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“MEANED” EXACT CONTROLLABILITY
FOR WAVE EQUATIONS

YAN JINHAI*
Abstract

With a control of Dirichlet type the author wants to bring the wave system to a “meaned”
state in the time interval [T — h,T]. With the HUM Method the optimal control is got and its
limit behavior when h goes to zero is studied.
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§1. Introductlon and the Principal Results

Let Q C R” be a bounded domain with smooth boundary 92 =T'. Followmg the notatlons
of J. L. Lionsl" 2] we set

M6 = (s eTs (o) mle) > 0)

for some point z° € R™, v(z) is the outunit normal to the boﬁndary at the point z and
m(z) = x — z°. Then we denote:

2=rxwTymﬁﬁdu%xmTpmfynmqm—wmeﬁhﬂwyﬂmﬁ)

We consider the followmg problem

—Ay=0 in Q=0 x(0,T),
control on (z%),
[Pl on ), -
0 on X\ X(z"),

y(0) =1°9'(0) =" onQx{0}.
For any given initial data {¢°,¥'} € L2(Q) x H~1(), we will denote for simplicity:
y = y(v) = y(t;v) = y(z,t;v),
the weak solution of (1.1) associated with the control v.

By the results of J. L. Lions!"?, we know that if T > T(:co), then for any {z 2} e
L%(Q) x H=(Q), there exists a v such that

v € Upg = {v € L2(B(z0)); st. y(T;v) = 2°,/(T; 'v) = 2'},
J(v) = min J ('v) where J('v) 1 / v2dE,
v€EUGa A 2 (z9)

v = oo on E(wo),

v
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where @ is the solution of the following problem for a certain {8°, ®1} € H(Q) x L?(Q):
& — AD =0 in Q, |
®=0 on X, (1.3)
8(T) = 8%, 8/(T) = &* on Q x {T}.
Now we are going to search {2, 21} and vy, for any h > 0, such that
v € L*(X(z%); s.t.

vp € Uaap = 1 (T [
L[ soe=dy L[ veoass (1.9
T-
J(vp) = min J(v).
v€EUad,n
And when h — 0, if we have »
Az z} = {2021 | (1.5)
by a convenient topology, we would like to have
Vp, — Vg : ‘ (1.6)

by a certain topology.
Remark 1.1. We can see that for any {y ,y'} € L3(Q) x H1() and any v € L2(Z(z?)),
we have
1 7 1 /7
A(— / y(t;v)dt) e H7Y(Q), = y'(t; v)dt € L*(Q).
h Jr—n | h Jr—n
So, it is necessary to introduce a process like (1.4) and (1.5), since we only have {2°,2'} €
L2(R) x H-1(R).
In what follows, we will suppose that there is a certain hy > 0, such that
0<h<hy T(®)<T-ho @)
and observing the linearity of the system (1.1), we can suppose without restnctmg the
generality that :
P=y'=0 inQ (1.8)
Theorem 1.1. For any {2}, 2} € H5(Q) x L*(R), there ezists a unique vy, which verifies
(1.4), and we have

' 12
lonllzeceen < © (I + 1ABa@) (L9)
where the constant C is independent of h.
Lemma 1.1. When h — 0, if {22, 2}} € H}(Q) x L%(Q) satisfies

(20,28} — {2°,2'}  weakly in L3() x H~1(R2), (1.10)
and if {vp}n>o is bounded in L2(Z(zC)), then
vp — Up weakly in L?(2(z°)),
Yh — Yo weak * in L°(0,T; L3(Q)) N W1*°(0, T; H~1(Q)),

where yr. = y(vr), Yo = y(vo).
For the strong convergence of {vp}n>0, here, we give a construction of the series

{zhs 2k }n>0 € Ho(Q) x L*(Q2)

(L.11)
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for any {2°,2'} € L?(Q) x H~1(Q). In fact, we can choose

o_ 17 a_ 1",
=T 2 (t)dt, zZ, =+ 2z, (t)dt, (1.12)
, ] h Jr_n h Jr_n
where 25, = z(z, 1) satisfies '
(2 —Azp, =0 in © x (0, h),
z, =0 on (I'\ I['(z%)) x (0, A),
$ fy amdi=0 on I'(z?), (1.13)

fI‘(m“)x(O,h) z2dl'dt -0 when h —0,

L {21(0), 2},(0)} — {20, 2!} strongly in L3(Q2) x H=1(Q), as h — 0.
We have the following results.

- Theorem 1.2. If {2D,2}} satisfies

{20 = 20,21 — 2} — {0,0} strongly in H3 (Q) x L*(%) - (1.14)

for a certain {zn}n>0, which satisfies (1.13), then we have

lvell L2220y < J|vollzz(s(aoy) + o(1), - (1.15)
{20, 21} — {° 2} strongly in L2(Q) x H™1(Q). (1.16)

Hence :
vpb — vy  strongly in L2(X(x0)), (1.17)

Yn — Yo strongly in L (0, T; L*(Q)) nWhHe°(0, T; H~1(Q)).
Remark 1.2. Particularly, we can choose

zm=z .inQx(0,h), (1.18)
where z satisfies '
Z2'—-Az=0 in Q x (0, hg), . .
z2=0 on T x (0, hy), (1.19)

z(0) = 2%,2'(0) = 2! on Q x {0},

and we take

{zh 2} = {20, 2} (1.20)
or, when {2°,2'} € H}(Q2) x L?(f2), we can simply take for any h > 0,

{29, 21} = {°, 2'}. (1.21)

§2 Proof of Theorem 1.1
Following the HUM method of J. L. Lions!!*?!, we consider the optimal control problem:

1
. era{g,h J), JO)=3 ]E ) v2dZ. | (2.1)
If
Upa # 0, | (22)
then (2.1) admits a unique solution v, € Upg,h: B o S
' ' | J(wp) = min J(v). ‘ o (2.3)

v&Uoa,n
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Then in order to characterize v, by an optimal system, we use the penalization method
v y_ L 2 L ou 2 v
Je('l),Z) = 5‘ ;/E(mo) vid% -+ '2‘-€‘IZ - AZILz(Q), (24)

where v and 2 sé,tisfy
v € L*(2(20)), 2" — Az € L(Q),
{ v on %(z%), .

0 on X \ 2( %), . (2.5)
3 Jp_p ()t = 25, x Jr_ 7 (0)dt = Zhy
2(0)=2'(0)=0 oan{O}

We consider the following problem:
© min J(v, 2), ' ' - (2.6)

where v and 2 satisfy (2.5).
v Accordmg to (2. 2) this problem admits a unique solution:

 Vhey,  Yhe- ' ' ‘ . ‘ (27)
When € — 0, we can prove that (cf. [1])
Une = Up strongly in L?(Z(x0)), (2.8)
Yhe — Yn strongly in L°°(0,T; L2(Q)) N W1 (0, T; H- 1Q)). :
We define »
o [ Phe=-1(y. ~Ayn) mQx(T-hT
Ph,e ={ lhe ;( 7; » ) . ( ) )’ (29)
Pope = —;(yhe — Aype) in Q x (0,T — h).
Then Phe € L?(Q), and for any ¢, z Which satisfy ‘
’ ¢ € L2(2(z0)), 2" — Az € I2(Q),
on X(z9), o
7z =
0 ~on X\ 2(z9), (2.10)
T T :
3 Jr_n2(t)dt=0, & [_, 2'(t)dt =0,
2(0)=2'(0) =0 on Qx {0},
we have , .
/ Pre(2" — Az)dzdt - / Vpe(dE = 0. (2.11)
Q £(a0) |
If Pipe, Pane are regular enough, then Py, Pase will satisfy the following equation: -
— Apy = —¢M(z) inQx (T-hT),
p1=0- i enTx(T-hT), (2.12)
n(T) =0, pi(T) = ¢°(z) onQx{T},
—Apy =0 : in Q x (0, T — h),
=0 R I'x(0,T—h
P2 on I'( ) (2.13)
p2(T — h) = p1(T — h) on  x {T — h},

| oh(T — ) = (T~ b) — °(e) om @ x {T ~ h}.

with {(;SO ¢1} {43, 61 } for a certain {42 , ¢t } € L3(Q) x H1(Q)... o -
. Remark 2.1. We will denote the solutions p1, p2 of (2.12) and (2.13) by p; = p;(¢°, ¢),

p2 = p2(4°,#'), when we want to indicate their relations with {4° #'}.
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We have the following result, which says that Pjp., Pape are, in fact; regular enough, and
which will be proved in §5. _ N
Lemma 2.1. For any w € L?(Z(z%)), P € L*(Q), if w, P satisfy

/ P — Az)dzdt — / w(dX = 0,
ax(0.1) - £(a0)

T
/ widt=0  onT(e)

T-h
for any ¢,z which satisfy (2.10), then there emsts a {¢° ¢'te L3(Q) x H™ (Q) , such that

(2.14)

_ { p1(4°%,¢') inQ x (T - h,T), (2.15)
L pa(g ") inQx(0,T~h), ‘
s 1 (T Omgh o T(a)x (T—h,T)
. de " o \ ) ; .
(¢0 ¢1) f ;3 " T h 8 ( ) , . (2.16)
T2 : on T'(z%) X (0,T — h). - ;
So, there really exists a {¢ €,¢h6} € L*(Q) x H~1(Q), such that o
Plhe = Pl(¢he’ ¢he)’ Pape = p2(¢he’ ¢he)’ Vhe = ”(¢he’¢he) | » (2°17)
By the results of §4, we have’ » _
Cull5(¢°, 6|72z a0y < 1€°122(0) + 18]13-1(q)
| - (218

< 05 + )| 8(6% ) acseony

where C}, is a constant dependent of h. . _ :

Combining (2.8), (2.17) and (2.18), we can deduce that there exists a {49, q‘&},}e E2(Q) x
~1(€2), such that

?Le — q}% strongly inL?(Q),
Phe = i, strongly in H~1(12), (2.19)
Uh = ”(¢hv ¢h)

We have proved that if vy, exists, that is to say, if (2.2) is true, then vy will venﬁes (2.19).
Now we are going to verify (2.2) by the HUM Method. ‘
Firstly, for any {¢°, ¢!} € L2(Q) x H~1(f), we solve

"/)”—A"/):O in @,
. %1 _ 1T g on (%) x (T~ h,T)

— 0,1‘___ ov hJT—h B0 e} ’ 2.90
v=2(4 ¢)- {%% on I'(z%) x (0,T — h) (220)
=0 on ¥\ I(z?),

B0 =¥ (©)=0  on@x{0}

where p; = p1(4°,¢'), p2 = p2(4°, ¢*). We set

 _A-lgl(g 1 ut(z) = ¢%(z) € L2(S ,
W(z) = ~A™1¢l(a) € Hy(Q), (z) = ¢°(x) € L*(Q), (2.21)

w(z, t) = pr(a,t) +uO(z), inQx(T-hT).
u will verify »
W —Au=0" - mQx(T~hT), :
u=0 o onT x (T - h,T), (2.22)

uw(T) = u°,v'(T) =u! on Qx {T}.



448 : CHIN. ANN. OF MATH. Vol.14 Ser.B

© By the results of J. L. Lioﬁsll’zl we know that

g" AT x (T - h,T)), %”2 & L¥(T x (0,T — h)).

Hence

B h
Then, we can define

——= —dt € L2(I‘ x (T - h,T)). (2.23)

9p1 1/’-" 1, _0u_1 ([T ou
T_haV -31/ hThaV

An: L2(Q) x H™ 1(9) - L2(Q) X HO(Q)
8 o / var 3 [ va)
where 9 = 1(¢°, ¢?) is the solution of (2.20) assoc1ated with the initial data {¢°, '}
- Now, we consider another couple {¢°, ¢*}€ L?(Q) x H~1(92), and p1 = p1(¢°, ¢!), P2 =
p2(¢°, ¢1); we multiply (2.20) by 51, 2; at the end, we will get

T)— (T -h) - T -
(ﬂ ) % ),_¢°)‘L2(n),zz(n)+(;1; / . Pdt, ¢1)§Ig(n),H—1(n)

(2.24)

h

o _ i
=l/ (?_fi 1 3Pldt) 301dz+ 1 0p2 302d2
I'(9)x(T—h,T)

~ h ov h JT-h ov 31/ h I‘(wO)x(o T-—-h) 31/ ov
- T (2.25)
-1 | 91 1 3p1dt .‘?ﬁl_l 3p1dt dx
h [(z®)x(T—h,T) 61! h T—h 61/ 62/ h T—h v
+1 1 * Op2 9p3 P2 45
h P(EO)X(()T_ ) 31/ v
This means
(An{8°, ¢}, {8°, &' N 12(0)x m2 (@), L2(@)x -1 (@)
I 2.2
1 /  5(8°, $1)0(F, FU)dE, (2.26)
| . hs@Ey |
hence o . __
Ap = Ay, _ _ (2:27)
By observing (2.18), we can deduce
(An{s°, 4}, {¢°, ¢_1})L2(n)xﬂg(a),L2(9)xH—l(n)
| (2.28)

-3/, o T B 2 Culi 6 Wiy

Hence, Ap, is an isomorphism..
So for any {z}, 20} € L*(Q) x H}(Q2) we can find a {4}, ¢} }€ L?(Q) x H~1(R2), such that
An{l, 01} = (s, ). (2.29)
we can deduce that ‘
| 3(¢% 4h) € Uaap. | (2:30)

So, (2.2) is verified.
Since A, is an isomorphism, we can see from (2.19), (2.30) that

{82, 61} = {dh 4}

2.31
o = (0, 61). (231
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From (2.18), we can deduce

1 . .
(112 @) + 1A ) =1An {88 ShHl oy xamscon
(An{80, 61}, {80, BL}) L2 (@) x HA(Q). L2 (@) x H-1 ()
|I{¢g’¢}z}||L2(Q)xH'1(ﬂ)
#15(8h, PR 72500
. . ,
(3 + 72) 2 19(8Y, d1) L2 (s(e))

(2:32)

2C

So we get (1.9).

§3. Proofs of Lemma 1.1 and Theorem 1.2

Proof of Lemma 1.1. If for a certain %y € L2(X(z°)) we have a subseries such that
v, —Tp  weakly in L?(Z(z?)), R - (3.1)

by the results of J. L. Lions*'? we know that the series {pa4(T — k), phs(T — h)} remains
bounded in H}(Q) x L?(), where pap, = p2(¢h,¢h) So we can choose a subseries (stxll
denoted by h) such that : SRR

pan(T — h) — @0 - weakly in H3(Q2),

P(T—h) =& weakly in L%(Q) (32)
for a certain {®°, &'} € Hj(Q) x L*(Q), and
Yn —L Jo weak % in L=(0,T; L*(2)) n W (0,T; H~(2)), - (33)
pan — @ weak x in L0, T; HL(Q)) n Wi (0, T; Lz(ﬂ)),
where poy, is extended into Q x (T — h,T) by
oo, — Apep =0 inQx (T-hT), (34)
p2n =10 onI‘x(T h,T),
o = y(%o), @ satisfies the followmg equatlon
- A®=0 inQ, o
®=0 on X, (3.5)
| ®(T) = 8°,%'(T) =@' on Qx {T}, -
with the initial data '{<I>°, <I>1}-= {®°, '}, and still more, we have
%‘l — % on 2(e"). (36
1t still remains to prove that
%(T) = 2% (T)=7" (37

For any {<I>° <I>1} € H} (Q) x L2(R), and ® = ®(®°, ®!) the associated solution of (3.5),
and for any s € (T'— h,T'), we have

(v (s), @) 2(a),L2) — (Wh(8)s ‘I’°>H-1(n>,ﬂa(n)

3.8
=/ on®) 22 (¢ +T — s)dS. (38)
I'(z°)x(0,s) ov
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Integrating (3.8) in (T — h,T'), we can get

(zhs @) 2(@).L2@) = (7 2°) -0, mj@)

3.9
/ / n(t a—<I)(1,‘-1~T—s)dzds (3.9)
h T—h JT(x°)x(0, s) 61/

In (3 9) letting A — 0, we will get

(2°, @Y 12(a) L2(Q) ~ (zl,‘I’O)H—l(Q),HI(m
' : 3.10
- / Bo(t) 224z = 88002 (3:10)
B(«20)x(0,T") ov £(2°)x (0,T) ov Ov :
So we have (3.7). By the results of J. L. Lions!’*? we can deduce from (1.2), (3.6) and (3.7)
that o : _ - .
370 =% in Q) o
T =wvo on I(z0). N
Proof of Theorem 1.2. It suffices to prove (1.15). If @, is such that
1 T 0 1 T
— gr(t)dt = z;, -

where g5, = y(3), and @y, is optimal in the following sense:

Th(t)dt = 2y, (3.12)

%0l 2 (2 (w0)) = min [v]|2(5(z0)), .
for any v € L?(Z(2°)) which makes (3.12) true with (3.13)
y = y(v) being in the place of Fp,

According to (1.9) we have ' |

(ST

l|on — vhlle(z(mO)) <C (“zh 2l oy + |20 — Ziliz(n)) =o(1). (3.14)
If 5y € L?(%(z°) x (0,7 — h)) is such that:
9o(T — k) = z,(0),  Go(T — h) = 2,(0), (3.15)

where g = y(%p) is the solution of (1.1)in Q@ x (0, T — h) with v = %, on ['(2°) x (0,T — h),
and 7y is optimal in the following sense:

%oll L2 (0 (20) x (0,7~ 1)) = min ||v]| L2(r(z0) x (0,7~ 1))
for any v € L2(I'(2®) % (0,7 — h)) which makes (3.15) true with (3.16)
y=1y(v) being in the place of Fj, ' '
we extend % into I['(z®) x (T — h,T) by: ‘
%o(t) =2n(t—T+h)  onT(z”) x (T -h,T). (3.17)
Then, by the results of J. L. Lions!®?l, we have

lvo = Boll L2 (2 (a0)) Sllve — Tollz2(p(e0)x(0,7-1)) + llvo — Boll L2(0 () x (7, 7))
<C (|’y(T — hivo) = 28(0)[Z2(q) + 1 (T ~ 5 v0) ~ ZZ(O)H%H(Q)) i
+ [lvoll L2(0(eo) x (x—n,7)) + 128l 22(0 (09 x(0,0)

=o(1).
(3.18)
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No.4
Since %, verifies (3.12), we have from (3.13) ;
[17nllz2(z(e0)) < 1Pl 2(s(z0)- (3.19)
So we have
Yol 12 (2(20))

lvallz2(s(e0y) Sllvn — BallL2(s(oy) + 1FnllL2(s(a0)) < o(1) + [T

<lvoll 2 (s(eoyy + llvo = 170||L2(z:(30))‘ +-Q(1)‘ (3:20)

Sllwollzaeoy +o).
§4 The Inverse Inequahty

In this section we are going to verlfy (2.18). Since

2
_ 0p1 1 T op1 P '
56, ) o =/ ____/ rg) ax ‘
19(¢", ¢ ).“L (Z(=)) T(20)x(T—hT) \ O R Jr-p ov ' (4.1)

o (@)
D(a%)x (0,7—h) \ OV -'

by the results of J. L. Llons[1 2, we know that (cf.(2. 21))

8
/r G 2221245 >C (|loa(T — Wiy + 1P6(T - h)|m)) -
(4.2)

v
=C (62T = W) 0y + AT = 1)~ #agey)
=C ([[w(T) ~ w(T — Blid ey + 10/ (T) = /(T = B)ffaey) -
Hence (cf. (2.23)) ' . S
ou 1 [T Bu
(6%, 1|2 2/ 9w _ 1 ) s
196" Meroeon 2 [y (G = Sy ) .
| | +6 (JlT) = (T = Wiy + /() =o' = WlEace).
So, it suffices to prove the following results.
Theorem 4.1. For any {u®,u'} € H}(Q) x L3(), we have -
: 1 du 1 [*8u
w3y + [v E2(q) SC —/ — — = [ zdt)’dE |
IR A OR r@o)x@n) W  hJo O s (4.4)
1 1
+ () — w0 gy + 2518~ Oy ) o
where u = u(z,t) satisfies
u' —Au=0 in Q x (0, A),
u=0 on T' x (0,h), (4.5)
w(0) = u®,w'(0) =u' on Q x {0}.
Proof. By the results of J. L. Lions!!?l, we have |
g"‘ PO x (0,h), (4.6)
3 2 ;_
°| gy, (4.7)

v

- o
Z@) |k +hE(0) < —(—;——)/ |
I(z%)%x(0,h)
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where

BO) =3 [ (V4P +uiP) de, o

2(8) = (W/(®), m - Vu(t) + "= 2u(t)) o), 2@)-

For any 0 < € << 1 we will denote by C, some corresponding sufficiently small constants.

|Z()l5| =I(«'(h) — u(0), m - vu(h)

u(h))m(n) (@)

-1
u(O))Lz(n),Lz(nﬂ (4.9)

<eh,E(0) +C.= (]Iu(h) u(0)||H1(Q) + |u'(h) — u (0)!1:,2(9))

+ (4'(0), m - Vu(h) + u(h) m - Vu(0) —

Hence
| 1
| By <o(3 [ Gham i ) - O
1 (%)% (0,h) O (4.10)
+ )~ Ol )
Since we have
2
Lo (8
h Jr@oyx(0,n) \O¥ (4.11)

1
h
r(=%)x(0,h)

2 2
ou 1 ou 1 du
(31/ - .i-z-./o ov dt) %+ h? /I‘(mo) (/ ov dt) ar,

it suffices to verify

v

2 .
A 0 ( / ;?fdt) dr' < eh?E(0) + Ce([lu(h) - u(o)ll?q;(m + [ (h) — w/'(0)[2a(qy). (4.12)

There exists (cf. Lions [1,2]) a vector field ¢(z) = (01(2), g2(), ..., g (z))€ (C3())™, such
that g
g(z) = v(z) onT. - (4.13)
We multiply (4.5) by gx foh Fardi(:= E ax foh %‘;dt, (we will always omit the ) notation
=1 . .
for simplicity)

h
0= / dk / ia—-—dt (v - Au)dzdt
ax@,p)  \Jo 0Tk
h
ou Ou ou
_ Ou ) (0)da| — / / O gt} P ara
/qu(/oak ) (t)dz I‘x(O,h)Qk(Oamk )61/

o

dqs, / du du / h 82y Ou
+ = adt | o—ddt + dt dadt.
/QX(O,h) Ox; ( o Oz dz; Qx(0,h) o o Oz;0xy Oz;

(4.14)
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For the last term, we have

/ ST a“dmdtéfl 9 F/h-(?ﬁ—dt 2dw
Qx(o,h)qk o Oz;0zy Ox; Qquaa:k o Oz; :

1 h Bu 2 1 9q h Bu ? (19)
= [ = il - 223k 22
._./f; 5 IkVk (/(; Bwjdt) dz /ﬂ 3 By (/ 3z, dt) dz.
Since u =0, on I" x (0, k), we have _
‘ Vu = %u onI' x (0, k). ' (4.16)
By combining (4.14), (4.15) and (4.16), we can see that
2
1 Ou
5 /P < /0 %dt) dr
Ou ! an Ou / ou
/ Qk (/0 92 ) (t)dz +/ o (/0 aa;kdt) ( A amjdt de
(4.17)
1 [0 '
2
<C(|w'(h) — ' (0)2. +/ —?—’l—ﬂdt dz)
- P@OT Jo\Jo 0Oz '
But, we have . .
A
A( / udt) = o/ (k) — o (0). | (4.18)
0 .
Hence
. .
I [ udtlgay < O (R) = Ol (4.19)
Then, by combining (4.17), (4.19), we can obtain (4.12).
Corollary 4.1 (Uniqueness Theorem). If u is a solution of (4.5),which satisfies
w(h) = u(0), u'(h)=1u'(0)inQ, . (2.20)
g—ul;' is indepéndent of t on I'(z%) x (0,h,), (4.21)
then |
vu=0  inQx(0,h). (4.22)

§5. Proof of Lemma 2.1

Firstly, we can observe that the propriety that A, is.an isomorphism is independent of
this proof, so we can use it here.

Using this w € L%(Z(z°)) in (1.1), we can get y,, = y(w), the solution of (1.1) associated
with w, and :

T T ]
{% /T _hy:u(t)d't, ;IL- fT _hyw(t)dt} € L*(Q) x H}(9). (5.1)
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So, there exists a unique {¢°, ¢'} € L2(Q) x H~1(R), such that
| 1 (T 1 (T
M =17 [ wod 1 [ ). (5.2
h Jr_ | h Jr_n _
We set
p = p(=z,t) =p(z,t; ¢°, ¢") | o A
(8 = { p1(#4) onQx(T—hT) (53)
’ p2(¢%, ¢') on Q x (0,T — h).
Then, we have ‘
/ (P - p)(z" - Az)dzdt — / (w - 5(¢°, ¢1))¢dE =0, - (5.4)
Q . 2(=0)
for any ¢, z which satisfy (2.10).
We can take in (5.4)
2= Y — Q, 1 )
=Y _¢(f Zﬁ ) (5.5)
» (=w-— 1)((]5 N )
We can deduce that
w=19(¢"¢') onZ(z?). (5.6)
So we have _ ,
/ (P - p)(2" = Az)dwdt = 0, (5.7)
Q

for any z which satisfies (2.10). For any f € L%(Q), we solve the following problem:

A — Az =f in @,

z1=0 ~ _ on ¥,

2(0)=0,2(0) =0 on Q x {0}.
There exists a {¢%, ¢7} € L*(Q) x H~'(22), such that

1 (T 1 [T
Mishe =(; [ A 5[ s
h Jr_p : h Jr_p ~
We can see that

Z2f =21 — ¢(¢07 ¢1)
verifies (2.10). By submitting zy into (5.7), we get

/ (P — p) fdwdt = 0,
Q

for any f € L?(Q). So, we obtain
P=p in Q.
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