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ON THE CONTACT COHOMOLOGY OF
ISOLATED HYPERSURFACE SINGULARITIES

X1a0 ERJIAN*

Abstract

The author defines, usihg jets, cohomology HP (A:f, %—.) for hypersurfaces, which are invariant
under contact transformations. For isolated hypersurface singularities, it is proved that

HO(Ap.) = Oyo/f*T10u,,
HP(A},k__)=0, 1<p<N-3orp=N,

—1a- k a 8
dim Y38, ) —dim BY7,) = (y)dim Ouof (55 5L )ou,o.

The algorithm of computation for HN~2 and HN~1 is given, and it is proved that HN-1 =0
when f is quasi-homogeneous.

Keywords Isolated singularity, Contact cohomology, Infinitesimal neighborhood,
Quasi-homogeneous hypersurface.
1991 MR Subject Classification 55N10, 53C45.

Suppose U is an open set in CV, 0 € U, with coordinates (z;,--- ,zn). (V,0) C (U,0) is
a variety germ at 0 defined by the ideal I(V) = (f1,---, f+)Ouvo. U (resp. V(¥ is the
kth infinitesimal neighborhood of U (resp. V) and Ou(k) (resp. Ov(k)) is the structure
sheaf of U*) (resp. V). fi(y)=F,= Y % 8m,, & fi(y—x)*, i=1,.--,7, is the truncated

|| <K

Taylor expansion of f;(z).

OV(k) = OU(k)/(fI, ’fryFl)"' ’Fr)OU(k)-

We investigate the differential form complex of Oy (k) and their cohomology groups in [1,2,3]
for complete intersections and hypersurfaces with isolated singularities. But Oy (k)/(Fy,--- ,
F.)Oy(k) and its differential form complex and cohomology groups still make sense. We
will investigate them for hypersurface singularities in this paper.

Let K=RorC,UCKN,0ecUandWc KM 0eW. U cKN,0eU and
W' c KM 0eW'. UW,U and W' are open sets in KV, KM, KN’ and KM’ respectively.

Definition. A contact mapping is a C* (resp. real analytic or complex holomorphic)
mapping H : (U x W,0 x 0) — (U’ x W’,0 x 0) such that there is a C* (resp. real analytic
or complex holomorphic) mapping h : (U,0) — (U’,0) which makes the following diagram
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commaute

l T
(U,0) —— (U xW,0x0) —— (U,0)
: ll . B c ,".I ; .
U',0) —— (U'x W',0x0) —— (U',0)
where l(z) = (z,0), n(z,2) =z, z €V, ze W and lI'(z') = («/,0), n'(e',2') =2, 2’ € V',
e W' S
HU=U',W =W, H and h are local diffecomorphisms (resp. local analytic isomor-
phisms), H is a contact transformation in the sense of Matherl4l.
Let Oyg be the algebra of Ce° (vesp. real analytic or complex holomorphic) functlon
germs and My be its maximal ideal. If f : (U,0) — (W,0) is a C* (resp. real analytic or
complex holomorphic) mapping germ, V(f) = f~1(0) is the space germ at 0 defined by f.

Proposition. f:(U,0) — (W,0) and f': (U',0) — (W',0) are o> (resp. real analytic

-or complex holomorphic) mapping germs. . The following are equivalent:

(1) there exists a contact mapping H : (U x W,0 x 0) — (U’ x W',0 x 0) such that the
following diagram is commutative : :

of
(U,0) —(——)+ (UxWOxO)

'lh lH
@,0) 22w x w0 x0)
where (1, f)(z) = (z, f(2)), €U and (1, ") = («', f'(z)), o' € U';
(2). there emiéts h: (U,0) — (U',0) such that -
R (F " Mw,0) C §* Muwo;

(3) for analfytz’c case.é, there exists h : (U, V(f)) — (U, V(f")).
For the sake of simplicity we consider the C* case only; all results and proofs are also
true for real analytic and complex holomorphic cases.

“We take the followmg complex for the mapplng f (U, ) (W, 0)

OU(k)o ‘D ' QUk 1,0
-

D
- —

Z FiOU(k),o Y FQug-10+ E Oye-n o DF;
= =1 =1

QUk 1,0
ZFQUk p0+ZDF /\QUk-p.O

D
—~ s

D
o —

where Qur_1 is the differential module with differentials Dy, -+, Dyn (see [1,5]) and
QUk —p,0 = AP QUlc—zo, , .
If (H, h) (resp. h) satisfies (1) (resp. (2)) of Proposition, it induces a morphism of the
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complexes .

h* R ) Q.U’,k-—-,O —

- = - :
'21 FiQy oo+ ,ZIDFi AN g0
= = .

k=0

X Filyo+ X DFA Qo

and hence the morphisms of their cohomology groups. If f and f' are contact equivalent, k*
is an isomorphism of the complexes and induces isomorphisms of their cohomology groups.
Let f : (U,0) — (R,0) be a C*° function. Denote

AO — OU(k)yov
ik FOym o’
P
Fbp = oo P21
o= - P
. P Fﬂ%,k—p,o + DF A Qz;jak"‘p70
We get a complex :
. .20 D Dy ptl
Af’k'-' : Af’k e A?sk“P - A?,k—p—l -
We have defined in [5]
QP — QZ(}’,"_?”O
Frik—p,0 — -1
- DFA Q’,}",c_p’o

Hence

or
Apk - ’f’k p,0 .
Tok-p FQ.I;’I""‘F’O

Theorem 1. f: (U,0) — (R,0) is a C™ function with dimgOy, / (z%il—, v, 8?”’;
00. Then ' ' ‘

)OU,() <

(1) if n > 3,
H(Aj ) = Ouo/ 100, |
HP(Ay;..)=0, 1<p<N-3orp=N,
dimpHN"2(A} ) — dimpHN 1 (A} )
k\ .. of of
= <N> dlmROu,o/(f, —56—1’ Tt %)OU,O;
(2) if N =2,
dimpH® (A} —.) / (Ouo/ F**'Ou0) — dimpH* (A,
(k. of .. of
- <N) dlmROU,O/(f1 a:l ’ ) aa:N )OU’O’

dimRH2(A'f’k_,) = 0.
Proof. First we prove the sequences
- A.Z;J‘:—p - 0’

F
0— Q.I;csk_Pao - Q.z;,k—p,o

0 < p < N —1, are exact.
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Hwe QUk —p Fw=DFAB,0€ QUk —p,0» Multiplying DFA, we have FDF Aw = 0,
DF Aw=0. Hence w=DF An,n € Q’{} k—p,0° Therefore the exactness is proved.
If we take O’s to supplant QY f.k—N,0 and Af «—n and form new complexes
D D
Ovuwm o = Qg k—1,0 = - = ka N+10 0
and
D D
A(},k - A},k-l - Af k-N+1 0

we have short exact sequence of these new complexes and long exact sequence of cohomology
groups of these complexes.

0 — H(Qpp.0) = H (R .0) = H(App.) = H* (@4 0)
e HP(Q o) = HP(Ap, ) — Hp+1(9'f fne0) = 0

QNk 1N

— . _ . y +10 F

= HN"2(Q . 0) = HN2(Ap,_) — ‘m’;——“ -
) Jk—N+2,0
Q,k —N+1,0 Q,k N41,0 50

DQ}}{I:EN+2,O F Qf k-N+1,0 T Dﬂf,k N+2,0
For N = 2, we get exact sequence
0 —H Upp.0) = H'Qpp.0) > H (M) =
Qs r-1,0 F Qfr-1,0 . Qfr-10 0. (#)
DOy o DOU(k) o FQsx—1,0+ DOpyw g
For N > 3, we proved HP(Q;,_.o) =0,1<p< N -2, in [5]. We have exact sequence

0 — HO(Q s o) 5 HO (R 4—.0) = HO(A}y_) = 0
and _ .
HP(A},_)=0, 0<p<N-3,

and exact sequence too
oyt of
0— HN 2(A e ) fyk— N+1,0 F f,k.—N+10

N3
Dﬂfk ~N+2,0 Dﬂf.k N+2,0 ‘

ol
e~ N+1 0 -0

Ika N+1,0 Lnfk -N42,0
Because D : AY ! — AN, is surjective,
fik—N+1 fik—-N+1

HY(Apy ) =0.
In [5] we also proved
QN—I v
dimp L840 <o N >2.
"D Qf k—N+2,0
Hence
N-1
Qfk-N1,0

dimR N—2 )
F Qf k—N+1,0 T DR N a0

dimRH —2(A,'f,k—-) < o0
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and
. QN—I
dimpHN"2(A},_.) = dimg Lasied
Fﬂflc N+1o'|"DQ b 2N420
On the other hand
N-1 N-
Qs kN1 - Ag - N+1
N-2
FQ 0+ D Znt20 DAf k—N+2
and the exact sequence
TN
N =N+
0— HN-1(A )_)DKN"’ AN, ny—0 (%)
Jk—N+2
Therefore
dimpg HN"2(Ay ) ~ dimRHN YAy go.) = dimpAl,_n.
But
AN - Qll}rk N,0
PN FQN, o+ DFAQY:
Uk~N,0 Uk N,
O B .
= 8F s Dy, A--- A Dyn.
(F, Byt 8yN) Opu-m g
- [k _ Ovo
dimRA_]ka—N: ( )dimR ! .
: N (f:?%,%;"';@,’,‘t)OUO

In [5], we also proved that for N > 2
k
H(Qpp_0) = Y OuoF"

and the sum is a direct sum. If

k .
ZalFl € HO(Q'f,k_.,o), a € OU,O,
=0

k-1
F Z wF' = apF* 4+ ) aFF
=0 ] =0
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Because H(Q} ;. o) C Oy o,

k
0= (F _ f)k-l—.l — Fk+1 + Z(~1)k+1—l
=0

(k -;— 1) fk+1—-l P,
ok
FrH = S (1)t <k —;— 1) frHi-tpl
=0

l
sz: F' = (‘_1 k., rktl : 1)1 k+ 1\ cpy1- + Fl
aF* = (-1)%arf +Z_ (-1) 1 f ar +aj—1 | F*.

k
FH(Qfp_.0) = 10y, + Z Ou,oF'.
=1
HQ;4-0) _ Oyp

FHOQ, )  f*HOuo’

Hence for n > 3
: Ouyp
HO(A = i
( f,k—-) fk+1@U’0

For N = 2, (#) and the above results induce the conclusions of (2).
The groups HY "2(A'f,k__,) and HN ‘I(A'f’k_,) are computable. We describe the compu-

tational details in the following,.

In [5] we proved that the sequence
QN -1
file—=N+1,0 2) QIYIO-—N,O — 0

10— HNYQ, o) =& Ll
Jik—-,0 N—2
: D "N 12,0

is exact and the following mappings are Oy g-isomorphisms

N-1 N-1
Ne1rev o DFAQu_no bprn iinp
H (erk""':O) :) DF DQN—Z (:,_ DQN—2 *
~ NG N0 k—N+1,0
Denote .
N-1
Qi k-no

-

Sk—n+41 = (DFA)™18: HN_I(Q},k—-,O) % N—2 '
~ DQf,k-NH,o

.ot
We define a filter in —f=N+t2o

DQf,k-—-N+2,O
-1 N-1
Qf,ls=—N+1,o ) _ Qf,k—N+1,o

F( _
N-2 N-2 ’
DQf,k—N+2,0 D% ,Jk—N+2,0
N-1 N-1
F Qfsk_N"“l’O } . 6—-1 e 6-—1 . . Qf,k-—l—N-l—l,O
DQN—2 — Yk—N+1 k—N+42-1 DQN.-z .
£ k—N+2,0 flo—~1—N+2,0

F()DF;[:)"':)FlDF{+1D"'DFI¢—NDFI¢——N+1?O-

The filter has the following simple properties
Fy=H""Y(Q5_.0)
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and

' i Y N1t
9 1,0~ 3 s}
Ok—N+t2—t** Op—N41F1 ('b—f—-l-—) - F_; ( fN_g = ) )
. Qf k—=N+2,0/ DQf k—N+2~t,0

F, 6k_N+z—t---5k.—N+1 oy k z N+10 -
F ~ DSJ; ' / B Qf k-i--0)
I+1 ~ foko l ~N+2,0

D AN .
~ Qf,k—N—z_,o,
where t <1, > 1 and the isomorphisms are Oy,o-isomorphisms.
The natural projection
e-nt1: Q4 g0 = O ,k i
induces the projection

N—1 N—
Qs kN+1,0 Qe No

Hk—N+1 : N3 .
D Qf,lc—N+2,o Dﬂf k—N+1,0

Lemma 1. (1) Oj-nNk-Nt1 = 5k—NHk.—N+,1_~. ;
_ Qi1 Q '
(2) 6k_]:N+1Hk—N+1Fl (Bbtﬁ—zvﬂ‘o—) =Fi (Féﬁ—lﬁ—l'o—), 1>0.
frk—N+2,0 k—~N+2,0
We denote :
Ady = dgs A+ ANy,
dy; =dy; A+ Ady;A---ANdyy, i=1,---,N,
dy; A dy; =dy1A---Ad@i/\-‘-./\dij,-j/\.--/\'dyN, 1<i<j<N,

[{Sat]

. i—1 » )
where means “omit”. If w € QUk ~N41,0) w = Zl(—l)Z widy;, w; € Oyw-n+1) g, then

DF Aw = Z w,/\dy, and Dw = 2 Q‘ﬂl/\dy.
0e QJIY’,k——N,O’ 0= > O.(y— ) Ady, 0, € Op,o, We define
v . 0, e
0= Z ~(y1 — 21)(y — z)%dys.

o 1
o<jal<h-n 41 T

It is clear that Df0 = 6 and Ix-nN41 fo= f’l'[k_NB;
Under the hypothesis of Theorem 1, let e;(y), ¢ = 1, -- , u, where

7} 0
p= dlmROUo/(amfl,“' ,5})0&0

be the R-basis of Oy o(y) / (g ayN oy, 0( )s then
ei(y)(z—y)*ADy € QU,k—N-—l,O) i=1,---,p4, 0<]|a|<k-N-L

Their cosets [e;(y)(z —y)*ADy] € O, _n_10i=1,"+ 4, 0<|a| <k—N -1, are the R-
basis of 2, _n_;o. For0 <1< k—N, [e;(y)(z—y)*ADy,i=1,---,p,0< |o| <k-N-L

Thelrlmagesm——i}vﬁ—#—"—"—denotedbye(o)(k N+1—l),z—1 vouap, 0<1<k-N,
ank N+2—-{,0
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0 < |e| £ k— N -1, are the R-basis of
Fy Qlfvl: 1N+1—l 0 P Qlj\{l: N4+1-19
DQN -2 ‘
fik —-N+2 -1,0

DQ ye— N+2 1,0
S etk =N +1-1), =1,

For1<!<k—N,leteld(k—N+1) =62y,
0<|e| £ k— N —1. They form an R-basis of
A QIYI:—IN+1,0 F le: 1N+1,o
"\ Dal;? 1\ pa¥ '
k—N+2,0 o N42,0
4 0L |a| < k—N_t1

Clearly for 0 < I S k=N, el (k~N+1), 1<t <k-N,i=1
N
are the R-basis of F; (ﬁn k-N+1,0 )
Fib~N+2,0

Lemma 2. For0<l<k N,
(1) Sp-nrrea(k~N+1-0) =0k - N-1), 1<t <k=N—-1li=1,,p,
0<|a|< k- N—l—t, _ _

(2)
e(k~N~1), 0<|o]<k~N-1-t-1,

M y1sel(k—N+1-1) =
bt ) {0, o] =k—N—1-t,

whereO<t<k N-li=1,. -,u
Forthesakeofsxmphmty,lete (k N+1-l) = 0,if0<t<k-N- ~l|lo| > k-N-1-t

ort>k—N-1+1.
Lemma 3. If0<I<k-N-1, 1<t<k-—N—lO<|a|5k—N I-t,0<h<t-1

Ok—N+1-1—h** Ok—N+1- z(Fe Jk=N+1-1)=
(h+1)ely h)(k N-l-h)+Fe;* (k- N-1-h).

Corollary. Ifi=1,-- ,u,05|a|§k—'N—1 0<I<k-N,
Fed (k- N+1) =1eT (k= N+ 1)+ 6 011 60 Nyt (Fe(k = N +1-1)).

It is sufficient to compute the transformation defined by multiplying B-éﬁ:é"—“ﬂ— by f(y),

in order to compute HV=2A;,  and HV=1(A;, ) because of (*) and (**)

We can write, in Oy,

£ = 3 bies) + 3" 0al) L0 29, 4 Rygals) € Ouow)

j=1 a=1
- and

ei(y)ei(y) = Z alrem(y) + Zu”(y 3f(?l) Gj=1,-,p,

m=1 a=1

where ¢} € R and u”(y)e(’)Uo
For0_<_l_<_k N,0L|g|<k-N-li=1,---,p,

(Z b; uz](y) + 61 ga.( )

j=1

6f(y)
8Ya

F@)ei(y) = Z bjatem(y) + Z

Jim=1
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m
F@W)lew)(@ - 9)* ADyl = Y bjaRtlem(y)(@ - 4)* A Dy,

jym=1

| L 0Ny
f(y)e(o)(k -N+1-10)- Z bja;'gesg?a(k ~-N+1-1)eF (Dé}s—gﬂ 1,0 ) .
' jym=1 fk—N+2-1,0

6k_N+1_¢{f(y)e alk—N+1-1)- Z bjaTeld), (k—N+1—l)}

jym=1
N [
= [E(—l)“'l (Z bjug;(y) + ei(y)ga(y)) (z — y)"D}/a}
a=1 =1

where |- - -] means the coset of the element in [ ] in m—ﬁ-ﬁ—z—”—‘i&— If
fk—=N-I1+1,0

N ©
D (Z(—l)““1 (Z bjug;(y) + ei(y)ga(y)) (z- y)“Dila)

a=1 j=1
= 2 (Zcrﬁer(y Zh 5(v) f“") -4)° A Dy,
|BISk-N—1-1 \r=1

Sk—N—1 (5k N+1- ,(f(y)e(o)(k N+1-1)- Z bjafte{S),(k — N +1=1)

jym=1

— e (k- N+1—l)) > Zcrée (k- N-—l))

0<|8|<k—N—1-17=1
N N . : . A
= Z Z (1) hos(y)(z — y)° Dys | -
b=10g|B|<k—N~1-1 : '

Continuing this process, we can compute f (y)e( )(k N+1-1) and hence f (y)e (k—N+1)
by the corollary of Lemma 3. For example we have the following results. '

Theorem 2. f: (U,0) — (C,0) is a quasz—homogeneous Junction with weight (w,---,
wy), wi >0, i =1, ,N, and dimpOuo/(2L, - , 2L )Ov,0 < o0, then

(1) dimpHN2(Ay, ) = (£)dimpOuo (&L, , £L)Ou,
(2) E¥-1(A7,_) = 0.

N
Proof. We know f = ), ciwi%, ;=" >0,i=1,---,N and d = deg f. Let the
i=1 ¢

monomials * = 7' --- 23, @ € A, a multi-index set, be the R-basis of Oy /(%, vie, 6wu)
Ovplea(y)(x — y)* ADy, a € A, |o| <k — N -1, are the R-basis of @Y, 5 _,.

e&?&(k—-NH—l)=/ea(y)(w—y)"‘/\Dy, a€A, 0<|o| <k-N -,
and |
e((ll,)ct(k—N-l_l) =6I::N+1"' 1:—1N+2—ze$(,)2x(k‘N+_1—l),
6l 0<|a|<k-N-1,0<I<k-N.
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‘Lemma 4. IfOSl_<_‘k—N,a€A 0<|a|<k——N—l

f(y)e(l)a(k N+1)= (l +1+ Z ci(a; + 1)) Uk — N +1)

=1

- ZZ a’bc’b,‘bf:be((z -;1)1 (k N+ 1)

=1 beA

+3Y Y Gk~ N +1).

22 beA |a|—t<|B|<]ol—t+1

' N-1 N~1
Lemma 5. () s = i ( gegise )
frk—N+42,0 ) fsk—N+2,0 / .
- Theorem 2 follows immediately from Lemma 5.

Remark. If V is an analytic variety, V C U ¢ OV, U is an open set of CN. 0 € V,
I(V) = (f1, -+ , fm)Ouv,. The complex '

Af,k— "'QUk— O/ZszUk— 0+ZDF A o

. i=1 i=]
and its cohomology groups N
Hn(AV,k—-,D)’ n = O, 1, '

are the invariances of (U, V,0), i.e., if V' is another analytic variety, V' c U’ c CN, U’ is
an open set of CNV, 0 € V. If ¢ : (U, V,0) — (U',V',0) is a biholomorphic isomorphism, ¢
induces isomorphisms Ay, ,_. & Ay, and H "(A'V, k) & HMAy )

If V is a hypersurface defined by f OU o, and O is an 1solated singularity, the above results
are still true.
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