '  лз ^ ___

An+1 ~  AJ “  4
1(21 +  m -  2) m a x I  ^  Â  ^

i,j=l
i  - i

+1(1 -  l) / i1/21 max | I  ( £  Aj 8/81 (2.27)

where m  >  2, n  > 1 and 1 > 1. If o^...^ is as in Remark 1.1 and ц  =  1, then (2.27) takes 
the form of

- lin
>

m 2n2 i - i / i
j—j An+i Ai 41(21 +  77i 2) l

which is the result obtained in [4] for polyharmonic operator. Moreover, let 1 =  1,2 respec­
tively. Then the results in [1] and [3] follow.

R em ark 2.2. By the same method as above we can deduce the upper bounds of eigen­
values for the more general uniformly elliptic operators as follows

l m

^ ^  ] (—1) Di1...ir (a,i1...irDi1...iru) =  Xu, x £ O,
*•=1 * ir-,* r= i (2.28)

du d l~xu
U ~ 7 f r ~  д й ^  “  ° ’ *  e

where e  С1(й) and min p  > 0, aq...^ > 0, а .̂..<г € C r(&), r  =  1,2, • • • ,1-1,
n
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*1 >*2> • • • , ii =  1,2, • • • , m. The results are
l n

j=i An+1 Aj 4
r(2r +  m -  2) таха^.-гДАу/м)^ 1>/*

r = l  jf=l

+  S £ r-(r “  x) m£ x |Vail...ir|(Aj // /) (2r 3)/2i
1 . - 3£j=l

-1

(2.29)

Are+i An ^ о отгп* J ^ ^ r ( 2 r  +  m -  2)m axail ...ir(Ai //ti)(7’ 1)/г
1 -  i"2J =  1

Z ?г

+  S  Г(Г ~  m£ X lV a i i - i r l ( ^ 7 ^ ) (2r 3)/2!
r = l  j = l  П i= i (2.30)

These are the generalization of the corresponding results in [4]. Therefore, [1], [2], [3] and 
[5] are special cases of this paper since [4] is a generalization of them.
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