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ON THE CONTACT COHOMOLOGY OF 
ISOLATED HYPERSURFACE SINGULARITIES

X ia o  E r jia n * * *

Abstract

The author defines, using jets, cohomology Hp(A‘f k_.) for hypersurfaces, which are invariant 
under contact transformations. For isolated hypersurface singularities, it is proved that

=  Ou<0/ f k+1Ou,o,
Я р(ЛдЬ_.) =  0, l < p < N  — 3 or p = N ,

dim H N~2( A),fe_.) -  dim H N~1(Af<k_.)  =  (* )d im  QUfi/  ( / ,  | £ ,  • • • , M - ' j  Ou<0.

The algorithm of computation for H N~2 and H N_1 is given, and it is proved that Я ^ -1 =  0 
when f  is quasi-homogeneous.

K eyw o rd s Isolated singularity, Contact cohomology, Infinitesimal neighborhood, 
Quasi-homogeneous hypersurface.

1991 M R  S u b jec t C lassification  55N10, 53C45.

Suppose U is an open set in CN, 0 € U, with coordinates (®i, • • • ,®jv). (F,0) C (17,0) is 
a variety germ at 0 defined by the ideal I(V )  = ( /i ,  • • • , f r)Ou,o• (resp. V ^ )  is the 
A;th infinitesimal neighborhood of U (resp. V) and Gu(k) (resp. Oy(k)) is the structure 
sheaf of U ^  (resp. V ^ ) .  fi(y) =  F* =  (у ~ x )a> * =  1> • • • , r ,  is the truncated

|a|<fc
Taylor expansion of fi(x).

Oy(k) = Ou { k ) /( f1, -  ,Fr)GuW .

We investigate the differential form complex of Oy(k) and their cohomology groups in [1,2,3] 
for complete intersections and hypersurfaces with isolated singularities. But G u(k)/(Fi,- • • , 
Fr)O u(k) and its differential form complex and cohomology groups still make sense. We 
will investigate them for hypersurface singularities in this paper.

Let К  =  R  or C, U C K N, 0 e  U and W  C K M, 0 e  W. U' C K N>, 0 € U' and 
W ' c  K M>, 0 € W '. U,W,U' and W ' are open sets in K N,K M,K N> and K M> respectively.

D efin itio n . A contact mapping is a C°° {resp. real analytic or complex holomorphic) 
mapping H  : (U x W,0 x 0) —► (U' x W ', 0 x 0) such that there is a C°° (resp. real analytic 
or complex holomorphic) mapping h : (17,0) —> (U',0) which makes the following diagram
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commute

( В Д

h

(U',0)

-* {U x W , 0 x 0 )  

я

(U' x W 'O x  0)

-> (U, 0)

h

-  (U’,0)

where l(x) — (ж,0), 7r(x,z) =  x, x  G V , z G W  and l'{x') =  (ж',0), 7r'(x',z') =  x ', x' G V , 
z’ G W'.

If U = U', W  =  W ', H  and h are local diffeomorphisms (resp. local analytic isomor
phisms), H  is a contact transformation in the sense of M ather^.

Let Oy,o be the algebra of C°° (resp. real analytic or complex holomorphic) function 
germs and .Мя,о be its maximal ideal. If /  : (17,0) —► (W,0) is a, C°° (resp. real analytic or 
complex holomorphic) mapping germ, V ( f)  = / -1 (0) is the space germ at 0 defined by / .

P ro p o sitio n . /  : (17,0) —* (IF,0) and f  : (U',0) —* (W ',0) are C°° (resp. real analytic 
or complex holomorphic) mapping germs. The following are equivalent:

(1) there exists a contact mapping H  : (17 x W ,0 x 0) —> (U1 x W ',0  x 0) such that the 
following diagram is commutative

(17,0) (U x W ,0 x 0 )

н

(U',0) - ^ - L  (U 'x  W ',0  xO)

where (1, f)(x )  = (x ,f(x )), x G 17 and (1, / ' )  =  (x ',f '(x ')) , x1 G U';

(2) there exists h : (17,0) —> (U',0) such that

h*(f *Mw',o) C f*Mw,o\

(3) for analytic cases, there exists h : (U ,V(f)) —* (U ',V (f)) .

For the sake of simplicity we consider the C°° case only; all results and proofs are also 
true for real analytic and complex holomorphic cases.

We take the following complex for the mapping /  : (17,0) —> (W, 0)

6 ц О ° ) ,0  Д  '_______^ U , k - 1,0_______________  D

Y  FiGxjo,)  ̂ Y  Fiftu,k-i,o +  Y  ^i/(fc-i),oF>Fi
i— 1 2—  1 2=1

JD ]________  1 , 0 ______  B, ...

Y  + Y  DFi Л tiyk-p,o
i=1 i=l

where £lu,k-i is the differential module with differentials Dyi, ■ ■■', D y^  (see [1,5]) and

^ U , k - p , 0  ~  ^-Р^ и , к - р , 0 -

If (H, h) (resp. h) satisfies (1) (resp. (2)) of Proposition, it induces a morphism of the
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complexes
firU ',k — , 0

i = l  i —1г=1
o ;U ,k— ,0

S  F&U,k~,0 +  J2 DFi Л ^U,k—,0
i —1 i = 1

and hence the morphisms of their cohomology groups. If /  and / '  are contact equivalent, h* 
is an isomorphism of the complexes and induces isomorphisms of their cohomology groups. 

Let /  : (17,0) —> (JR, 0) be a C°° function. Denote

*o _  ° u w ,о** f Ь
fih FO uWt0'

n pЛ Р ________________i l u , k - p , o ____________

F n ^ k_pfi + DF A , P > I-

We get a complex

A\ l0 D
f , k -  ■ * f , k Ap ,  „ Д  Ap+X „ ,f , k - p  f , k - p - l

We have defined in [5]

Hence

np0 p  _  * “U ,k—p,0

M-P.o D F A O?,-1U,k—p, 0

д р  _  ^ f , k - p , 0
f , k - p  P Q  P *

T h e o re m  1. /  : (U, 0) —> (R , 0) is a C°° function with dim.ROu,o/{-§^, • • • , -§£^)®u,q < 
oo. Then

(1) i fn >  3,

(2) if N  = 2,

Я°(Л>,,_.) =  O u fi/ f^ O u ja ,
H p( A>,fc_.) =  0, l < p < N - 3 o r p  = N, 

dimRH N~2(A'fjk_.) -  dimRH N~1(A‘ftk_.)

kN y mRo Ufi/ ( f , ^ , . . . , ^ - ) o Ufi-

dimjtH°(A‘f  k_.)/ {O u fi/fk+10 Uto) -  d i m ^ A ^ . )

*Л „. rn //X # /  dfl< h m * C W

dimfiH2(A )fc_.) =  0.

P ro o f. First we prove the sequences

n pf , k - p ,  0 bf , k —p,0 f , k - pAPf 0,

0 <  p < N  — 1, are exact.
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If w € ^ )fe_pi0, Fu) = D F  Л в, в e  П у _ л0, multiplying DFA, we have F D F  Л w = 0, 
D F  Лш =  0. Hence w =  D F A 77, r) G Щ^к~р,о- Therefore the exactness is proved.

If we take O’s to supplant ^ k - N , o  anc* Лf ,k -N  an^ form new complexes

G u w ,0 fyf.fc-l.O  f lN  1/,fc—Д+1,0

and
to d  . 1 Д  A N -l Q

^  Л /,* !-Д + 1  ^  U>L/ife “ 1' ^ /.fe-1  ~ *

we have short exact sequence of these new complexes and long exact sequence of cohomology 
groups of these complexes.

0 H ° ( n , Л  -* Я ° (Л м - .)  -» Я ‘(П),

-  • • • -  -  я»(А>,»-.) -  я '- '-Ч П м -,» )  -  • • •

-  Я » - ( В » - , >  -  Я И- 2(Л>,,_.) -  5 £ r - ° -  -

я Д - 1
/,fe—ЛГ+1,0

q ^ - i
“ /,Л -Д + 1 ,0

Ш Д - 2 FQД -1
6/,fc-д+ 2,0 * “ /.fc-N+i.o

For N  = 2, we get exact sequence
F  rrO

1 n o ^ -  ̂^ “ /.^-N +2,0

f,k—N+2,0

+  0.

fy .fc —1,0 F  P / , f e - 1,0 _____  f l / , f c - l ,0 ( # )
DGuWfi DGxjw,o FSlf'k-1 ,0  + DOV(k)fi

For iV >  3, we proved Я р(0  j  fc_.(0) =  0, 1 < p < N  — 2, in [5]. We have exact sequence

о -  я ° ( П ) , 5  я ° ( п > , -  Я 0(Л>,,_.) о

and

and exact sequence too

H p(Af>k_.) = 0, 0 < p < N  — 3,

>д- 1 о м~г
n  . r r l V - 2 ^ -  \  . - J,fc—Д + 1 ,0  F  Д + 1 ,0° Я  (A/|fc_.) ~ jv Z a  > д ^ Д -2

' ^ lf,k-N+2,0 /.jfe—Д+2,0
o ^ - i
“ /,fe-Д+1,0

(*)

i r o N —1 1 T \ r \ N —2r  “ /.fc-N+1,0 +• Д+2,0

Because D : Л ^ ^ лг+1 —► •д+1 *s surjective,

Я "(Л >,к_.) =  0.

In [5] we also proved
Д - 1

,. Д+1,0 ’ AT- \  о
dim F -̂ -jvZa— —  <  °°> N  >  2- 

L ' l l f , k - N + 2,0

Hence

dim
n * r -i_______ **/,fc-Д+1,0_______

e d -N—1 +  nnW -2 1
д + 1,0 "г ^ “ /.ь-д+г.о 

dim# Я ^ ~ 2 (A)ifc_ .) < 00
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and

dimr H n  2(Aj)fe_. ) =  dimR
SiN - 1

f , k - N + l , 0

FSlN - l
f , k - N + 1,0 +  DSlN - 2

/,ft—JV+2,0

On the other hand

SIN - 1 
/ ,fe -JV + l

FSlN - 1
f , k - N + 1,0 +  DSlN —2

f , k ~ N + 2,0

a n - i
2i- f , k - N + 1

n \ N~21J1Vf , k - N + 2

and the exact sequence

a n - i
*vf , k - N + 1

d a n ~2I J l y f , k - N + 2
- * A N

f , k —N 0. (**)

Therefore

dimH# N 2(Aj)fe_.) -  dimRH N 1(A'fik_.) = dimRA ^ k_N.

But

A N  ____________ ^ U , k - N , 0 ____________

f ’ F ^ U , k - N , 0  +  ^  Л  ^ U , k - N , 0

__________ Qjy(fe-JV),0_____
Dyi Л • • • Л Dyjy

dim^A & V =  Q ) dim*

In [5], we also proved tha t for N  > 2

к

г=о

and the sum is a direct sum. If

к

] T a ,F ‘ e t f 0(fi/ife_.)0), a teO u fl,
i- о

F  Y ,  m Fl = akF k+1 +  ] T  atF l+1.
1=0 1=0

/
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Because Я °(П ))А._.)0) C

О =  (F -  f ) k+x = F k+1 +  ^ ( - l ) fe+1_i +  ^  f k+1~lF l,
1 = 0  \  l /

j p k + l  _  ^  "F j ; k + l —l p l

Ы0 '  1 '

F j 2 a i F l =  ( - l ) feafe/ fc+1 +  £  [ ( - l ) fc" ' f fc t  
1=0 1=1 '  '

FH°(SrM _.ia) =  f k+lOufi +  J^O o fiF * *.

+  a j - i p i

o) _  Ou,o

FH °{nf j ,- . fi) ~  f k+1Ou,o 
Hence for n > 3

K f,k ’ f k+1Ou,о

For N  =  2, (# )  and the above results induce the conclusions of (2).
The groups H N~2(A.'f k__') and Я лг_1(Л^А,_.) are computable. We describe the compu

tational details in the following.
In [5] we proved tha t the sequence

2 Г -1
DQi

o -  н " - Щ , к_.,0) -> Д  n ”k_N,о -  0
l f , k - N + 2 , 0

is exact and the following mappings are O[/|0-isomorphisms
'.JV-l n N - 1. n p  a n » - l  O w _ 1

t r N - l ( r y  \  0 / S l l U , k - N ,0 D F A  Uf , k - N ,0

■» в р л В 1 1 * Д И1> "  ™ w- 2 'DttN~2 u u f , k - N + 1,0

Denote

5fc_ ^+ i =  (D FA )"1» : H N~l {ftftk~,o)
П1ЛГ-1

' f ,k—N,0

d q n ~2

We define a filter in ,
7,fc-JV+2,0

Г. I i l f , k - N + 1,0
-----------------n n N ~2I J i t f , k - N + 2,0 ,

O * - 1
N + 1 ,0

n n ^ - 2
*J *i f , k - N + 2,0

OiV-1
** /,> -1У -Ц ,0  \ _  с - 1  с—1 . .

p f Q N - 2  I ~  ° k - N + 1 ‘ ■ ‘ ° fc -JV + 2 -4  n n AT-2

oiV-1
“"/jfe—I—JV+1,0

4/,fc—JV+2,0 /  г—JV+2,0

Fo 3  Fi D • • О  F; Э F̂ +i D • •• D Ffc_jv D Ffe-iv+i =  0. 

ГЬе filter has the following simple properties
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and

S k - N + 2 - t  • • • Sle-N+lFl j s w ;
D t t * k-N +2,0,

Fi. ^ A k - N + l - t , 0

^ ^ f ,k - N + 2 - t , 0 ,

F l  6k - N + 2 - l —tih -N + l  + 1
--------------------------------------------------------*  —

И D O }

Я  o N

Я +1 n O ^ -211 f,k-l-N +2,0

where t <1, l > 1  and the isomorphisms are O^o-isomorphisms. 
The natural projection

П&-ЛГ+1 : П $ £ я+1,0 -  f ! " " 1

induces the projection

Пк- ЛН-1
n N ~ i
illf , k - N + 1,0

f , k - N ,  0

n N - 1
“ /,fc-JV,0

D frN —2
bf , k - N + 2 , 0

L em m a 1. (1) Щ_лг6*._ху+ 1 =  йь-лгЩ-АН-!-

D il N —2
f , k - N + l , 0

(2) 5fc_ JV-+1IIfc_jv+ xi;j 

We denote

(  toj.h-N+i.o \  _
{ r > n ^ N+2i0J Ft+1

Qt .h -N+ 1,0
DO,Ж=2 /,fe-iV+2,0

, l >  0.

Ady =  dyi Л • • • Л dyN, 

dyi = dy1 A- - - Ady i A- - -AdyN , г =  1,• • * , 

dyi A dyj =  dyi Л • • • Л dyi A • • • A dyj A • • • A dyn , 1 < i < j  < N,
N

where “A” means “omit”. If a; 6 ^ и к -N+i o> w =  Y K ~ ^Y ~1(jJidyij шг £ 0 V(k-N+i)i0, then
г=1

D F A w = 2  §f{Vi Л dy, and Dw =  X) л  dy.
i= l  * i = l  *

в G ^uk-NQy O'— E  Qa(v ~  x )a Л dy, 0a G Oi/.O) we define 
’ ’ H < fc—tv

0O
« i  +  l

(»i -® i)(w -® )erfyi*
0<|a|<fc-IV

It is clear tha t D f  0 = в and Щ_.лн-1 /  0 — f  Щ_лт0-
Under the hypothesis of Theorem 1, let e;(y), i =  1, • • • ,//, where

/1 =  d im R0 Vfi/ ( - ^ - , -  ■ ■ ,

be the Д-basis of'C fyoC v)/(JjJy "  » F ^)°u ,o (y), then

ei(y)(x -  y)“ Л Dy € ftJfc-jv-j.o» * =  V  • • »/*. 0 <  |at| <  * — JV — Z.

Their cosets [ej(y)(a; — y)“ Л Dy] € D ^ - N -г,о» ® =  1»; • , /л, 0 < |a | < к -  AT - 1, are the Д- 
basis of For 0 < Z <  fc —AT, f  еДу)(ж — y)aADy, i =  1,- • • , //, 0 < |a | < k - N - l .

Their images in ■ denoted by — AT +  1 — Z), г =  1, • • • , 1Л, 0<1<к — N,, ( ° )
/,fc-i\T+2-/,0
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0 < \a\ < к — N  — l, are the Л-basis of

F0
' o-JV-i 

ПоЛГ-2 Fi
oJV-1

dcin ~2J J i t f , k - N + 2 - l , 0 / 

-1  -(0)/For 1 < i <  к -  N , let e<fi(k -  N + 1) =  6 ^ N+1 ■ ■. -  IV+ 1  - ! ) ,  i =  1, • • ■ , f t
0 < |a | <  A: — iV — Z. They form an Л-basis of

/  П " - 1j .  I i l f , k - N + l , 0

m N~2

ojv- i \
“ /.fc-Af+l.O \

, , , n o N ~2 //,fc-iV -1 -2 ,0 / /  \ I J i i f , k - N + 2 , 0 /

Clearly for 0 < Z <  fc -  JV, e^(fc  — JV + 1 ), Z <  t < к — iV, г =  1, • • • , //, 0 <  |a | < fc -  iV - 1, 

are the Л-basis of Fj (  ^ .
\ i 'SV>fc-JV+2,0/

L em m a 2. For 0 < l < к — N ,
(1) (* -  JV +  1 -  Z) =  -  N  -  l), 1 <  * < к -  N  -  l, i =  1, • • • , p,

0 <  |a | <  к — N  — Z — t,
(2)

»(*> (U _  ЛГ _  IN n  ^  Ц |  <  jfc _  N  _  /  _  * _  l f

l  О, И  =  к -  N  - 1 - t,

where 0 <  < < к — N  — Z, i =  1, • • • , f i .

For the sake of simplicity, let e f ^ ( k—N + l  —Z) =  0, if 0 <  t < k —N —Z, |a | >  k — N —l —t 
or t > k  — N  — Z + 1 .

L em m a 3. I f 0 <  Z < k — N  — 1, 1 < t < k — N  — l, 0 < |a | < k  — N  — l — t, 0 < h < t  — l,

Sk-N+i-i-h  • • 'h-N+i-i{Fef^a(k - N  + l -  l)) =

(h +  l)eS'-*>(t -  N  -  l -  h) +  F e ! ; ; '- 1)(fc - N - l - h ) .  

C orollary . I f i  =  1, • • • , ц, 0 <  |a | <  к — N  — 1, 0 < l < к -  N,

Fe[%(k - N  + 1) =  « .£ » ( *  -  N  + 1) +  £ w+1 ■ ■ ■ -  ^  +  1 - 1))-

ЯJV-1
It is sufficient to compute the transformation defined by multiplying by f(y),is\l - -

in order to compute H N 2 A  j  fc_. and H N l ( A f k_,) because of (*) and (**). 
We can write, in Оц,о,

f ( y )  =  1 2 b jC jiy )  +  bi  e  R ' 9 a ^  e  ° U f l (v ) >

f , k - N + 2,0

j = i a = l

and

ei(v)ej (у) =  Y 2  a? M v )  + 1 2  иЬ(у) =
m = 1 a = l  " a

where аЩ € Л and u^(y)  € Ou,o-
For 0 <  Z <  A: — N , 0 <  |a | <  к — N  — Z, i =  1, • • • ,{i,

f ( y ) ei(y) = 1 2  Ьза%ет(.У) + 1 2
j ,m = l o = l  \  j = l

N  (  Ц

E  E w (y) + e<(y)^o(»j o m
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f(y)[ei(y)(x ~  У)а л Dy] = ^ 2  ьзаТЛет(у)(х  "  »)“ л ° у\>
J ,m - 1

/ ( » ) < ®  * -  I f  + 1 -  0  -  E  -  JV + 1  - 1) € F,
O N -1

i ,m = l
,N-2
f , k - N + 2 - l , 0 j

4 - w + i- i  { л » Я 2 <* -  л г + 1 -  о  -  E  -  ^ + 1 -  о
j,rn = l

N

E ( - D °  1 I J 2 b3uij(y) +  ei(y)3a(2/) ] .(* -  2/)"-Dk
i= ia = l

ПN -l
where [■ • • ] means the coset of the element in [ ] in Dafa-2 N 1,0 If

/,*>-N-1+1,0

D  [ E C ' 1)0 1 [ Y l b3Uij(y )+ ei(y)9a(y) ) (X - y f D y a
. a = l <3=1

=  E  ( E c'0 e' W + E few W ^ ) < ;c- ! ') 'SA B !''
|/3 |< f c - N - I - l  \ r = l 6=1

L _ w+i . , ( / ( » ) e S 2 ( * - j v + l - o -  E  6i “S em !« № -JV+ 1 - o
'  '  j , m = l

- е < > - Л Г  +  1 - о ) -  E  E  <=*<$(*-■ № -«))
'  0 < |f l |< f e -N - J - l  1"=1 '

N

^ 2  S  (- 1 )b lh bp(y)(x - y ) 0Dyb
b = 1 0 < \ ( 3 \ < k - N - l - l

Continuing this process, we can compute f ( y ) e ^ ( k  — N + l —l) and hence f {y)ef ^(k—N + 1) 
by the corollary of Lemma 3. For example we have the following results.

T h eo rem  2. /  : (17,0) —> (C,0) is a quasi-homogeneous function with weight (wi, • ••, 
wN), vh>  0 , t  =  l , . - . , J V ,  and dimROu,o/(■§£;, • • • , ^ ) ^ u , o  <  oo, then

(1) dlmBF K- 2(A>,,_.) =  ( ‘ )<Итя О а д / ( / , & , - ,
(2) H N ~ 1(A'f k_ .)  =  0.

N
P ro o f. We know f  — ^2 cixio£^i c* =  ^  >  0, г =  1, • • • , iV and d =  deg / .  Let the

i = 1 *
monomials ж“ =  ж̂ 1 • • • ж ^ , a G Л, a multi-index set, be the Д-basis of Ou,o /( • • • ,
С?̂ )о[еа(у)(ж — y)a A Dy], a € Л, |a| < к — N  -  l, are the Д-basis of D^k_N_t.

e£ l(k  ~ N  + l - l )  = j ea(y)(x -  y)a A Dy, a G Л, 0 <\a\ < к -  N  -  l,

4 i ( *  ~ N  +  1) =  6kl N+1 • • • ^ +a_ ,eW (fc -  iV +  1 -  I),

a G Л, 0 < |a| <  fc — iV — 1, 0 <1 < к -  N.

and
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L em m a 4. I f  0 < l < к -  N , a e  A, 0 < |a | < к -  N  -  l,

/(» )* & (* -  ЛГ + 1 ) =  + 1  +  £  +  1) j  eg+'Hfe -  ЛГ + 1 )

N

-  X )  X I  li { k - N  + 1)
i=\ 66Л

+ E E  E  A j g ^ r c k - w + i ) .
t>2 ЬбЛ |e|-t<|/5|<|e|-t+l

bemma 5. / ( y) i gf e j aM.  =  f ,  ( ) .
UUf,k-N+2,0 \ m l f,h-N+2,0 J

Theorem 2 follows immediately from Lemma 5.
R em ark . If V  is an analytic variety, V C U C. CN, U is an open set of CN. 0 G V, 

I{V)  =  f M)OUt0. The complex
M M

~  , o /  5 Z  f & U ,k ~ , 0 +  Y l  D F i  л  ® U ,k— ,0
i~l 2=1

and its cohomology groups

Я п(Лу1А!_ .,Р ) , n  =  0,1, — ,

are the invariances of (U, V,0), i.e., if V  is another analytic variety, V  C U' C C ^ , 17' is 
an open set of CN , 0 € V. If ф : (17, V, 0) —> (U1 ,V ',0) is a biholomorphic isomorphism, ф 
induces isomorphisms A'v , k_, rj A'Vk_, and H n(A 'v , k_ .) «  H n(A yk_,).

If V is a hypersurface defined by fO u ^ /, and О is an isolated singularity, the above results 
are still true.
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