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NONLINEAR DIFFUSIVE PHENOMENA OF 
NONLINEAR HYPERBOLIC SYSTEMS***

H sia o  L in g * L iu  T a ip in g **

A b strac t

The authors study the nonlinear hyperbolic system which describes the motion of isentropic 
gas flow with external friction acting on it, such as a flow through porous media, and show 
the nonlinear diffusive phenomena for the large time behavior of solutions for this system by 
proving that the solutions tend to those of a nonlinear diffusion equation time-asymptotically.

K eyw ords Nonlinear hyperbolic systems, Nonlinear diffusive phenomena, 
Isentropic gas flow.
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§1. Introduction
We study the large time behavior of solutions for the following system

r 9p  , d(pu) _
St dx ' 
d(pu) , d(pu2 +p(p)) _  _ _

~ д Г +  d~x "  ~ apu>

( 1 .1 )

which describes the motion of isentropic gas flow with external friction acting on it, such 
as flow through porous media. Here the friction coefficient a  is a positive constant and the 
function p(p) satisfies the condition

p'(p) >  0 for 0 < p <  oo (1.2)

under which the system (1.1) is hyperbolic.
Ignoring the convection term  in (1.1)2, one obtains

f Pt + (pu)x =  0, 

1 P(p)x =  -a p u ,
(1.3)

which can be rewritten as a nonlinear diffusion equation, the porous media equation for p 
plus a decoupled equation for u, namely,

' _  1 d2p(p)
* a dx2 ’

ц _  1 9p(p)
, ap dx

(1.4)
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One would expect that the system (1.1) is accurately approximated by (1.4) time-asymp- 
totically since the convection terms in (1 .1)2  are small time-asymptotically compared to the 
terms in (1 .3)2 for similarity solution of (1.4)i with и defined by (1.4)2.

It would be interesting to prove the expectation since it shows certain relations between 
the theory of nonlinear hyperbolic equations and nonlinear diffusive phenomena. Moreover, 
the simplified nonlinear diffusion equation has been understood much better than the original 
nonlinear hyperbolic system.

This expectation was proved rigorously in [1] with the systems in Lagrange coordinate 
which are equivalent to (1.1) and (1.3) respectively for p > 0. However, for dealing with 
more general situation when vacuum may occur one has to consider the system (1.1) and 
(1.3) directly in Euler coordinate.

For the first step, we prove the above expectation with Euler coordinate for the case when 
the initial data (ро(ж)> щ (х)) satisfy the following condition in this paper.

, po(x) > 0 with lim po(x) = p^, lim щ(х) — uT.
ж—*-:foo T 3—>=Foo (1.5)

For comparing the solution of (1.1) and (1.3) we use variables (p,m ) instead of (p,u) 
where m  =  pu, in which the system (1.1) and (1.3) becomes

Pt +  m x =  0,

and

or

m t +  (------\-p{p))x +  am  = 0
P

(1 .6)

( Pt +  m x = 0,

\p (p )x  + am  = 0
(1.7)

( 1 92p(p)
J a dx2 ’ 

m = z i 8P W .
к a ox

(1.8)

It is known that there exists a similarity solution р*(г}),т] =  ^ = =  for (1.8)j, satisfying 
the boundary condition p*(r]) = p^  as r] —► ^ 0 0  under certain condition on p(p) (see [2]). 
Furthermore, we can define a constant «о by the equation

(p+u+ -  p_u_)
/ (Po(x) -  p*(x +  xo))dx -

a (1.9)

and then obtain the similarity solution p*(^±|a) for (1.8)i, namely p*(^)===) satisfies the 
equation as follows

1 d2p(P*)
^  a dx2 ’ 

t /?*U=o =  р*(ж +  ж0), 
where p*(x +  x q ) satisfies the condition (1.9).

Define

m* = — p(p*)x- a
We will compare the solution (p,m ) for (1.6) with the initial condition 

p(x, 0) =  po(x), m(x, 0) = m0( x) =  p0(x)u0(x)

(1.10)

(1.11)

( 1.12)

(1.13)
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to the functions p* +  p(x, t), m* +m (x, t) where the functions p and m are defined as follows

(1.14)p(x,t) =  p(x) ■ (<>+"+
a

(1.15)

p(x) >  0 with compact support |ж| < к such that
/ OO

p(x)dx — 1
-OO

and

/
X

ffi)d£. (1.16)
-OO

Let w =  p — p* — p, z = m  — m* — m. It follows by (1.6) (1.10) (1.12) (1.14) (1.16) that 
wt + zx =  0,t (z + m * + m )2 , 1 ,
Ъ +  [----- ;— —   +p(w  +  p +  p) -  p(p )]* +  az  -  ~p(p )xt = 0.

(1.17)
w +  p* +  p a

Introducing y ( t,x ) =  j2 00—w(t,s)ds, it is obvious tha t yx = —w. Due to (1.17)j (1.16) 
and the facts th a t m (—oo,t) =  p - U - e ~ at and m*(—oo,t) =  0, it is known that yt = z. 
Therefore, (1.17) becomes

Уи + +  +  +  p(p* +  p -  yx) -  p{p*)\x + ayt -  -p(p*)xt = 0.
P* +  P ~  Ух ol

(1.18)

It is clear tha t y(—oo,t) =  0,y(+oo,t) =  0 in view of (1.9), (1.17)i (1.15), (1.16) and the 
facts that m (^oo ,t) =  m ^e~at,m*(^foo,t) =  0.

We study the Cauchy problem of (1.18) with the following initial condition

y (x ,0) =  y0(x)■= f  {p*(s +  xq) +  p{s) (p+a+ ^ p- -  p0(s)}ds, 
J  —OO a

(1.19)

y t(x ,0) =yi(a:)
1 ex

= т 0(ж) +  -p ( p *(x +  ®o))* -  [p- м -  +  (p+u+ ~ P- и - )  / p (0 d£\,
a (1.20)

where жо is defined by (1.9), p(x) is defined in (1.15) and то(ж) =  po(x)uo(x).
For any given initial data (р0(х),щ (х)) such that yo(x) € H 3(JR),yi(x) € H 2(M), we 

are going to prove th a t (1.18)-(1.20) has a unique smooth solution in the large in time 
provided the initial data  are small (the precise description for the smallness will be given 
later). Furthermore, the solution у and its derivatives yt,yx decay to zero in the Lqq- 
norm as t  —> oo with a rate (t +  l ) - s  which implies that the system (1.1) is accurately 
approximated by (1.3) time-asymptotically since the functions p(x,t) and m (x,t)  decay to 
zero exponentially fast.

For convenience, we only give the proof for the case when =  u+ = 0 in which m = 
0,p = 0 and (1.9) becomes

f (p o (x ) -  p*(x + x0))dx =  0. (1.21)

The general case can be treated in a similar way by using the properties of m(x, t) and 
p(x,t). Moreover, we assume a  =  1 for simplicity.
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§2. Priliminary Remarks
Consider the Cauehy problem

У« +  [ '^  + p{p* ~  Ух) -  P{p*)]x + Vt~ p{p*)xt =  0,
P Ух

i f X
y (x ,0) = y0(x) = / {p*(s +  ж0) -  p0(s)}ds,

J  —OO
k y«(®. 0) =  2/ i(x) = m 0(x) +p(p*(x + ®o))*, 

where P * ( ^ |f i ) satisfies

. .  &P(P*)
' Pt 0x2 ’
, P 'li-o  =  p '(x  +  xo)

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

while р*(ж +  ж0) satisfies the condition (1.21).
For the global existence of the solution to (2.1)-(2.3) we need the a priori estimate in a 

suitable norm which will be established with the help of the a priori estimate for p*(^==|). 
Let r] =  ^ = = . It is easy to know that the function p*{rj) =  p*( f̂c£&) satisfies

2 ^n ~  )w>
/(T o o )  =  pT.

(2.6)

(2.7)

H y p o th esis  2.1. p(p) is a smooth function of p in Cl such that the derivatives pW(p) 
up to г =  5 are bounded in Г2 and p’(p) >  0 in f2, where f] is defined as О : {p : po < p < 
Pi,0 < p0 <  Pi <  oo}.

Assume the initial data po(x) is given such that p-,p+  € [po,Pi] at this moment. By 
a similar argument as in [2], it can be shown that the solution p*(77) of (2.6), (2.7) exists 
which is a monotone function, increasing if p+ > p_ and decreasing if p+ < p_. Moreover, 
p*(0) is small if |p_ — p+| is small and p*(0) depends only on pT and p(p). For definiteness, 
let us assume p+ > p_ from now on, the case when p+ <  p_ can be dealt with in the same 
way. Therefore, p_ <  p*(rj) <  p+ for —00 < p < 00 and p*(^oo) =  0. Furthermore, we can 
establish the L2-estimates on the derivatives of p*.

L em m a 2.1 Under the Hypothesis 2.1, the following estimates hold
Г°° (Vf(M 2

j ^ p t ) ^ t ) d x < C - ^ f ^ - 2, (2.8)

r , . . s  K ( ° ) ) 2J (Ptx) (x,t)dx < C- (2-9)

Г°° (VfO')')2
j  J p ^ {x, t ) d x < C . ^ ^ - 2 , (2.10)

r°° fo*(0))2J J P*ttx)2(x,t)dx < C • (2.И)

f°° (VfOli2
J  J P u x x )2(x,t)d* < C  • (2.12)
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where C only depends on fl and the function p(p). Moreover, the L 2-estimates on p*2 and 
p*x are the same as in (2.8); the L2-estimate on pxxx is the same as in (2.9); the L2-estimate 
on pxxt is the same as in (2.10); the L 2-estimate on pxxxt is the same as in (2.11).

P ro o f. The equation (2.6) can be rewritten as

* , § + р " ( р * Ы ) - р ;ы  * n 
Pm p V M )  H

(2.13)

It follows from (2.13) tha t

ф )  = р;(. 0 )e -J ? A<*)J', (2.14)

where
f  +p"(p*(n))‘P*v(n)

A{7)) p>(p*(r}))
(2.15)

Due to  Hypothesis 2.1, we denote the bounds of p'(p) by ai, the bound of \p"(p)\ by /3 
respectively. Namely, 0 < « i <  p' < a 2> \p"\ < /3 in 0 , which, together with the fact that 
0 <  p* <  7o, implies the following estimate about e~ fo A^ d3

e- f o A(s)ds <  4

У(У+40Уп)
e 4“2 for — oo < tj <  —2^ 7 o,

y(.y+40~/a)
e 4“i for — 2/070 < rj < 0,

y(.y-40yg)
e 4“i for 0 < r) < 2/07o,

y(y-iP la)
e 4“a for 2/07o < rj < oo.

Since p\ =  p* • • щ -, it follows tha t

by using (2,14).
W ith the help of (2.16), one obtains

r°° -.2 „  . r - 2^70 v2 „(„+4̂ n)/ OO 'l Л-
tLe-foV2A(°)d°dT}< I

-oo ^  J  —c

........  n2 _ .............
2“2 dr)+ I — e 2“i drj

J—20-/O 4

j2 y(y+4Pnn)

4
2Д7° _ ч(ч-4Э7П)/>ЗД7о -2

+ l  4 C

< C (a i,a 2,f31 , 02,'Yo)-

Therefore (2.8) follows, namely

/ Pt (x , t)da; < C7 ■ K(o)]2
( t + l ) 3/ 2 ’

where <7 only depends on Q, and the function p(p). 
Since

(2.16)

..... /*+00 2 4(4- 4ff7n)
2“i drj+ I — e 2“2 dr] 

J20yn 4
(2.17)

Px Pri '" , / t + T
(2.18)

and />*(77) <  Cp*(0) by (2.14) and (2.16), where C only depends on f2 and p, it is clear that 
p* is small uniformly in t  if (p+ — p_) is small.

In order to estimate (2.9), we consider p*4 first.
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Differentiate (2.13) once more and denote p*n by Y . One obtains the following equation 
for Y  with the help of (2.6)

where

B(V) =

Yv + B (V)Y  = E (V),

2 + 3p"(p*(v))-P*r,(v)
p'(p*(r]))

= ------------ -----------------------•

, E{v) =  e(r])p*(r]),

(2.19)

(2.20)

р'(р*Ш
It is known that there exists a finite number щ  such that У(7/0) =  0. Thus, the solution 

of (2.19) with У (770) =  0 can be expressed by

Y {4)=  r e ( « K ( f ) e - J 7 BW<*«.
Jno

Substituting (2.14) into (2.21), we get

Y(v)  =  p*(0)e~ So A^ da Г  e (Q ef t [Ma)- Bia)]d3dt,
Jvo

where
- W W » )

(2.21)

(2.22)

A(s) -  B(s) =
P'(p*(s))

It can be shown that

therefore

\Y(V)\ <

^ [ A ( s ) - B ( s ) ] d s  < f 0  ^  77 > £,
\  e for 7? < £;

p*(0)eo • e-  /o’ A(s)ds for 7/ >  770,

p* (0)eo • e-  Jo ^(s)ds J^° for 77 < 770,

where eo is defined by eo =  sup |e(77)| which depends only on p^,tt and p(p). It follows then 

that
Г Oi-4o),l

p* (0)e0 • e“ Jo A^ d3 • ----- s ----- S for 77 >  770,
(2.23)l/C,l < 1 Гр (’10~T>)

[ p* (0) • e0 • e-  Jo M3)d3 ■ i 2/370
“i

for 77 <  770.

Since PfX =   ̂ ^  rea< ŝ °ff that

L p“ ix ’t )d x - J - ~  ( * + i ) w
Due to (2.14), (2.16) and (2.23), a similar calculation as we made for getting (2.8) implies 

(2.9) then. In view of p t̂ = 4(t+ 1)2 " , a similar treatment implies (2.10) as well.
For establishing the estimate for p|ta., we consider p*vr) next. Differentiate (2.13) twice 

and denote p*vr) by Z, one obtains that

Zv +  D{r})Z =  F(r]), (2.24)
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/2  fa) =

where

TV 1 -  2 +  W f o ) )  • РуМ  
{V) P'(P*(V))

F (v) = fi(v )  1 P*m iri) +  M v )  • P*v(v),

£ , , 1 +  3p " (p * W  • Р Ш  +  6p{34 p*(v)) • p;2(v)
fi(v ) = ----------------------------------------------------- 1-----,

p'{p*{w
р {4)(р * Ш  • Pq3(̂ ?) 

p'(p*(v))
\fi\ < fi < с», the constants /?  only depend on ft, and p(p). It is clear that there exists 
a finite value щ such th a t p^vv(vi) =  0. Therefore, the solution of (2.24) with Z (щ) =  0 
can be expressed by

m =  Г [ Л К К „ « )  +  Л а д « ) ] е - ^ 1,МЛ’« .  (2.25)
Jr)l

Substitute (2.14), (2.22) into (2.25), it turns out that

Z ( v ) = p ^ e - I o M s ) ds \ f \ s ^ A ( s ) - D(s))ds(f2^
v»)l *•

/ 1 ( 0  / €e (A )e /? W -B(*>+  , df .

For definiteness, let us assume th a t rji < щ. It can be shown then that
М2й(„о-0

Z(rj) < i

p*(0)e~ fo AM ds 

p*(0)e~ fo A^ ds 

p*(0)e~ f<? A(s)ds

c  e “ <£" ' ){ /2° + A % (e }<ге

Д  e ^ (" - £){ ^ + /?  во --Ц R

for 77 < T)\, 

for 771 < T) < 7)0,

С “ И ) { Й + А ^ К
2/3-ft) (>70-0

«1
for Г) > Щ.

(2.26)

Since p%tx =  Pr,r,v Pv̂ t+i)s/2 7?+3̂ >ч, by using (2.14), (2.16), (2.23), (2.26) and the similar 
argument as before, one obtains (2.11).

The other estimates in Lemma 2.1 can be established by a similar argument which is 
omitted.

We seek the smooth solution y(t, x )  € C2(t > 0, x  € R) and

\y(t)\C 2 = \y(t,-)\e2 + \yt(t,-)\ci + \ytt(t,-)\c°, (2.27)

where

|/(')1в* =  X  sup \d?f{x)ldx3\.
0 <j<k

By Sobolev’s lemma, we have

|/01с»<б||/(-)||я*н-- (2.28)
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Thus using the L2-energy method we will solve the Cauchy problem (2.1)-(2.3) in the  Banach 
space .X3 defined by

X m = {y(t) <E L°°(t-,Hm),yt G ytt G L°°(t\ H m~2),0 < t  <  T,VT} m  > 3.

H y p o th esis  2.2. y0(x) G yi(x) G H 2(R ), p*(x + x0) -  y'0(x) G fi, po + r <
p~, p+ < pi — r  for a positive constant r such that 0 <  r <  . We assume 0 < p0 < 1

for convenience.
It is known that the classical local existence theorem gives the solution for the Cauchy 

problem (2.1)-(2.3) in the space X 3 locally in time. For the global smooth solution in t > 0 
we only need the a priori estimate in the norm (2.27) for which the a priori estimate in the 
norm of Xz  is sufficient by (2.28), namely,

IllvWllli =  llvWlla* +  1|!&(*)11я» +  \\УиШ т  < oo for t > 0. (2.29)

In order to obtain the a priori estimate in the norm (2.29), it suffices to obtain the a priori 
estimate of

3

=  (2.30)
3-1

for the solution у with p* —yx € 12 and ^  in each (t, ж), where

4 v2
E i(t) =  —  /  {y • yt +  +  2/t +  <r{yx, p*)}(x, t)dx, (2.31)

«1 У-oo 2

m ) =  Г  « . + [ i+ ? v  - у . ) -
7-00 P Ух

+  \ P V  -  У.) -  )*]!&.}(«■ ‘) * .  (2.32)
P ~~ Ух

B.(t) =\ Г  Ы,  + &>V -» .)  + » -
" J —oo P Ух

+  lp'(p" -  V.) -  <№, (2.33)
P ~ У я

where <r(£,p*) = Jq \p (p*) ~ p (p* ~  *)]«**•
It follows by (2.28) then that

\y { t) \l* < C \M t) \\\l< C 2E{t) (2.34)

for y(t, x) with p* - y x e t t  and p -Z ^ g J» )2 <
L em m a 2.2. Under the Hypotheses 2.1 and 2.2 there exists an

e =  e{Q,p) < min{r, — J — }

such that if the solution y(t) G X 3 to the Cauchy problem (2.1)-(2.3) is small as

lv(t)lc*<. (2.35)

and p*(^ y | ) satisfies the condition

IPxIc1 < e, (2.36)
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then one has the a priori estimate

E(t) < E(0) + Rp*2 (0) in 0 < t < T ,  (2.37)

where R  depends only on p, SI.
First we assume that the solution y(t) belongs to the space X* with yo(x) G Я 4, yi(®) E 

Я 3. In establishing the following energy estimates, a lot of troubles concerning the term 
(I^z£(£j .sL )a; щ (2.1) occur for which we have to make very careful treatment.

Multiply the equation (2.1) by у and yt respectively and integrate then over [s,t] x 
(—00 , 00). After the integration by part we have two equalities

/ 00 2 pt poo

(v • Vt +  Y ) (x ,  t)dx + /  p'(p* +  вух)у1 (х, Z)dxd£
■ 00 "  J s  J —oo

*  f °° [yt ~  P'(P*)Px]2Ух{- p'(p*)pt}{x,£)dxd£
П С

-00 r  nx

/ 00 2 f t  poo

( y y t  + y)(a:,s)d®  +  /  /  y${x,Z)dxdt, 
-00 "  Js J—oo

/ 00 2 pt poo
[%  + <т{Ух, P*)](x,t)dx + /  /  y?(x,Z)dxd£

-00 "  J s  J —OO

- a
s </ —00 

t poo

do-
dp*

Pt (x ,£)dxd£

+
p t  p  OO

/  /  »*{(-
t/s J  — OO /

)* • [з/t  -p '(p * )p x ]2
Ух
2px

2[yt -p(/»*)«]

ri* ^ Ух Ух

P — Ух 

)x ~  P(p*)xt}(x , O dxdZ

Pt

where <т(£, p*) =  [p(p*) -  p(p* -  X)]dX, 0 < в < 1.
By using Cauchy inequality with (2.38) and (2.39) respectively, it follows that

1 Г°° v2
2 J  { y y t  + Y + y t +  «К»*» P*)H®» l )dx

-i c pt poo
+ (7 - 3 ) /  /  y?(x,OdxdZ4 Po J s J —00

i>t poo

+ ( f - f ) /  /  y l M dxdi
^  PO «/ e */—00

1 f°° V2
2 J  {y-y t  + Y + y *+ а (Ух’ р*Шх > s)dx

-00
4 /»t /*00

+ ( i ж + б )  L  L ^ ) i x d i
2 />оо poo

+ ( - 2 . + 6) /  pt2(x,Z)dxd£ + a l  /  p*2t (x,Z)dxd£,
J s  J  — oo J s  J  — oo

where po is assumed to be less than or equal to 1 as before and 6 =  6(|s/(t)|c2 +  IPxIc1)-

(2.38)

(2.39)
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It is clear that there exists an e >  0 such that if (2.35), (2.36) are true, then

c . . / 1 о \
6 <  m m (-/?o, — po). (2.40)

Let us assume cci < 1 for convenience. Therefore

,21 v 2
2 J  { y y t  + Y + y t + <T(y^^P*)Kx t̂)dx

+  /  (»2+  »?)(*>£)<*«£

1 y2
2 /  {У'!& +  Y  +  2/i + с г(уа:,р*)}(а:)в)сгж

+ (v f c  + IT> /  / TOO
0 2 2 /< />oo pt poo

+ J P?(x’Odxdt + °,%J J p£{x,()dxd(. (2.41)

Differentiate (2.1) with respect to t  and multiply by yu , integrate over [s, t] x (—00, 00) 
then with doing the integration by part whenever we need and the careful treatment on the 
term ytt • it follows that

< y t~ p {p * ) x s 21 ylt- 
2f _ j f  + 1 -  v . )  -  " )21 ■ “ }(*.<)<<*

P* ~  Ух
fit fiOO

+
«/s J —oo Js J —oo P Ух

- a

< Л» .J  

2y** [pV  -  Й.) -  (y‘ Р{1>% )2Ь Ы )< Ы (
—oo 

i лею
P* - У х

+ f  Г  У «М (р '(р" -  у. ) -р'(р*))1» -«/ s V —OO г Ух

+  2 (» * -р ( л * ) .) [ ( — — -
Р Ух

2
+

)* (Л  -Р (Р * )* )* +  (-

+

/9 — У-г
Ы  - р ( р % ) 2

рщ -  Ух

[ Ы  -  p(p*)xt){ytx -  Pt ) -  (Vt -  p(p*)x)p*tt\

)t(vt -p{p*)x)x]

[2 (pt -  yxt)(p*x -  Ухх) -  (p* -  yx )p l t \ } (x ,£ )dx d i
(p* ~  Ух)3 
t poo

yt tp(p )xt t i^ i£ )dxd£a
, v t - p ( p * ) * w  v l t -

2= / ”  { f  + [pV  -  У.) -  ■ *?}(*.*)<<*.
Г  - У х

(2.42)

Differentiate (2.1) with respect to x  and multiply by yxt, integrate over [s,t] x (—00, 00) 
then with doing the integration by part whenever it needs and the careful treatment on the
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term yxt • it follows tha t

Г  # + №  -  у.) -  (i,‘ ~ y )x)2i • %<*,«)•&+ f  Г  v iM ted i

- /  /  * * & ( . , /  f  y l t [ Vt * p} p  â,]a(g,0 d!C<̂
Л  J “ OO Л  « / “ OO -  2 /x

+ Г  Г  ^ K ^ r z i T 1)2 - pV  -».)1«(*.0<ые+ f  Г  th.iW(f'-v.)
Js J —OO "  P Ух Js J —oo

-  pV M I .  -  ы ( й ~ г,(?,,)*>гь + 4(й  -  рО > * ).)(^ г )- • <й  -  ж*)*)*Р — Ух Р ~~ Ух

+  - г ^ Г  К»** -  Pi )2 -  (tft -  р (р% )  • Pxi]
Р Ух

+ (^ - (У 12М  -  9“ )2 -  ("* -

= Г  ( Ф + v(fi’ -  у.) -  ■ ?f}Mdx.  (2.43)
J-o o  * P — Ух *

Express ужж in terms-of ytt,Vt, etc by (2.1) and multiply the equation by yxx, integrate 
it over [s, t] x  (—00, 00), one obtains

pt poo
/  /  p\p* ~ Vx)ylx{x, i)dxdi

Js J —OO 
pt poo

= Ухх{уи + y t -  p(p*)xt +  \p \ p* -  Ух) -  p’{p*)\pl
Js J —oo

+  [ (2.44)

By using Cauchy inequalities with the above three equations respectively, it turns out 
that

i  Г . М  +  [1 + p V  -  v.) -  (ш~ ’Г ’)*)2Ш, + Ip'(p" -  У.)
" J — 00 г Ух

(Vt -  p(p*)x \2i„,2
1 c pt poo

? } у1х ) ( х , W *  +  ( 9 -  3 ) /  /  (»« +  *&)(*»
"  rO  Js J —ooP* -У х

<\  f  {Уи +  [! +  p\p* -  Ух) -  (Ш0/ } Ру  ^  )2] • vlt ™ J — O O  P Ух

+ \p'(p* - У х ) - (
yt -  p{p*)x 421 .2

p* -  Ух
)2]y2xx}(x,s)dx

£ pt p00
+ 4 /  /  {»?+й + р;2+ й 4+ й ?к*.о« «

Po J s J —oo
/-OO1 />t P O O  p t  P O O

+  (/** + 5 ) /  /  P t i ( ^ ) d x d i + 4  /  p ti(x ,t)dxd (.
" Л  J — oo Js J — OO

It is clear th a t there exists an e >  0 such tha t if (2.35) (2.36) are true, then

6  <  m m f y P o ,  ip g } - (2.45)
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Therefore

5 Г  {«n + [1+pV  -  -  (»  + [pV  -  л)
* J -o o  P — Ух

- (
Vt -  p(p*)a 

Р * ~ У х

1 ЛОО

)a]i£«}(*> + t /  /  (y« + y*L)(*» 0 ^
** J s J —oo

<5 Г  {й  + [1 + pV  -  -  (-4; ?(r b 2]& + Ip’(p* -  a.)
P* ~ У х

~  —)2]уВ ( ж» a)rfa;Р - У х  
f t  poo•I «  POO 1  f t  POO

+  7  /  /  (У* +  Ух)(«>  +  7  /  /  { p ? 2 +  Px* +
’  i/e «/ — OO ’  i/s J  —oo

■J /»00 /»t i»00
+  (^2 +  o) /  /  Pu{x ^)dxd^ + a l l  /  *>«.(*, 0*w*6- (2-46)

" Л  J —oo J 3 J —oo

Differentiate (2.1) with respect to x  and t  successively and multiply the resulting equation 
by yttx,  integrate it then over [s,t] x (—oo, oo) with doing the integration by part wherever 
one needs and doing the careful treatment on the term yttx • it follows thatО*'2-

P"~Vx 
t  poo

Г  { % + [ ? v  - ».) - i*  . У ’ П • % k *. « )* + /  Г  й .(* . o ^ eJ—OO * P Ух & J3 J—OQ

- a
i» t  1*00

-  /  y L l
*/e J —oo

K *  [p'(p* -  » .)  -
* Г°° 2

El

О
5  «/ — OO **

* 2 ГУ»-Р(Р*)
' 5  */ — OO

f*t ЛОО

P* - У х

P* - У х  

в(ж,£)<Ы£

П оо
У « х { [ ( р '( /  -  У«) -p '{p*))p*x\t  -  \р'{р* -  Vx)]t • yxx )x {x ,Z )d x d £  

-oof s J — oo 
<*t ЛОО

- f  Г  yuAK~v
Js J —oo P Ух

(:Vt ~  p (p % ) 2

+  a(~ .  — * -  ■?(p, )„ .< K »,f)< fog

/»t i*0O

+ Л  • L * *  ( P * - P J ‘

P - У х

{{p*x - У ххШ р* -  Ух) {pit  -  Vxxt) -  [p*t -  yxt){pl  -  Ухх)]

+  {p* -  Ух)[2{p*t -  yxt){p*xx -  Уххх) -  (p* -  yx)p*xxt}}{x ,Odxdt 

+ /  /  yttx{{-~ * -  ) x x  • i(vt -  p(p*)x)2)t + 2( „3  )mt • ((2/t -  y(p*)x)2)a
«/5 v “ OO г  c/® H Ух

+  2 ( A - ) . ( ( *  -  p(p- )»)2) . .  +  ( - Г Г - ) < ( ( »  -  p (p *W 2).*Ух Ух

+
P* - У х  

f t  poo

[2(ytx y (p  )xx)(y*tx y (p  )xxt) "b (ytt p (p  )xt)(ytxx p(p  )хжх)]}(®|d)dxd£

П ОО
yttxP(p*)xxtt(x,Odxd£

-00

=  / “ { %  +  Ip '(p * -  * )  -  - l 2) • *?*}(* , » )* •
J-oo  л P Ух *

(2.47)

Differentiate (2.1) with respect to x  twice and multiply it by ytxx, integrate then over 
[s, t] x (—00, 00). W ith the help of integration by part and the careful treatment on the term
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ytxx[ ŷ t ]xxx, one obtains tha t

Г  + b V  -  *•) -  + / '  Г  £.(*>«)*»«J—oo " P Ух & Js J — 00

+ / ‘ Г  -*)3!» -  tp'o»* -7s J—oo * P Ух

+ f  f  ylxt[V\* P̂ . X̂]x(x,OdxdZ
J s J — oo' s J —oo

f i t  P O O

P -  Ух
f it  POO

+  /  /  ytxx{[(p'(p* -У х )  - p '(p*))pZ]x - \ p '(p* -  Ух)\х • Ухх +  (yt -  p (p*)x)2 
J s J —oo

+  2(yt ~ р(р* ) М у*" ~  Pt) ~  2(yt ~ p(p* ^ p*x t)x(x,£)dxd*
P* ~ Ух

fit POO
~  I I ytxxpttx(?'l£)d3'd£

J 8 «/ — (' 8 J—OO
poo 2 fy t - p ( p * ) x ,  21 y\= f  + b V  -  »•) -  ~ " )г] ■ *=*}(*, «)<fe.

J — oo z  P ~  Ух *
(2.48)

Differentiate (2.1) with respect to  аз and multiply then by integrate it over [s,i] x 
(—oo, oo), we obtain that

fit fi OO
/  /  P ' ( /  ~  y x ) y l xx{x ,£ )dxd£

J 8 J— OO

=  [ ‘ Г  № _ { № . +  * . - *  +  ( <Й “  !’(' ’' )" )a
J 8 J — OOs J —oo Г - » *

«.//л*\ \  1 „/// *

).

+  [(p'(p* -  Ух) ~  p'(p*))pl]x - P  (p* -  Vx){pl -  yxx)yxx}(x,Qdxd£.
(2.49)

Using Cauchy inequalities with the above three equations respectively, it can be obtained, 
similarly as before, that

\  Г  { Й.  +  b V  -  у . )  + 1  -  ( ~ ~ ) 2} ■ t f  «  +  b V  -  ». )
"  J —oo P Ух

_  ( Pt p{p )x^  . y*xx}(Xjt)dx +  j f  t  (y?xx + y l x)(x,£)dxd£

< i  Г  №«•>+  b V  -  V.) + 1  - •  * L  +  b V  -  v.)
* J —oo P Ух

-  ( ytn* P} P1l ^ ?\ylxx)(.x , s)dx + 7  f  f  (Vtt +  y\x +  2/*)(ж> i)dxdi  
P Ух ** J 8 J —OO

1 fit POO
+  -  /  /  (Pt2 +  P*X +  Pvt +  Ptt +  P*xx ,+ P*xxt +  P*xxx)(X! i )dxd£

** J 8 J —OO
O pt poo 2 pt poo

+ i /  J P*to(x’®dxdt + ~2 j  J Plltt(x,Z)dxd£. (2.50)
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Due to (2.41), (2.46) and (2.50), it reads off that 
4 r°° v2

—  { y y t  + ^r + Vt + <?(Ух,Р*)}(х, t)dx +  /  {ylt + [1 +  p'(p* -  yx)
^1 J  — OO " J  — OO

-  +  W -  - » . ) - (Р * - У х р 0 ’’ )* ) 21 •& }(* .« )< !*
P* -  Ух

+  9 /  {x/itaj +  [p'(p* -  Уа) +  1 -  ( ^ - ~ ^ - ^ - ) 2]yLt +  [pV* ~  Ух)
“ J —oo P — Ух

- 0,Ш -y ^ P~ )2}ylxx}(x ^ ) dx
P- -  Ух
fit ЛООI  pt poo

+  7 /  /  { y l +  y t +  Vtt +  Vt* +  yitx +  ylxt}(x > 0 dxd(

4 f°° v2 f°°
< —  /  {y • yt +  ~  +  Vt +  <r(yat p*)}(xt s)dx +  /  { £  + [1 +  p'(p* -  yx)

«1 7 - 0 0  2 7-00

- (
yt -  p(p*)

P* - У х
POO

- ? } y l t  +  b V  -  2/®) -  (V\ ^ P. X̂? ]y lx }{x ^ )d x
P * - У х

1 />оо
+  2 J  {Vttx +  \p '(p* -  Ух) + 1 -  (

yt p(p*)x \2] 2 
) J Уxxt

Ух

+  b V  - » .) -  s ) d x + c -  P;(o)2[(« + 1)-» -  (t +  i ) - i ] ,
S/ж (2.51)

where C  depends only on Q and p.
This gives (2.37) in view of the definition of E(t). Therefore, we arrive at the a priori 

estimate (2.37) under the assumption (2.35) (2.36). This a priori estimate is also valid for 
the solution y(t) in X 3 by use of the Friedrich’s mollifier under the same assumption (2.35) 
(2.36). Lemma 2.2 follows then.

§3. The Main Theorems

T h eo rem  3.1 Under the Hypotheses 2.1 and 2,2, there exists a constant 0 < e < 
min{r, such that if the initial data are small as E(0) < e, then the Cauchy problem
(2.1)-(2.3) has a unique smooth solution in the large in time provided that \p+ — p~\ is suf
ficiently small so that |p*|ci < e holds. Moreover, the solutions у and yt,yx decay to zero 
in the Loo-погт as t —» 00, with a rate (t +  1)“ ? .

P roof. We choose the initial data so small that

E{0) < - 5 - ,  (3.1)
4 C2

^s.

where e is the same as in Lemma 2.2, C is the same as in (2.34).

By the local existence theorem there exists to >  0 such that the solution y(t) € X 3 exists 
in 0 <  t  < to and satisfies

Eft) < 2E(0) and p* — yx € !T2,
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It follows by (2.34) then th a t
^  F2

\y(t)\% < C2E(t) < 2C2E(0) < — < e2 in 0 < t < t0. (3.2)
z

Therefore, Lemma 2.2 implies

E(€) < E(0) +  l?p*(0)2 in 0 t < to.

Due to (2.51), it is always possible to choose |p+ — p_\ so small that

4C'2

(3.3)

(3.4)

Next, by the local existence theorem for t > to, there exists t = t(E (0) +  Rp*(0)2) such 
that the solution y(t) exists in 0 < t < to + 1 and satisfies

E (t) < 2E(to) and p* — yx e f t ,

Oil(Ht p{p )* \2 ^  i • JL ^  J. ^  J. | J.(— i n to < t < to + 1 .
P* -У х  2

Combine (2.34) (3.1) (3.3) (3.4) and (3.5), one obtains in to < t < to + 1,

\ y ( t ) \ c * < C 2E ( t ) < 2 C 2E(t0)

< 2 C 2 [ E ( 0 ) +  R P ; ( 0 ) 2] < j  +  j = e 2 .

Therefore, (3.2), (3.6) and Lemma 2.2 imply

E (t) < £(0) +  Rp*(0)2 in 0 < t < t0 + 1.

(3.5)

(3.6)

Repeat the same procedure with the same time interval t > 0, we complete the proof of the 
global existence of the solution.

The decay of у,УиУх can be obtained easily with the help of (2.51).
The decay rate can be obtained then by using the following Lemma 3.2 which can be 

shown by a similar argument as used in [1] and the detail is omitted.
Lem m a 3.2. The solution у in Theorem 3.1 satisfies the estimate

\\yt(t, ОИя1 +  -)||h 1 =  CE(0)(t +  1)~4. (3.7)

Since yt =  z  =  m — m* — in and yt = —w = —{p — p* — p), it turns out that

m(x, t ) +  - р ( р * ( ^ = = ) ) ж -  m(x, t) - * 0  
a  v ^  +  l

as t  —> oo uniformly in x, in a rate of (t +  l ) - ? ;

p(x,t) -  p*(°jsL f° ) -  p(x,t) -> O'

as t  —> oo uniformly in x, in a rate of (t +  l ) - i .  Therefore, the following theorem holds 
T h eo rem  3.3 Under the same assumption of Theorem 3.1, the solution (p (x ,t),m (x ,t)) 

of (1.6) with (1.13) approaches to the solution of (1.8),

----- S ----- >’
as t —> oo uniformly in x, in a rate of (t +  l ) - 4.

On the other hand, it can be shown thatt3! the solution p(x, t) of (1.8) with p(x, 0) =  Po(x) 
approaches to p*(-^==) as t —> oo uniformly in x with a rate (t -f- l ) _ i  if po(x) —> pzp with
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a rate

Po(x) — P— — 0 ( ( —x)~kl) as x —> —oo,

Po(x) — p+ — 0((x~k2)) as® -+  +oo,

where fcj > 1 (г =  1,2). Therefore, we have the last theorem.
T heo rem  3.4. Under the Hypothesis 2.1, assume po(x) —» p^ as x -* ^oo with a rate

M “ *. * > § ,
u0(x) - >  UT  as x - >  ^oo, P-, p+ e  [Po +  r, pi -  r],

Po(x) -  p(x) ■ ^ U+ ~  p- u~ e n  
a

and the initial data satisfies E (0) <  e. Then the solution (p(x,t) ,m(x, i)) of (1.6) (1.13) 
approaches to the solution (p(x +  xo, t ) ,  m{x  +  a?o, t)) of  (1.8) (1.13)i as t oo, uniformly 
in x, with a rate t "£ .

This shows that the system (1.1) is accurately approximated by (1.4) time-asymptotically.
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