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“MEANED” EXACT CONTROLLABILITY 
FOR WAVE EQUATIONS

Y a n  J in h a i* * * 

A b strac t

With a control of Dirichlet type the author wants to bring the wave system to a “meaned” 
state in the time interval [T — h,T]. With the HUM Method the optimal control is got and its 
limit behavior when h goes to zero is studied.

K eyw ords Wave equation, Control of Dirichlet type, Optimal control.
1991 M R  S u b jec t C lassifica tion  35L05, 35B37.

§1. Introduction and the Principal Results
Let Г2 C  R n be a bounded domain with smooth boundary dfi = Г. Following the notations 

of J. L. Lionst1,2l, we set

Г(ж°) =  {ж € Г; v(x) • m(x) > 0}

for some point ж0 € R n, v{x) is the outunit normal to the boundary at the point ж and 
m(x) = x — x°. Then we denote:

£  =  Г x (0,T), £(ж°) =  Г (ж0) x (0,T), Я(ж°) =  тах{|ж -  ж°|;ж е  Й}, Г(ж°) =  2Я(ж°).

We consider the following problem:
' у" -  A y  = 0 in Q =  fi x (0,Г),

v (control) on £(ж°),
j » = o « s m  (11)
l  2/(0) == У°> 2/4°) =  2/1 on fi x {0}.

For any given initial data {y°, y1} € L2(fi) x Я _1(^1), we will denote for simplicity:

у  :=  y(v) := y ( t ; v) := y(x, t\ u),

the weak solution of (1.1) associated with the control v.
By the results of J. L. Lionst1’2], we know that if T  >  Т(ж°), then for any {z0, z1} e  

L2(fl) x H ~1(fl), there exists a vq such that

v0 € Uad =  {*> € £ 2(Х1(ж0)); s.t. y(T;v) = z°,y'(T;v) = z 1},

J(vo) =  min J(v), where J(v) =  ^  [  v2dE, 0ч
veUad 2 Jz(x0) к1-*)

дФ олvo = -Q^ on Е(ж ),
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(1.5)

( 1.6)

where Ф is the solution of the following problem for a certain {Ф°, Ф1} G Я*(П) x  L2(£l):
' Ф" -  ДФ =  0 in Q,

< Ф =  0 o n S , (1.3)
k ф (T) =  Ф°, Ф'(Г) =  Ф1 on n  x {Г}.

Now we are going to search {2°, z \}  and Vh for any h > 0, such that

' v G X2(S(a?0)); s.t.

Vh £ Uad,h = i l  Гт 1 f T " >
-  / y(t\v)dt = z l,  -  / y'{t]v)dt = z \  (1.4)
л  ./Т -Ь  n J T - h

J(vh) =  min «/(и). 
v € U a d ,h

And when h —► 0, if we have

by a convenient topology, we would like to have

Vh - * Щ

by a certain topology.
R em ark  1.1. We can see that for any {y°, y1} G L2(fl) x H -1(fi) and any v G L2(£(a;0)), 

we have
лг» у

Д (^  /  у ^ ^ б Я - Н Л ) ,  2/'(t;t,)dtG L2(fl).
n J T - h  JT-ft

So, it is necessary to introduce a process like (1.4) and (1.5), since we only have {z° ,z1} G 

L2(ft) x Я -^ П ) .
In what follows, we will suppose that there is a certain ho > 0, such that

0 < h < h 0, T(x°) <  T  — ho (1.7)

and observing the linearity of the system (1.1), we can suppose without restricting the 
generality that

y° =  y1 =  0 in ft. (1.8)

T h eo rem  1.1. For any {z£, z \}  G Яд(П) x L2(fl), there exists a unique Vh which verifies 
(1.4), and we have

, 1/2
H 4 U 2(S(a:0)) <  С  ,

where the constant C  is independent o f h.
L e m m a  1 .1 .  W hen h - *  0 , i f  { z ^ z ^ }  €  Я д (П ) x  L 2(S2) satisfies

{z%, z l }  —1- { 2 0, г 1}  weakly in Ь 2(П) X Я - 1 (f2), 

and * /{ v /l }h>o bounded in  L 2(£ (® 0) ) , then 

v h v0 weakly in Ь 2(Л (х0)),

2/ft Л  Уо weafc * in  L ° ° (0 ,T ;  L 2( 0 ) )  П РГ1-00^ , ^ ^ 1^ ) ) ,

where yh =  y(t>b), y0 =  2/(*>o).

For the strong convergence of {vh}h>o, here, we give a construction of the series

K , 4 } k>„ с  Щ ( П )  x  i 2(Sl)

(1.9)

(1.10)

(1.11)
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for any {z ° ,z1} € L2(Q) x H  X(Q). In fact, we can choose

Eh = r  f  zh(t)dt, A  = r [  z'h(t)dt,
n JT-h n JT-h

where Zh =  Zh(x, t) satisfies
' Zf[ — Azh =  0 in x (0, h),

zh = 0 on (Г \Г (ж 0)) x (0, Л),

Jq Zhdi =  0 on Г(ж°),

fr(x°)x(o,h) zhdTdt —> 0 when h —* 0,

„ {^(0 ),гЦ 0)}  —> {z° ,г 1} strongly in L 2(Q.) x # -1 (0), as h 0. 
We have the following results.
T h eo rem  1.2. I f  {2°, z^} satisfies

{zh ~ zb  A  ~ A } {0,0} strongly in Hl(Q,) x L2(fi)

for a certain {zh}h>o, which satisfies (1.13), then we have

IK IIl^s^o )) < lluoll^CS^0)) + 0(1)>

{Z<L A }  i z°> z1} strongly in L2(Cl) x Я -1 (Г2).

Hence
Vh —> Vo strongly in L2(S(a:0)),
Ук~*Уо strongly in L°°(0,T;L2(Q,)) П W 1’oo(0,T;H~1{Q)). 

R em ark  1.2. Particularly, we can choose

Zh =  z  .in ft x (0,7г.),

where z  satisfies

{z" — A z  = 0 in ft x (0, ho), .
z =  0 on Г x (0, ho),

2(0) =  2°, 2'(0) == 21 on О x {0},
and we take

{ А , А }  = { А ,А } ,
or, when {20, 21} € H q(H) x L2(ft), we can simply take for any h > 0,

K ,2 £ } E E { 2 V } .

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20) 

(1.21)

§2 Proof of Theorem 1.1
Following the HUM method of J. L. Lions^1’2!, we consider the optimal control problem:

min
veUad

in J(v), J(v) = \  f  v2dH.
■ad,К Z

If

ldad,h Ф

then (2.1) admits a unique solution G Uad,h-

J(vh) =  min J(v).
‘v€Uad,h

(2.1)

(2.2)

(2.3)
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Then in order to characterize Vh by an optimal system, we use the penalization method

Je{v, z) = l  f  +  ~ \ z "  -  A z \2L2{q), (2.4)

where v and z  satisfy
v e L 2(V{x°)),z" -  A z e  L2{Q),

_  ( v on Е(ж°),
Z ~ \ 0  on £  \  Е(ж°), (2.5)

i !т -ьг (1)й1 =  zh> i /£ -* * '(* )*  =  4>
г(0) =  2/ ( 0) =  0 on fi x {0}.

We consider the following problem:

min Je(v,z),

where v and z satisfy (2.5).
1 According to (2.2), this problem admits a unique solution:

v he i У he •

When 6 —> 0, we can prove that (cf. [1])
Vhe -> Vh. strongly in £ 2(Е(ж0)),
yhe -+yh strongly in L°°(0 ,T ;L 2(fi)) П W ^ O .T ;  Я " 1^ ) ) .

We define
p  <PXhe = - W L - b y K e )  in f ix ( T - /» ,T ) ,

ke \P2he = ~\{y 'L  -  A Vhe) i n f i x  (0,T -  h).
Then Phe E L2(Q), and for any (, z  which satisfy

t £ L 2{Y,{xQ) ) , z " - b z £  L2{Q),
( C on Е(ж°),

Z _  1 0 on E \  Е(ж°),

X 1т-к'г №№ =  ®’ 1 f r - h  = 0) 
z(0) '= z'(0) =  0 on f i x  {0},

(2.6)

(2.7)

(2.8) 

(2.9)

(2.10)

we have

/  Phe{z" — Az)dxdt — f  Vhe(dE = 0.
J q  J z (x°)

(2.11)
«/ v ° )

If Pi he, P2he are regular enough, then Pihe, P2he will satisfy the following equation:

pi — Api =  — фг(х) in fi x (T -  h ,T ),
Pi = 0 f on Г x (T -  h,T),

T) -  0, p[(T) = ф°(х) on f ix  {T},
(2.12)

(2.13)

p2 — Ap2 =  0 in fi x (0, T  — h),
p2 — 0 on Г x (0,T  — h)
p2 {T — h) = pi(T — h) on fi x {T -  h},

k p'2{T - h )  = p[(T - h ) -  ф°(х) on fi x {Г -  h}. 
with {^°,<^1} =  { ^ 6,</)̂ 6} for a certain { ^ e, ^ 6} G L2(fi) х Я -1 ^ ) .  .

R em ark  2.1. We will denote the solutions p%, p2 of (2.12) and (2.13) by pi = р1(ф°, ф1), 
P2 =  Р2 (Ф°, Ф1), when we want to indicate their relations with {ф°, ф1}.
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We have the following result, which says th a t Pihe, P2he are, in fact, regular enough, and 
which will be proved in §5.

L em m a 2.1. For any w € L2(S(a:0) ) ,P  € L2(Q), i fw ,P  satisfy

f  P{z" — Az)dxdt — f w(dH =  0, 
Jcix(0,T) Jz(x°)

f TI w(t)dt — 0 on Г(ж°)
JT-h

(2.14)

for any C, z which satisfy (2.10), then there exists а {ф°, ф1}£ L2(Ct) x H  1(Q), such that
АОр = ( р 1(ф°,ф1) in П x (T -  h,T),

\  р2 (ф°, Ф1) in П x (0, T  -  h),

w  = у(фО dl f  /  ^  ~ % f r - h  l f r dt on F(x°)  X (T -  h ,T ),

onT(x°) x (0,T — h).
So, there really exists а {Ф°̂ е,Ф\е} € L2(fl) x H ~ 1(S2), such that

Pihe = Pl№he> <t>he), p 2he = Р2(Фы>Ф1е)> vhe = КФ1е>Ф\е)-
By the results of §4, we have

C'h||,y(^0)^ 1) 11x2(3(3,0)) <  \Ф°\%(П) +  Н^Ня-^П)

^  C ^h + ^2 ^ 1)llx,2(S(*°))>

(2.15)

(2.16)

(2.17)

(2.18)

where Ch is a constant dependent of h.
Combining (2.8), (2.17) and (2.18), we can deduce that there exists a {$*, ф\}€ L2(U) x 

P r_1(fi), such tha t
Ф1е -* Ф1 Strongly inL2(Q),
Ф1е -+ Ф1 _ Strongly in # -1 (fi), (2.19)
vh = v№h^h)-

We have proved that if Vh exists, that is to say, if (2.2) is true, then Vh will verifies (2.19). 
Now we are going to verify (2.2) by the HUM Method.

Firstly, for any {ф°, ф1} € L2(Q) x H ~x{O), we solve

ф = у(ф°,ф1) =  |

ф" - А ф  = 0 in Q ,
dpi
8u _  I  rT &Ldtk JT-h dv al on Г(ж°) x (T —

dv

оIIi*-

on Г(ж°) x (0, T  

on E \  Е(ж°),

(2.20)

ф(0) = ф'( 0) =  0

where pi = рх{ф°,ф1), p2 = р2 (Ф°,Ф1)- We set 
«°(ж) =  - А ~ 1ф1(х) e

o n f ix  {0},

ux(x) = ф°(х) e L2(Q),

и will verify

u(x,t) = pi(x,t) + u°(x), i n f ix ( T - / i ,T ) .

u" — Au  =  0 in fi x (T — h, Г),
и = 0 on Г x (T -  h,T),
u(T) = u°,u'{T) = ux on fl x {T}.

(2.21)

( 2.22)
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By the results of J. L. Lionst1’2!, we know that
du dp2—  € L2(T x (T -  h, T)), - ^ 6  L2(T x  (0, T  -  h)).du

Hence

t - U r ^ d t = T „ - l L r * dteL2{r> < {T- h’T))-
Then, we can define

Ah : L2(Q) x  Н ~1(П) A2(fl) x Щ(П),
pT T

{Ф°,ФХ}*~* { \ j  Ф'dt>r f  ^dtЬ
h  J T - h  11 J T - h

where ф =  ф(ф°,ф1) is the solution of (2.20) associated with the initial data {ф°, ф1}.
Now, we consider another couple {^° ,фг}€ L2(Cl) x Я -1 (0), and pi =  pi(4>°,ф1), p2 =  

Р2( ф ° , ф 1)] we multiply (2.20) by pi, p2; at the end, we will get

(2.23)

(2.24)

(
ф ( Т ) - ф ( Т - к )  10 1 f 1 -

, Ф°)ьца),ь2(п) +  ( т  /  V’d t, 4>1) h h q ),h ~1(q )
n  J T - h

=  1 f
h Jr(x° )x (T-h , T)  \ d v  h  J T - h

dE + I /
h Jr(x°

др2 dp2
r(x°)x(P,T-h) d u  d u

dE

4 /  ■■ ( i r - l l *"■ J r (x ° )x (T -h ,T ) V «  J T - h  d u  I \  °U  h  J T - h

(2.25)

. +

This means

i f
h  J r ( x ° ) x ( 0 , T -

dp2 dp2

du

dE.
h) du du

(Аь{ф°, ф1}, {ф°, 01})£2(п)Хн1(п),ь2(п)Хя-1(о)

= r  /  у{Ф° У ХЖФ° Л х) ^n JS(®°)
hence

(2.26)

(2.27)

(2.28)

A fc^A J.

By observing (2.18), we can deduce

(Л/400, 0 1}, {<£°, ^ 1})х,2(о)Хя 01(п),ь2(п)хя-1(гг)

= l j  > С Щ / . Л И Ь

Hence, Ah is an isomorphism.
So for any {zl, г°} € А2(О) x Я^ (fi) we can find a {0°, L2(fl) x Я _1(П), such that

Ль{<$,<^} =  { 4 ,г°} - (2.29)

we can deduce that

у (ф 1 Ф \)е и а<1,ь. (2.30)

So, (2.2) is verified.
Since Ah is an isomorphism, we can see from (2.19), (2.30) that

{Ф1Ф1} = {Ф1Ф1Ь

Wfc ■=»($> f̂c)r
(2.31)
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Prom (2.18), we can deduce

(|1г°11я‘(п) +  kfeli2(n)) = 11л ^{^Л)^}|1х-2(п)хЯ1(п)

^  (Afc{ f̂c> ф р ’ {Ф1»Ф\У)ь2(О)xЩ(О),L2(О)хЯ~1 (О) 
1К^ь»^}11ь*(0)хя-1(п)

>С
ih + i ? ) 2 МФЬФ1)и*&(х°))

So we get (1.9).

(2.32)

§3. Proofs of Lemma 1.1 and Theorem 1.2
P ro o f o f Lem m a 1.1. If for a certain щ  e  L2(S(x0)) we have a subseries such that

Щ % weakly in L2(E(aj0)), (3.1)

by the results of J. L. Lions^1,2! we know that the series {p2h(T — h),p'2h(T — h)} remains 
bounded in Hq(Q,) x L2(fi), where p2h =  Р2(Фн^Ф\)- we can choose a subseries (still 
denoted by h) such tha t

P2h(T -  h) Ф0 weakly in H${tt),
p'2h (T  — h) —1• Ф1 weakly in L 2(f2)

for a certain {Ф°, Ф1} G Щ(П) x L2(fi), and

Ун Л  Vo weak * in L°°(0 ,T ;L 2(fi)) Л РГ1*оо(0,Т;Я -1(П )),
P2h л  Фо weak * in Ь°°(0,Т;Я$(П)) П ^ ’« (O .T jL ^n )),

where p2h is extended into fi x (T — h, T) by

p2h ~  &p2h — 0 in fl x (T — h, T ), 
p2h =  0 on Г X ( T - h , T ) ,

y0 =  y(vo), Фо satisfies the following equation:

’ Ф" -  ДФ =  0 in Q,
< Ф =  0 on E,
k Ф(Т) =  Ф°, Ф'(Г) =  Ф1 on п  х {Т},

with the initial data {Ф°, Ф1} =  {Ф°, Ф1}, and still more, we have

ЗФо

(3.2)

(3.3)

(3.4)

(3.5)

dv =  «0 on Е(ж°). (3.6)

(3.7)

It still remains to prove tha t

Vo (T) = 2°, y'o(T) = Z1.

For any {Ф°,ФХ} € Hq(Q) x L2(f2), and Ф =  Ф(Ф°,Ф1) the associated solution of (3.5), 
and for any s € (T — h, T), we have

(Vh(s), Ф ^ ( n j .L ^ n )  -  (y'h(s)i ф0) я - 1(П),я1(П) 
г дФ (3.8)
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Integrating (3.8) in (T — h,T), we can get

Ф1)гга(«),ьа(п) -  (zh>®°)н~х(а),Щ{а.)
1 f T Г дФ

= Г  /  /  vh(t)— (t + T -s )d H d s
h  J T - h J r ( x ° ) x ( 0 , s )

In (3.9) letting h —» 0, we will get

(^0)Ф1)г2(п),1,2(п) -  ( A $ 0)tf-i(n),Ha(n)

дФ0 дФ
du dv

(3.9)

= /  = f
JTi(x°)x(0,T) JX(x°)x(0,T)

dS.
(3.10)

(3.11)

(3.12)

So we have (3.7). By the results of J. L. Lionet1’2! we can deduce from (1.2), (3.6) and (3.7) 
that

Уо = Уо in Q,
Vq = Vq on Е(ж°).

Proof o f Theorem  1.2. It suffices to prove (1.15). If щ  is such that

1 f T i  f T
h Vh(t)dt =  z l ,  -  y'h(t)dt =  z l,
n J T - h  n J T - h

where yjг = y(vh), and Vh is optimal in the following sense:

IK IU 2(s(®°)) =  m in lH Ij^s^o)),

for any v e  L2(T,(x0)) which makes (3.12) true with 

У — y(v) being in the place of yh,
According to (1.9) we have

IK -  ̂ lk2(s(x°)) < с (||4 -  411я1(п) +14 -  4 Il2(o)) 2 = °(i)-
If vq 6 L2(E(x°) x (0,T  — h)) is such that:

(3.13)

(3.14)

y0(T -  h) = zh(0), y'0( T - h )  = z'h(0), (3.15)

where y0 = y(vo) is the solution of (1.1) in x (0, T  — h) with v = v0 on Г(ж°) x (0, T  — h), 
and vo is optimal in the following sense:

1К1к2(Г(а:0)х(0,Т-Л)) =  min ||'y||L2(r(rE°)x(0,T-fe)))
for any v € L2(r(ffi°) x (0,T  — h)) which makes (3.15) true with (3.16) 

У — y(v) being in the place of yo, 

we extend % into Г(ж°) x (T — h, T ) by:

v o ( t )  = Zh{t — T  + h) on T ( x ° ) x ( T - h , T ) .  (3-17)

Then, by the results of J. L. Lions!1,2!, we have

IK  -  ^o|U2(£(a!0)) < | K  -  ^o||l,2(r(a;°)x(0,T-/i)) +  IK  -  ^o|U2(r(a:0)x(T-/i,T))

<C (\y(T  -  h\ Vo) -  zh(0)\l4n) + IIy'(T -  h] Vo) -  4(°)11я-»(п))2

+  IK IU 2(r(a:°)x(T-/i,T)) +  |K |U 2(r(a;°)x(0,/i))

=0(1).
(3.18)
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Since v0 verifies (3.12), we have from (3.13)

I K |U 2(S(a°)) <  ||vo| |l 2(S(®0))-

So we have
I K I I i 2(S(x0)) <\\vh -  •yfe|U2(S(a!0)) +  ||Vft.||b3(X.(as0)) <  o(l) +  |K | | / , 2(S(x0))

<IKIIi2(E(s°)) + IK -  ^o||i2(2(x0)) + °(1)
< ||^o||l2(2(x0)) +  ©(I)-

§4. The Inverse Inequality
In this section we are going to verify (2.18). Since

lv(0°)^1)lli2(s(xO)) —
dpi 1 Г  dpi

V{x °)x (T-h ,T) dv h Jrr_h dvs
J T - l

-dt I dYi

+ r  ( ^ Y d s
Jr(x°)x(o,T-h) \ dv J

by the results of J. L. Lions^1,2!, we know that (cf,(2.21))

[  ( ~ ) 2d s  > c  h p 2(T -  />)!&.(„, + \pt,(T -  *)!!.(„,)
Jr(x°)x(0,T—h) W  4 0 '

= C  (WPiW ~ Mllfr'(n) +  IPi(^  -  4  ~ ^°lL (n))

=C (||«(T) -  u(T -  A)|| Jj(0) + |A T ) -  u'(T -  411,(0))
Hence (cf. (2.23))

W O V 'J l H w »  £  /  ( I j -  l  ГV "  J r ( x ° ) x ( T - h , T ) Kcfl' n J T _ h OV /

+ с (кг) -  u(T -  411̂ (0) + КСП - A t -  4li,(0))
So, it suffices to prove the following results.

T h e o re m  4.1. For any {ti0,^ 1} G Щ(П) x L2(ti), we have

|u°"a«8<n>+ l“1||l(<4 S C  ( s  /г (..,х (0.ч (^  " s  l  ^
dS

~Y~fo2\\u (h) ~  и(0)Ия1(П) +  ^2 \U U (®)li2(fi)^ >

where и =  u(x, t ) satisfies
и" — A и =  0 in Cl x (0, h),
и =  0 on Г x (0, h),
u(0) =  vP, vl (0) =  u1 on Q x {0}.

P ro o f. By the results of J. L. Lionsf1’2!, we have
du , 2
dv

G L2(T x (0, h)),

Z ( t ) \^  + h E ( 0 ) < ^ p -  !
1 J Г(х°.Г (х°)х(0  ,h)

du
dv

dS,

(3.19)

(3.20)

(4.1)

(4.2)

(4.3)

(4.4)

(4.6)

(4.6)

(4.7)
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where

m  = l  f  ( iv u ° i» + i« i i!,)<te,
(4.8)

71 1Z(t)  =  (u'(t),m • Vu(t)  +  — g — t i ( « ) ) L * ( o )> L » ( n ) .

For any 0 <  6 < <  1 we will denote by Ce some corresponding sufficiently small constants. 

\Z(t)|o | = I(« 'W  ~  Ц0), m  •Vu(h) +  ?— ^u(h))L4ci),L*(si)
ry) _ 1 in _ *1

+  (u'(0), m  • Vu(fc) +  ——-u (h ) -  m • V u(0 )----- jj—4 0 ))L2(n)j£2(n)| (4.9)

<ЛЕ(0)  +  C . I  (||«(*) -  ч(0)||5,,(я) +  К (Л ) -  » '(0 )|i,(O))  •

Hence

+  T | B' ( f t ) - M' ( o ) i ! . <n)) .

Since we have

(4.10)

(4.11)

it suffices to verify

du
!h>

dt dr  < eh?E(0) +  С.(||«(Л) -  u (0 ) ||J j(o) +  |« W  -  »'(0)|Ь<О))- (4-12)

There exists (cf. Lions [1,2]) a vector field q(x) =  (qi(x),q2 (x),...,qn(x))G (C2(Cl))n, such 
that

q(x) =  u{x) on Г. (4.13)

We multiply (4.5) by qu Jq -§^-dt(:= Y  Як Jq $ r d t ,  (we will always omit the Y  notation
k fc=i k

for simplicity)

(4.14)
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For the last term, we have

/J n
Як

rh d 2U \  du J ' f  1 d  (  f h ди Л  , 
-dt I —— dxdt =  / -qk~—  I I ~— at I dx

nx(o,h) Wo dxjdxk J  dxj

h du 
d x j

dt I dx

=L\
[  I ^ f c  /  [ h

Jn 2 д х к у J0

dxk \Jo dxj
(4.15)

du dt I dx.

Since и — 0, on Г x (0, h), we have
du

Vu =  — v о п Г х  (0,/i). 
du

By combining (4.14), (4.15) and (4.16), we can see that

(4.16)

=Lчк(I* s * )m'H„+LW, (£Is*) (lh du_ 
dx j

dt I dx

1 ддк f  f h du
2 dxk \ J q dxj

dt I dx- /Jn

< c(W (h)  -  « '( o ) |b (n) +  j f  ( £  £ - * \  dx).

(4.17)

But, we have

Hence

A( f  udt) = u'(h) — u’(0).
Jo

f  и(^\\1а£(п) — C\u W  ~  u (®)li,2(n)-
JO

(4.18)

(4.19)

Then, by combining (4.17), (4.19), we can obtain (4.12).
C o ro lla ry  4.1 (Uniqueness Theorem). I f  и is a solution of (4.5),which satisfies

u(h) =  «(0), u'(h) =  u'(0) in J2, (2.20)
du
du

then

is independent o f t  on Г (ж0) x (0 ,h , ),

и =  0 in J2 x (0, h).

§5. Proof of Lemma 2.1

(4.21)

(4.22)

Firstly, we can observe that the propriety that Ah is an isomorphism is independent of 
this proof, so we can use it here.

Using this w € L 2(S(x0)) in (1.1), we can get yw =  y(w), the solution of (1.1) associated 
with w, and

i j f  / » ( * ) * }  € i 2(n) x f f ‘ (Sl). (5.1)
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So, there exists a unique {ф0, ф1} G L2(fi) x H  such that

^ { Ф 0^ 1} = ^Vw{t)dt^. (5.2)

We set
p = p(x,t) =р{х,Цф°,ф1)

Then, we have

_  / ,0 .IN Г Р1(ф >Ф ) on П х ( Т - Л , Т ) ,  
PW>,<? 1 Р2 (Ф°^Ф1) on П х ( 0 , Г - Л ) .

f  (P -  p)(z" — Az)dxdt — f  (w — у(ф°, ф1))(ЗИ =  0,
Л э ./ЕГа:0)

for any C, z  which satisfy (2.10). 
We can take in (5.4)

= ( * °)

г =  У*,-Ф (Ф °,ф 1), 

C = w -  ® W°i 01)-

(5.3)

(5.4)

We can deduce that

So we have

w = у(ф° , (£*) on В(ж°).

I  (P — p)(z" — Az)dxdt = 0,Vq
for any 2: which satisfies (2.10). For any f  G L2(Q), we solve the following problem:

z'l -  A z \ -  f  in Q,
z\ = 0 on S,
zi(0) =  0, z '(0) =  0 on Q x {0}.

There exists а {ф®,ф }̂ G L2(fl) x # _1(fi), such that

&к{ф%ф)} = {]- f  z[(t)dt, i  f  z\(t)dt}. 
n J T - h  n J T - h

We can see that

Zf = zi -  ф{фй,фг)
verifies (2.10). By submitting Zf into (5.7), we get

(5.5)

(5.6)

(5.7)

(5.8)

for any /  G L 2(Q). So, we obtain

(P  — p)fdxdt = 0,
J q

P = p in Q.

(5.9)

(5.10)

(5.11)

(5.12)
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