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ON THE DIFFERENCE OF CONSECUTIVE
EIGENVALUES OF UNIFORMLY ELLIPTIC
OPERATORS OF HIGHER ORDERS**
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Abstract

This paper considers the upper bound for the difference of consecutive eigenvalues of a class
of uniformly elliptic operators of higher orders. The upper bound of /\n+1 Arn is dependent
on the first n — 1 eigenvalues and the coeflicients in equations.
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$1. Introduction

The estimates for the bound of (n+1)th eigenvalue as well as the difference of consecutive
eigenvalues of the harmonic operator and its polynomials are well known (see [1-5]). These
estimates are that the (n + 1)th eigenvalue is bounded from above by an amount depending
on the first n eigenvalues and being independent of the measure of the domain in which the
problem is concerned. In this paper we generalize the same kind of problems to a certain
uniformly elliptic operator of higher orders, and obtain the results similar to in form the
ones for harmonic operator and its polynomials. The results in [1-5] are all corollaries of the
theorems in this paper. : v

Suppose that 2 is a bounded domain in R™ (m >2) with the p1ecew1se smooth boundary
99 and u(z) is a solution of the problem

: (—1)l Z Di1"'it (ail...i,Dil...i,u) =./\'LL, T € Q,

ilai2,"' yir=1

du a1y »
U= al/ "'—"-‘-'—6'17"_—{"—‘0, lZl, (BE@Q, (11)
where 7 is the unit outward normal to 8. g;,4,..4, is a C'(Q) function in z and satisfies

the uniformly elliptic condition, i.e., there exists a constant p > 0 such that
m(_%nai1ig---i1 2> Hs 7:1)7:2a"' 7il = 172,"' y . (12)
Our main result is as follows.

Manuscript received May 18, 1991. Revised December 15, 1992.
*Department of Mathematics, University of Science and Technology of Chma, Hefei 230026, China.

**Project supported by NNSF of China and Funds of CAS.



436 ’ CHIN. ANN. OF MATH. " Vol.14 Ser.B

Theorem 1.1. Let A; be the eigenvalues of (1.1). Then we have

4 < 1-1/1
Antl — An SW [(2l +m—2) mgx Qiyigeeniy (Z Aj +

=1
_ : " [/
+ uMA (1 -1) max |Va,...,| 3o ML @)
1
/\n+1 SW [umz -+ 4[(21 +m — 2) mgxail...i,) )\n+
4
+ Wul/ml(l —-1) max |Va,.. | ALY/2, (1.4)

Remark 1.1. If we take a;,..;, = 1in (1.1) and p =1 in (1.2), then MAX Gy oy = 1 and
mgleailiz...iJ = 0. For this case, (1.3) yields

41 | > _ e 1 '
Antl — An < W(Zl +m —2) (Z/\; l/l) (Z /\;/> y - : (1.5)

j=1 =1

which is just the result in [4] for polyharmonic operators. So the corresponding results in
[1-5] are all included. '

Remark 1.2. To see the sharpness of estimates (1.3) and (1.4), we consider, for simplicity,
the following problem:

—Au=)du, z€,
{ u = 0, z € 09,
where Q C R_2 is a unit square with 0 < z; < 1 and 0 < z9 < 1. A straightforward
calculation yields A; = 272, Ay = 5%, A3 = 872 and so on. Therefore, ,
| Ay = Ay =372, ie, Ag = 25X1; Mg —Ag =372, ie, Ag = Ay + L2,
In this case estimate (1.5) with /=1, m = 2 and n = 1,2 gives respectively

Ag — Ay 20 (= 4w?), fe, A2 < 3A1; A3 — Az < Ay Ao(=T1?), dee,, A3 < A1 + 2o,

It is usually very difficult to get the exact values of eigenvalues. But it is enough to obtain
the bounds of eigenvalues in many cases.

§2. Proof of Theorem 1.1

In the sequel we will use the standard notations:

Di=->, k=1,2,m V=(Di,Ds,Dn),
Oxy,

Diliz---z‘z = D‘,;ll),;2 e Di,, ?:1,’&'2, ree ,'il = 1,2, e ,Mm, and Dz'o = Di,+1 =],
From (1.1) we know
AJ‘ = Z / Qiyggeeeiy IDilizmz’;ujlz d:l), _7 = 1,’2, LR (2.1)

Q

":1’7:2"" 17;1:1
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So we can order the eigenvalues of problem (1.1) sothat 0 < A; < A2 < -+ L Ap < -+ With
the corresponding eigenfunctions u;,ug,-*: , %y, - satisfying A

/ uindw = 6ij, i,j = 1, 2, e » (22)
q .
By virtue of (1.2), '

3 / Diit? de < X/ (23)

1,82, Gy =1

Let ¢j(j =1,2,--- ,nk=1,2,--- ,m) be the trial functions defined by
¢3k = ¢jr(T) = Thu; — Z
p_

where b5, = [, zpujupde, § = 1,2, ,n, k=1,2,---,m. It is obvious that djr are
orthogonal to uy,ug,- -+ ,u, and ,
0¢; '-1¢; '
=0k _ O ik o ,esn. (2.4)
Hence, we can use the well-known Raylelgh theorem to obtain

(’“1)l Z fQ¢Jsz1 iy (@iy iy Diy zz¢3k)d‘”

< By, ip=1 L 2.

By a rather comphcated calculus it y1elds

(- 1)l Z Di,...it(iy.iy Diy iy i)

11, ,51=1
l
=AjTrU; — Zbgp’\PuP+ Z (-1) Z6kze U PR L PSR g (@igiy Dy - ou)
r=1 ooy ip=1 t=1

+ Z ( l)lzsk‘u g0 u(a‘&x i u LT PR LD z;ug)

11,000 ,81=1

where

5 1, wheni;=k, ) 2
. mm— z - y ¢ e ,m_
e 0, when i; #k, ¢ g

The orthogonality of ¢jr, with u;(i =1,2,--- ,n) gives the following result:

Z (- l)l/¢JkD%1 it (@iy iy Diy iy Gk )

,2‘—1

=A; /¢_1kdm+ Z (- 1)126ku/¢1sz1 cigmiegn i @iy Dig o «zzu:l)dm

e tp=1
+ Z (- l)lzékzt/d’akDu (it (@iy ooy D iy i U5 )4 (2.6)
t14000,5p=1 t=1

For s1mphfy1ng writing we define I;x;,, Jjki,, I and J as follows:

m

Ijlcz} = Z (—l)lakig‘/s;¢jkDi1""l:g._1it+1"'il(a"i;['“i)D’i]""i'uj)dx,

iy, i =1
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m .
— _1) o
ijie = Z (—-1) 5]%‘/ ¢jkDi1~--i, (az-l...,-,Dil...i,_litﬂ...i,uj)dw,
i1, =1 Q

l

I=Ziihm,, J=ii2%‘kiv

n
i=1k=1i=1 7=1k=1t=1

Then, it follows from (2.6) that :

.
il
[
-
I
fay
.
-
Il
Py

=YD /ﬂ $hda + 1+ J. (2.7)

By (2.5),

Ant1 (Jg /ﬂ ¢§kdm) ‘g Z pPery /Q PP+ 1+ J. (2.8)

Replacing A; in (2.8) by A, yields ‘
Ant1 = An) (Z > / ¢§kdz) <I+J (2.9)
Fj=1k=1

Introducing an operator V? such that
P Ap/2’ p=2k, k=1,2,---,
R V(A(p_l)/z)’ p=2k——1, k=1a21"' ’

we can easily prove, by the inductive method, that for an eigenfunction u; of (1.1) it holds
that

1y y8=1

o 1/s o\ Y+
(/ﬂ |Vou;|? d:v) < (/Q |Vt dw) , 1<s<l. - (2.11)

(2.10) and (2.3) yield

> / |D;,...i,u;% de = / IVruffde, 1<r<lI (2.10)
Q Q

and

/Q IViu;Pde < Xj/p. : (2.12)
| Using (2.11) inductively and (2.12), we find
/Q ViuiPde < (/u), 1<s<l (2.13)

Now, we have the following essential lemma which plays a key role in the proof of Theorem
1.1.
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Lemma. For I + J the following estimate holds

n
I+J<I@+m-2) max ;... Z(Aj/“)l—l/l_l-_
j—l

+1(1 = 1) mex |Vai, .. | S (st
7=1
Proof. In the sequel, we denote 4343 - - %;_3i¢41 -4 and 4y --it_liﬂ.i R PURY SR IERY 1)
by (i;) and (i¢i,) respectively. Integrating by parts for I;z;,, it yields '

m l :
Liki, = Z B / wkaza)D(u)uaDz(l)uyda’— PDILX / @i Dassp us Diyu;de
i(h)=1 . z(l)=15;—_é% Q -

]

r=1 i()=1

Z Z Ok, / ai0yDi,)up Diyuidz, (2.14)

_ , m m
where D;q) = Di,..i;, @) = @iyoipy and >5 = 37
i(l)=1 i1, ,i=1

Similarly,

' m 1
Jiki = Z B / arai Diyui Disgyusde + ) 5 D bki, b, / ai(t)Dieyug Dis,yujde
i(l)=1 i()=1 s=1 . I

— Z Zb]pék“/a,(l)Di(l)upD(it)ujda:., ' (2.15)
i(l)=1p=1 .

Combining (2.14) with (2.15) yields

n n m l
> (ki + Jiir) == > > buidu, / a;y Dy Dyi,y wide
=1 §=14(l)=1g=1 Q
s#t
n 1

NE

>

Oki, Oki, /{; a1 -D(it)u:i D(i;)u,- dz.

=1 4(l)=1 s=1
Define
;kz',z = Z 6’9"46’023/az(l)Di(l)ujD('l:gis)ujdm7 (2.16)
'L(l) 1 :

Tivia = Z 61‘,%51“8/ az(l)D(is)ujD(it)'“{jdm'
i(l)=1 A

We then have

n

Z(Ijk‘tt""jjk%e —Z Z dkisis Z Jk;gzs

J=1 \ s=1
: s#t
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By (2.16),

;kiei, = Z Oki, Ok, /(; ai(z)D(i,)’leD(ia)ujda:-{—
=1 |

m
+ Z 5135,6“,/(Dita;(z))D(it)ujD(i‘;,)ujdm.
i(l)=1 2
Using Schwartz inequality yields

Y L, < mgxai(z)'z Y kil f |Di,yus|| D, yuslde
k=1 , k=14(l)=1 f

1/2 1/2
m m . m m
+ (Z D Oicbii, fn lD(z-oujlzdf'l‘) (Z > ki, /Q IDi,ai(t)lle(iti,)ujlzdw) :

k=1i(l)=1 k=1i(l)=1 _
| | (2.17)
For t # s, using (2.10) and (2.13) we find _ . .
m m m m
SN bkibh, _/ 1Dyl D, yuslde =D ) / |DxDyigi,yusl?d
k=1i(l)=1 Q k=1 (igi,)=1"
= [ 19" e < (/w1
L (2.18)
Similarly,
m m
DD ki, / D, yuilde = / V! ~tuPde < (A /u)* 1, (2.19)
k=1i(l)=1 U Q '
3 ki, / D4, i1 *1Dii,yusPde < max [Vasgy (N /m) 2. (2.20)
. Q _ Q
k=1 l(l):]_
Substituting (2.18), (2.19) and (2.20) into (2.17), we have
> Givies, < maxay (/)= + max [Vay | (/) >/
k=1 :
Hence,
1 m .
5 3 B, 1= 1) [maxaso i/ + mx Vo [0/ 2] . @21
s.t=1 k=1 : .
ét;étl
Similarly, for J;xi,:, we have
Il m
Yo D T, S U0 - D) maxaiy(A/w) (222)
s,t=1 k=1
8#t
l m
0 Y T, < mimaxaiy(i/m)' " (223)
s=t=1 k=1

Combining (2.21), (2.22) and (2.23) the lemma then follows.
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To finish the proof of Theorem 1.1, we need the estimate that

ZZ / $inda > pt/'m? 2(i’z\§/ /4. | (2.24)

7=1 k=1 j=1
This is true. In fact, from the definition of ¢;; we have

Z / ¢k Dyujde = Z / zpu; Dyujde — Z / upDkquw (2.25)

i=1 j=1 pj=1
. Because of bk, = b" the second term on the right hand side of (2. 25) is zero. From the
~ identity of fn wku,Dku,d:c =—1, we get

ZZ/ ¢k Drujde = —mn/2.

=1 j=1
By Schwartz inequality,

n?/4 < ¢2dx Vu;[?dz. (226
/ (kgz_:/ k)ﬂ/l | @29

From (2.13) we know that [, |Vu;/2dz < (A;/p)/!, which with (2.26) gives (2.24). Substi-
tuting (2.24) into (2.9), and using our lemma, assertion (1.3) then follows. Replacing A; in
(1.3) by Ay, yields (1.4). This completes the proof. '

‘Remark 2.1. Similar to the method in [3], we can get for problem (1. 1) the following
estimate

n ,\1/' 2,2

ZA Hmen

n+1 — 4

[l(21+m 2)ma,xa,,1 i (Z,\1 1/‘)

j=1

i=1

-1
1/2 . = 1-3/21
+I(1 - 1)t/ mglea,:l...,,l (Z Aj )] ) (2.27)

where m > 2, n > 1and ! > 1. If a;,...;, is as in Remark 1.1 and g = 1, then (2.27) takes
the form of

. -1
i l/l m2n2 Z Al 1L
,\n+1 N = U@+ m=2) ’

=1

which is the result obtained in [4] for polyharmonic operator. Moreover, let [ = 1,2 respec-
tively. Then the results in [1] and [3] follow.

Remark 2.2. By the same method as above we can deduce the upper bounds of eigen-
values for the more general uniformly elliptic operators as follows

l m
Z Z (—-1_)TDi1...,-,(a,-l...,r,Dil...i,u) =y, €N,

r=1 iy e yip=1 (2.28)
ou 1y '
u:-g/-:--':.éFT:O, :L'E&Q,

where a;,...;, € C*({) and ngn @iyoiy = B> 0,044, 20, 04,5, € CT(Q), r =1,2,-++,1-1,
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11,89, ,4 = 1,2,--- ,m. The results are
n AL ”1/1 I n
' Z 3 ’_/\. > ZZT 2r+m— 2)maxa,1 i (A /)T~ DA
j=17mtl T A r=1 j=1
I = . -1 ' o
+3 3 rr-1) max |Vas,..q, | (3 )@= (2.29)
r=1 j=1
! n
4 -
Ant1 = An Sm2n2 Z Zr(2’r +m —2) max a21 i (0 /)
r=1j=1 : .
! n . n
+) 0 e = 1ymax |Vag,...i | (/)2 N (8 /)
r=1 j=1 £ - i=1 (2.30)

These are the generalization of the corresponding results in-[4]. Therefore; [1], [2], [3] and
[5] are special cases of this paper since [4] is a generalization of them.
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