Chin. Ann. of Math.
15B: 1(1994),9-22.

ON PJATECKII-SAPIRO PRIME NUMBER THEOREM**

Jia CHAOHUA*

Abstract

It is proved that, for 1 < ¢ < %, there are infinitely many primes of the form [n€].
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¢1. Introduction

It is an interesting problem whether there are infinitely many primes of the form [n¢]. Let

me(z)= > 1. (1.1)

n<lz

[n°]=p
Pjateckii-Sapirol! proved that
me(x) ~ cl(fgx’ as & — 00 (1.2)
holds for any ¢ € (1,6), where 6 = 12 = 1.090909 - - - .
Kolesnik? proved that when 6 = % = 1.111111---, (1.2) holds. Leitmannl® got
0 =% =1.112903 - - . Heath-Brown!*l improved it to § = 225 = 1.140483- - - . Kolesnik[®!
improved it again to 6§ = g—i = 1.147058 - - - . Recently, Liu Hongquan® used the trigono-

metrical sum method of Fouvry and Iwaniec!” and proved 6 = % =1.153846- - - .

In this paper, we lead the sieve method into this problem for the first time and prove
Theorem. For 1 < c < 33 =1.176470-- -,

PoT
me() 2 clogx

holds for sufficiently large x, where py is a definite positive constant. From this, there are
infinitely many primes of the form [n°] within the given limit of c.

In the following, we always assume that z and Z are sufficiently large, ¢ is a sufficiently
small positive constant and § = 2. Assume that

N(d) = [=d"] = [-(d+1)"], E(d) = ((=(d+1)7)) = ((=d")).
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§2. Leading of the Sieve Method

From §2 in [4], we know

me(x) = Z N(p) +O(1).

p<z®
So it is enough that, for
13
0.85+€§7§1—5+€, (2.1)
we prove that
o.(Z N Z
c = >0.01——= 2.2
(2)= Y N) =00 (22)
Z<p<2Z

holds for sufficiently large Z.
We consider ®.(Z) by means of the sieve method. Let
P(z) = Hp, A={n: Z <n <2Z, nrepeates N(n) times},

p<z

SA,z2)= Y L

neA
(n,P(2))=1

We have
®,(2) = S(A, (22)7). (2.3)

Let X = (22)7 — 77, w(d) = 1, r(d) = |44 - %,

W) =[0-2) =<1 +00),

where p is Euler constant.
Lemma 2.1. i) Suppose that M, N > 1, MN = D. When Z¢ < z < D%, we have

s> 2D Lo+ Y Y e (myr(mn).

; IOgZ Ing m<M n<N

where |a= (n)|, |b~(m)| < 1. When 4 <wu <6,
u—1 t— 11 _1
flu) = logu—l / dt/ log(s = 1) } (2.4)

ii) Suppose that M(p), N(p) > 1, M(p)N(p) = D(p). WhenZE<v()§D%(p), we

have

X log D(p)
5(Ap, v(p)) Splogv( ){F( logv(p ) + 0(5)}

)
+ 0> Y at (bt (m)r(pmn),

m<M(p) n<N(p)
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where |a™(n)], [b*(m)| < 1.

Fu) = E{H/% (t—1) (2.5)
u 2

Proof. By Theorem 1 in [8], we can reach the conclusions.

[Ad = > Nkd)= > ((kd+1) —(kd))+ > E(kd).

Z<kd<2Z Z<kd<2Z Z<kd<2Z

S ((kd+1) = (kd)) = Y y-(kd)T +0(277)

Z<kd<2Z Z<kd<2Z
%
:/ V(dtyYdt + O(Z7 )
d
_ % Loz,
Hence, r(d) =0(2""Y)+ Y. E(kd).
Z<kd<2Z
Z Z a” (n)b~ (m)r(mn)
m<M n<N
=02+ > N a (b (m) > E(kmn).
m<M n<N Z<kmn<2Z

oY S at bt m)r(pmn)

P<p<2P m<M/(p) n<N(p)

:O( Z D(p)Z"’_l)—i- Z Z Z at(n)bt(m) Z E(kpmn).

P<p<l2P P<p<2P m<M(p) n<N(p) Z<kpmn<2Z

Lemma 2.2. Assume that H = Z'=774 ¢(h) = O(1) and
U(n)= > e(h)e(hn). (2.6)

1<h<H
i) Suppose that M, N >1, MN =D, D< Z'7¢, Z¢<z< Dz. When
S > ambim) D U(kmn) < 2170 (2.7)

m<M n<N Z<kmn<2Z

where |a(n)|, |b(m)| <1, we have

X log D eX
> . .
S(A’Z)_long<1ogz)+0<log2) (2.8)
ii) Suppose that M(p), N(p) > 1, M(p)N(p) = D(p), D(p) < Z— and Z° < v(p) <

Dz (p). When

S0 D ambm) D B(kpmn) < 2%, (2.9)

P<p<2P m<M(p) n<N(p) Z<kpmn<2Z
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where |a(n)|, |b(m)| <1, we have

X log D(p) eX
S SN Y plogv(p)F<logv(p))+O(710g2Z)' (2.10)

P<p<2P P<p<2P

Proof. i) By the above discussion, if

S > ambim) D E(kmn) < 277, (2.11)

m<M n<N Z<kmn<2Z

we can come to the conclusion.
By the discussion in §2 of [4], if

> ambim) > W(kmn) < 210

m<M n<N Z<kmn<2Z

is proved, we can obtain (2.11). So, the conclusion follows.
ii) It can be proved in the same way as in i).
By Buchstab identity,

S(4,(22)?)
_S5(A, 2015 — Z S(A,,p) — Z S(Ap,p)

7015 < p< 70-25 7025 << 7035
- D> Spp- Y SWp) - Y S(A4p)
Z0’35<p§2% Z%<p§ZO'45 Z0'45<p§(22)%
Y, — %y — N — 5y — N5 — T (2.12)

§3. The Estimation for Trigonometrical Sums

Lemma 3.1. Assume that ay # 1, ajasas # 0. Assume that My, My, M3, © > 1 and
that |om, | < 1, [¥Ymyms| < 1. Then we have

mytmg?ms?
> > > ¢m1¢mzm3€(xm)
Mi<mi1<2M; Mo<mo<2Ms Msz<mz<2Ms
1 T u
<{@ i ME (MyMs)T + M MyMs + My (MyMs)T + 2~ M My Ms}(My My Ms)°.
See Theorem 3 in [7].
Lemma 3.2. Assume that KL = Z, H = Z'=7+%_ Assume that |e(h)], |a(k)|, |b(1)| < 1.

Then when Z°% < K < Z% we have

S chalkpye(hk ) < 204,

1<h<H K<k<2K L<I<2L

Proof. At first we suppose that Z°% < K < Z%%. In Lemmma 3.1, we take m; =
k, mo =h, mz=1and z = JZ". Then when J < H, we have

S5 S chalkpye(nk ) < 25

J<h<2J K<k<2K L<I<2L

So, we can get the lemma.
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When 794 « K <« Z°%, exchanging k and [, we can get the lemma.
Lemma 3.3. Assume that KL = Z, H = Z'=7T49_ Assume that |e(h)|, |a(k)|, |b(1)| < 1.
Then when Z0Y <« K <« Z%2% we have

S chalkpye(hk ) < 204,

1<h<H K<k<2K L<I<2L

It is Lemma 4 in [4] in essence.
Lemma 3.4. Assume that KL = Z, H = Z'=7T4_ Assume that |e(h)], |a(k)|, [b(1)| < 1.
Then when 1 < K < Z%%% we have

Y Y eakenk 1) < 2.

1<h<H K<k<2K L<I<2L

Proof. When Z°% <« K < 7955 it can be proved by Lemma 3.2.
When 1 < K < Z°4% by Lemmas 11 and 12 in [6], we get the lemma.

¢4. Upper and Lower Bounds of Some Sieve Functions

Lemma 4.1. ¥; = S(4,2%%) > 3.707032 .55
Proof. Let D = Z20%, M = 705 N = Z%! By Lemma 3.2, it is known that

> > amp(m) Y W(kmn) < 270

Z0,45<m§ZO,55 n<ZO,1 Z<kmn<2Z

Let mn = r. By Lemma 3.4, it is obtained that

Z Z a(n)b(m) Z U(kmn) = Z g(r) Z U(kr) < Z'7°.

m<Zz945 pn<z01 Z<kmn<2Z r<z05% Z<kr<2Z

By i) of Lemma 2.2, we obtain
S(A, ZO.15)

Zﬁf(%) + O(ngz)

0.65
2X 0.65 ot dt 7 log(s — 1) eX
0.6510gZ{ °&\0.15 * t /s s 1T %Ngz
0.65

e L B = L S PR R

X
>3.707032—.
- log Z

Lemma 4.2. Y 8(4,,(£7)%) < 1920475,
ZO.25<pSZ|:).35
Proof. Let D(p) = 22, M(p) = A N(p) = Z°1. Using the discussion in Lemma

p p

4.1, we get

> S > ampm) > W(kpmn) < 270

7025 p< 7035 7055 4 o701 Z<kpmn<2Z
- p
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By ii) of Lemma 2.2, we get

Z0,25 <pSZO.35

X X

S ZOGo 3F(3)+O(1€ Z)

7025 cpg goas P18 T og

X 0% 24t X

- +0(i552)

log Z Jy.05 t(0.65—1) log Z

X
<1.920475——.
- log Z
Lemma 4.3. > S(Ap, £27) < 0.624946 5.

1.15
Z035<p<z75

Proof. At first we prove that, for 7935 < P < 7045,

D> D a ST Wlkpmn) < 2%, (4.1)

P<p<2P <Z0 55 <Z0 -55 Z<kpmn§2Z

.In

When 7045 < pm < 7955 (4.1) follows from Lemma 3.2. So, we assume m < Z[;:w

0.45 0.9 .
the same way, we can assume n < ZT Hence, pmn < ZT < 799, Using Lemma 3.4, we

can get (4.1).

Let D(p) = pl;, M(p) = @, N(p) = ZO;B. By ii) of Lemma 2.2, we obtain
70.45
> s )
70. 3u<p<Zl 15
1.1
X log £ eX
< P o 2%)
= Z . plog Z“}; log Z‘;“ log Z

L1s
7035 cp< 7 B

1.15

1.1—2¢
X R 2dt oas—t* log(u — 1) eX
1087 Jo s t(1.172t)( +/2 o du) + (logZ)

X g 2dr )(1+/2T_110g(1;—1)du)+0< eX )

:log Z Jy r(045r —1.1 log Z
X [P 2dr L X 3 log(u — 1) /5 2dr
ClogZ J, r(045—1.1)  logZ J, u 4 7(0.45r —1.1)
X [*log(u—1 b 2d X
n og(u )du/ T N ( € )
logZ J4 u wy1 (0451 — 1.1) log Z
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X X
<0.496898 ——— 4+ 0.0731556——
log Z

log Z
X [loglu—1)( 2 1.15 2 5
Zlog(—= ) — Zlog(———) Yd
0gZ Js ~ w {1.1 Og((o.45u—0.65)) 11 Og((u+1))} v
<0.570053—— 4+ 0.104031—~— — 0.049138
- logZ logZz log Z
—0.624946——
e log Z°
1.1, 1
Lemma 4.4. S S(4n ()7) < 171586625

1.15 IS
z43% cp<z045

Proof. By the discussion in Lemma 4.3, we get

RN

2750 <p< 7045

X eX
= 1152 plogZ;;'5F(5)+O(logZ>

Z75 <p<z®HP

X [0 2t
<1.406093—— _
- log Z /1315 t(1.1 —2t)

X
<1.715866———.
<L715866,

§5. Asymptotic Formulas

Lemma 5.1. When x and z are sufficiently large, z < x'~¢, we have

Z L= (w(%) + 0(5)) loZz’

n<z
(n,P(2))=1

where

See pages 239 and 240 in [9].
Lemma 5.2. i) When u > 2,

ii) When u > 2.4,
w(u) > 0.55641.

See Lemma 3 in page 239 of [9] and Lemma 12 of [10].
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Lemma 5.3. When1< S < 71726 7Ze <2< %, la(s)| < 1, we have

> oals) > ((ns+1) = (ns))

S<s<28 Z p<2z

(n,P(z))=1
= 2 a(S)w(llog%)lX +O(16XZ 2. ‘a(S”)'
S<s<28 ° 0gz /108~ 082 ¢ las S

Proof.
P= 3 ((ns+1)7 = (ns))
Zcn<2Z
(n,P(z))=1
Z7-1
= Y st +O( )
S
Z<n<2Z
(n,P(2))=1
2Z
y—1_ [ ° 7-1
Z ~v(ns) = /z v(st) d( Z 1)
£<n§¥ s n<t
(n,P(2))=1 P
2Z logty 1 logt 1
= [ sy (2 '(;2Y) Jat
/f v(st) w(logz log z tw log 2/ log? =
0z
O(iog2)
S'log z
. logt log £\ _
Noting w(j257) — w( logg'z ) = O(@)?
we have
logZ\ X eX
I = w( > ) ( )
logz / slog z Slog 2
Z a(s) Z ((ns+1)" = (ns)?)
S<s<28 Z<n<2Z
(n,P(z))=1
_ Z a(s)w(llog%)lX JrO(lsXZ Z \0(5)|)'
s<s<as ° 0§z /108 % B gisas P
Lemma 5.4. Y5 = > S(Ap.p) < 1'512574&'

ZO'15<pSZO'25
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Proof. Assume that 2915 < W < Z0-25,

S= > SApp) = > > Npa)

W<p<2W W<p<l2W Z<pq<l2Z

(q,P(p))=1
< ) > Ny

W<p<l2W Z<pq<l2Z

(g, P(W))=1
= > > g+ =)+ Y > E(p).
W<pl2W Z<pq<l2Z W<pl2W Z<pq<l2Z
(¢, P(W))=1 (¢,P(W))=1

By the discussion in §2 of [4], if we prove that

> > (g < 2%, (5.1)
W<p<2W Z<pq<l2Z
(a,P(W))=1

where ¥(n) is defined in (2.6), we can get

Z Z E(pq) < Z7720,

W<p<2W Z<pq<l2Z
(¢,P(W))=1

By Lemma 3.3, we get (5.1). Using Lemmas 5.2, 5.3 and the prime number theorem, we

obtain
4

X log = X
X< W<§2W plogpw(lc())ggl/ll)/> +O(1OZQZ)’

log £
2 Y (o) Holinz)

Z0'15<pSZO'25

1 X X
<— > + O( c )
1.763 015 Spe 7035 plogp log Z

1 x 0% X
o [ o)
1.763log Z Jo.15 t2 log Z

X
<1.512574——
- log Z

Lemma 5.5.

Q= Z Z S(Apg; q)

0.25 0.35 0.65 1 . 1
Z7 7 <plZ (ZT)3<q<m1n(p,(%)2

>0.625585 X
- log Z°
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Proof.

Q> Z Z S(Apg, q) + Z Z S(Apg:q)

72025 £p< 70275 7015 - o) 70275 £ p< 703 2015 g £0.55
P

+ Z Z S(Apg: q)

703 <p< 703 20;;45 <q< 7025

=0 + Q2 + Q3.

By Lemma 3.3, it is known that

> > > () ¥(rpg) < 2.

2025 £ 70275 7015 -0 7025 Z<rpq<2Z

Let pg = k, r = 1. By Lemma 3.2, it is known that

Z Z Z c(r)¥(rpq) < Z172°,

Z0.25<p§Z0,275 Z0.25<q<p Z<rpq§2Z
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In the same way as in Lemma 5.4, we get asymptotic formula

D

X log Z X
> orior(oer) + (s z)
2025 < p< 70275 7005 o ) pglogq 0gq

31

0.25 0.275
Z0%<p<z (

Z
w(Lg“) +0(55)
- pqlogq
Z)3 <q<p

log q log Z
>0.556401

Z X

bq Iqu
0.25 0.275 1
Z <p<Z ZO.15<q<(§) 1

Z Z qu(igq
2025<p<Z0275 ( )34<q<(%)%
X
LY 2.
Z0A25<pSZO.275

1

Z
pqlog =
£)s<q<p b

+ 0.5

0.275
dt
>0.5564

/3 4 dw X 0.275 dt
log Z Jo.25 0.15 w2
0.275 g4

dw
IOgZ 0.25 t 1-t w2
+10gZ 0.25 ﬁiwl_t_ )

X
>0.109099—— + 0.025842—— + 0.012810——
log Z

log Z log Z
X
=0.147751 ——.
lo
Similarly, we get

0.3 it 0.3 1t
dt (32 d X dt 5 d
Qs >0.5564; / =405 / 7/ =

ogZ 025 t Jois w log Z Joors t Jozt

03 gy 055t dw
logZ 0.275 ﬁ

w(l—t—

w(l—t—w)

X

>0.091765—— + 0.024420—— 18826 ——
0gZ+ 1ogZ+OO 88 6logZ
=0 135011i

e log Z’
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0.35 it

dt [32

Q3 >0.5564 / —
10gZ 0.3 045 t W

0.35
dt
0.5
* 1ogZ 0.3 /

. 035dt/025 dw
logZ 1 (I1-t—w)

X X X
>0.260123 ——= .045651 —— . 49——
>0.260 3logZ+OO 565 1OngLOO?)’?O glogZ

X

=0.342823——.
log Z

Combining all of these, we get

X
Q> 0.625585——.
log Z

Lemma 5.6.

0= > > S(Apg:q)

1.15 0.45 1
703 <p<z7E Eo—<q<(22)2

X
>0.409017——— .
>0.4090173

Proof. In the same way as in Lemma 5.5, we have

Q> Z Z S(qua Q)

0. 35<p<Z1 15 0. 45< <7025

>0.5564

dt/ X @ 7d7w
1ogZ 0.35 0.45-¢ W2 logZ 035t Jip w?

3.4

ES

110

gt 02 dw
+10gZ 0.35 /1 w(l—t—w)

X X X
>0.342130—— 028723 —— .038164——
>0.3 SologZ+00 87 3logZ+00386logZ

X
=0.409017—=.
log Z

Lemma 5.7.

Q= Z Z S(Apgsq)

1
Z A <p<Z04a (z ) <q<(zz)§

>1 251837L
- log Z°
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Proof. In the same way as in Lemma 5.5, we have

Q> Z Z S(Apg, q)

1.15 1.1, 1 5
773 <p§Z0'4 (ZT;)5<q<ZO.2o

+ Z Z S(Apg: )

0.4 0.45
Z <pSZ (Z11)5<<Z .55

+ Z Z S(qua Q)

Z0.4<pSZU.45 Z0.15<q<Z0.25

0.4 =t 0.4

dt [3% dt
>0. 55647
115 t L1 21 'w2 log 7 1310 t
0.4 0.25 0 45 0.55—t
dt dt d
+ / +0.5564 / Y
IOgZ 1310 t 1—t— ) 10gZ 0.4 1

/045dt/134t dw 045dt/
log Z Jo4 0.15 w? logZ 0.4 L

34t
045dt/025 dw
IOgZ 0.4 1 ].7t7 )

>0 2411758i +0 013991L +0 023308i +0 794005i
- logZz logZ logZ log Z

12t

+ 0.5564

X X X
0.049474—— + 0.040958 —— + 0.088343 ——
* log Z + log Z + log Z

X
=1.251837———.
SI83T

Lemma 5.8. ¥ = > S(Ap, p) <0.200671
72045 <p<(22)3

log zZ"

Proof. By Lemma 3.2 and the discussion in Lemma 5.4, we get

ne Y e+oli)

plog
Z°'45<p§(2Z)% P

X 05 dt n (sX)
Clog Z Jous t(1 —1t) log Z

<0 200671i
- log Z

§6. The Proof of Theorem

By Lemma 4.1,
X
31 > 3.707032——.
t= log Z

By Lemma 5.4,

X
Yo < 1.512574——.
2= log Z
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By Lemmas 4.2 and 5.5,

e 5 s(n(E0))

Z(J.25<p§Z0.35

- Z Z S(qua Q)

0.25 0.35 . 1 . 1
202 <psZ%T (Z2) 5 <g<min(p,(22)3

<1.920475 X 0 6255857)(
- log Z ’ log Z
X
=1.294890——.
9 89010gZ
By Lemmas 4.3 and 5.6,

o= Y s(a, Z(:)

1.15
Z0.35<pSZT

- Z Z S(qu, Q)

5 1.15 0.45 1
Zo'a‘)<p§Z 32 Zp <q<(%)2
X

X
<0.624946 —— — 0.409017 ——
log Z log Z

X
=0.215929——.
log Z

By Lemmas 4.4 and 5.7,

e S s(n(3))

1.15
ZTJ <p§Z0'45

- Z Z S(Apg: q)

1.15 5 1.1 1 1
273 <p<zZ%® (£5)5 <q<(3F)2

X X
<1.71 —— — 1.251837——
<1.7 586610gZ 5 83710gZ
X
=0.464029 —.
log Z
By Lemma 5.8,
X
Y6 < 0.200671 ——.
log Z

Combining all of these, we have
X
1
= 2) >0.01 —_—
®.(Z)=5(A,(22)2) > 0.0 893910gZ
¥

log Z"

>0.01

So, (2.2) holds and Theorem follows.
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