Chin. Ann. of Math.
15B: 1(1994),23-34.
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Abstract

This paper is concerned with solutions of the following two-scale difference equations: f (z) =

N y ) I3 13 . .

Y anf(2z —n). The conditions for the solvability and the iteractive solvability of this kind of
n=0 : .
equations in certain spaces are obtained respectively.
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§1. Introduction

This paper is concerned with solution of the two-scale difference equations of the following

form:

N
u(z) = Z anu(2z—n), x€R, ' (1.1)
) n=0 .
where apan # 0 and the a, are complex numbers.
Note that a general equations of the type
N3

u(@)= Y anu(2s—n)
n=-—N;
can be reduced to the form (1.1) by the linear change of variable z — z — Ni.

Functions that satisfy two-scale difference equations are used for many purposes. de
Rham!! employed them to construct an example of a continuous, nowhere-differentiable
function. Dubuc proposed in [2] a dyadic interpolation scheme where the “fundamental
function” satisfies this kind of equations. Then this interpolation scheme was applied in (3]
by Deslaurieers and Dubuc to the construction of fractal objects and functions with fractal
properties. Recently a new motivation to study them arises from wavelet analysis, where one
is involved in the construction of compactly supported wavelet basis, say {hmn(Z)}m.nez
generated by translating and dilating a single function h(z) via hpn(z). = R(27™x — n).
And the construction of such an h(x) requires anxilary function which satisfies a two-scale
difference equation (cf. [4-7]).
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Of course, in all these situations, the first thing we are interested in is the solvability
of the two-scale difference equations. Since the equations of form (1.1) have solutions with-
compact support, they are more ,1mportant in most cases,
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denoted by 7. Then 7 C = is the set of all polynomials of degree< k.Ifc(z) = 3 cjzd em,
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J > n when ¢(z) € T,.

We write, for p € 7, pi(z) = H P(e_f?u J
J._.

k=1 .
nd p*(z) = [] p(2%'). Then
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In (1.1), we always write a(z) = Z a,z"™, which is called the symbol of equation (1 1).
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Bi(b) < 2&=V%  for some k €N,
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then (1.1) is solvable in C,.
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In order to solve the equation; (J,
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Then the iterative preocess is started from an initiative fqnct%on, say po(z), and the suc-
cessful solutionsoare obtained: - ‘ia HE RIS SR G T ool
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and iteratively solvable in C’o z'f thf;re exists a funclion u € O’o such that

g8 0 né“y”?l}'%)%‘( lng_ un\ 0 n , Yl
where || f||c = sup |f(z)|. ’ T
z€ R

Note that although pm(z) = (T™x(0, 1])(:1:) are not in Obi,”%héﬁ" Tithit! {(‘a:’)catn belinr ey,

_',I‘,L\e solvability of (1.1) does no {nply its 1tera,t1\ve solvg. 111ty, For example, the equation
{£.8) Wy il m; a \);\\i JIE

u(a:) =%i(2z) - + w(2z —
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We first consider the Eble’abihtyi of th‘e ?qﬁattons ( ;:l)z iﬂ"eﬁeftéiﬁ;;d}is:t;‘ibution spaces. Some
notations are introduced.
The notations S = S(R) and 8’ denote Schwartz space and its dual respectively. For any

u € &', 4 denotes its Fourjer, tna{ngfqr{m I_1at £% = & (R).be the space C’°°(R) equipped with

the topology pr— Y sup Iqb(‘")l Whereﬂ’( range ‘over: ‘all‘compact suosets of Rand k over
a<k
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R, ie., the dual space of £, is denoted by £ = £'(R). Let A be an arbitrary subset of R
Then £'(A) denotes the set of distributions in &' with supports contained in A. Besides,
H{;) (s € R, 1 <p < o0) are employed for the subspaces of S’ containing all » € §’ such

that
1 :
s = (5 [ 10©PQ +1ePyde)” <400, 1<

Let L( 5) be the LP space with respect to the measure - (1+ [¢P)°d€. Then u € H( p Sue
L( 5)" For the properties of these distribution spaces, refer to [10].
Now we solve the equation (1.1) in £ under the normalization condition

4(0) = 1. (2.1)
We write Iy = [0, N]. |
Theorem 2.1. Suppose that the symbol of (1.1). a(2) satisfies a(1) =1, then (1.1) has a

unique solution u € €' with 4(0) = 1; and suppu C Iy. Futhermore, for any p, 1 < p < 00,
" there always exists an s € R such that

. 21
: . sl' * 230
inf lim_2°/( /O jaf (2nf)[7dd)” < +oo. 22)

3 =

Then the solution u is also in H&) for such s.
Proof. It is easy to verify that
o N .
®(2) = H a(e™27°%) = lim af(2), z€ (2.3)
=1 {—o00
is an entire function. Let u be a distribution such that 4(w) = ®(w). Then  is the solution .
of (1.1) with u € £'(Iy) and 4(0) =1 (cf. [6]).
Now we write 'mlaaf a(z) = 27. Since a(1) =1, r > 0. Then
zZi= .

sup o} (w)| = sup Ha(z2 ) <2, (2.4)
J=1

By (2.4), there always exist s € Rsuch that (2.2) holds. Let s be such a real number. Then
setting M = max |®(2)|, we have

1 2 3
Iolcos = Jim (57 [ 1)+ 0p)*do)

S f

. |
— i : _1_ 5 (9=Lg\IP) 0% (0)|P P\8
= inf Jim ( o / a2 o) Pla (P (1L + [op) o)

< (517;) %Minflgrglo (1+2Y° ( / o la} (O)IPdG)

‘UIH

ie.,

S [

2l
iof Tim 2% x 220
Jullyo < ciuf Jim 2°( /0 laf 2rd)[Pdd)” < +oo

=u€ H(s) : (2.5)
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Remark 2.1. Since ( f02 : |a}"(27r9)|”d0)% = 2% ( fol |al(ei2”9)|pd0)71", (2.2) can be replaced
by '

1 ' 1
inf lim 2+ / lal(ei2")[Pdg) ” < -+oo. (2.2)
l—+o00 0 |
Remark 2.2. If a(z) # 1, there is no nontrivial solution of (1.1) with compact support
(cf. [12]).

A necessary condition for the solution of (1.1) in the space HY, (s) 18
Theorem 2.2. If (1.1) has a nontrivial solution u € H( ) then

G(a) <27°5. (2.6)
Proof. We have |
o) = [ lale?)llaw)), vt e
Then ' | ~
Z [ tog ot )+ 5- [ S o)+ fol?) o
a .D

~ 5 log(l + |'w|”)rd'w

bt 3

/ log [4(Z'w)P(L + 2pl|w|1’)’d'w -

log(l + 2pl|'w|”) ?dw.
-
By Jensen’s mequahty, we obtain

1 T 1

L, \|P pl [, 1P}3 (2L [P ol (,,1P}8 P

ey lqg(lu(2 w)|P(1 + 2P |w|P)*)dw < IOg(Zvr /-1r (2 w)| (1 + 27 |wl?) dw) .
Hence, considering that

/ log Ia(e_m‘”)ldw = log Id(eiwjldw

-1
for any j € Zt, we have

! " iw
5 log |a(e*")|dw

-

1 1 2l %
< — — 'y p p\s
< (s+p)llog2+log(2ﬂ_ /*211r [@(w)[P(1 + |w]?) dw)
1 (™1 s [T 1-27P 3
- = i(w)|? P)s il 1 —f
o /_"ploglu(w)l 1+ |w|P)’dw + 27r/ og(1+| ) dw

—r w? 4277
Dividing by ! and letting [ — 00, we obtain '

m . 1 ;o .
zw —— —
- log |la(e*”)|dw < (8 + p') log 2,. 1 .5 p < oo.

—_

Then (2.6) holds.

The following corallary is obvious.

Corallary 2.1. In Theorem 2.1, if (2.2) is replaced by one of the following conditions
(1) there ezist an infinite set I CIN and a constant M > 0 such that

Bi(a) < M2~ G+ wiel;
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‘_ tohthit) Bm(a) < 2‘,’(3“‘&‘% m

SRN] (A

i;\

(stn(d))l SEOE B k“m‘;"\‘“ 3 _5 » f_,(z,z,
i1Lhe gap between the sufficient, condition, (2, 2),1(09-' the&opdltfons in Corallary 2.1, 28.well)
and the necessary condition (2.6) seems quite “small”, for we have oy,

Theorem 2.3. If G(a); 5,69, § m,ethen 1 for ey sufficient sl 6., >0,

measumble set A, € [0, 1]“w,,g§i{ J:_\;j S & suchy thz rteog o e (1 ETNL G0
{wp 1 R A AL
L) lim. ¢! (/ . l 1(@z2_1;,a.|£ ,l9) p\ .0, Vp, 1< p<-oco.

mind oW

Proof. By the Mean Ergodlc Theorem[!3],

\,r\{l_\ it " "‘]|/=w‘h (,l
llm l g(l’ Z‘zQ‘)rZ’O)l
l—o00 l = Y ‘

l 1
- Zlog Ia(ezz"zj")[ <e+

0 }n\“f i

: T M ;“‘ s 2“’@; il mol
1270 [ & a)\ = I
la(e )I‘ <e G(a) =c

(L] é»—l(/ (et ~u(ezzwo |p&a) <\“(i
[0 1]\A ¥ ‘y \\s,'
(“,JN’\

ie., (2 7) holds. mm; e
Remark 2.3. In Theorgm 2:1, )lef;tm,g s\i—‘ 0, g seéthafjf | mg ltgrn ( fo |a;"(27r0)|”d0)z’ <

+oco and 1 < p < oo, then (1.1) has a solition u with ¢ € LP. 'Therefore, ue C’o ifp=1

andue LFTif1<p<2. LA

o el
C iy B (NI

(@)}

.L

Ziy » ¥ 1 PRIV, %
}

N

When the symbol of (1.1) has a special form, we can get ("o )y|wof 4 -
Theorem 2.4. Suppose that in (1. 1) a(l)=1 and ‘ e B
(1 &)z’r: ’ "
2

A E e . 3
RIRICD 9w o0

ﬁlf lim 2(“’
l—00

then the solution of (1.1) u € H(s)
Proofy,We baveeiio o854

' .,.;.24-,3 > | (“iajol g | |
L anopan) <o e
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By Theorem 2.1, H b(e_’2 ]w) c L(s L) o e i T
J_l 4 i [t SN
. k 1—e tm,@( I(\ R \? §
Wiite ) = [T (25752 i 2‘2%“‘("”2,.\ s Ana L+ up) | < oo
 Hence p(w) H b(e~ ’2_“?’) & @(8), i e.,‘u(\e\ﬂp )}, . 3 an

Corollary 2 2. In Theorem 2. 4, if (2. 9) is “'r‘eplaced gby one of the following conditions:
(1) there exist an infinite setIKCIN andwconstiant M ?\ 0 such that for somep, 1 <p <

“I’ i i

B(b) < M2¥(frs :},E; ke, (2.10)
(2) there exist an m GIN such that for some p, 1 < p <\ 00,
SRR
then the solution of (1 1) u € H(s) N

Remark 2.4. By Corollary 2.2, xf' aéz) L (—H'——)b(z) aitd Bi(b) < 2%, then the solution
of (1 1) is in L?; that 1mproves Theorem B. sl el 2 Sl st

(2.11)

Fale e e s L\\\‘ i AR = {(w)o el JBLE saened
§3 Iteratlv olvablllty o _,,wo-Scale Blszerence quatlon
gt
At first we introduce the mth order cardmal B—sphne Nm(a:) with knot sequencé 3Z .
m(a:) is defined recurswely “by Nl(:v) (L (:13) Bige = ol
. 1 s i
Np(z) - (Nm—l *Nl)("{’) i Nm—l(m — t)dt.
g S O

ERSNTEN
f &, l.v 2
TRV

Hence N,, € Wm1% and suppNyp = [0,m]. r\ { ,
The reason of our ;ntroducmg Nm here is that they satlsfy the spema,l two-scale difference
eqilé,tibns hg \" S N Caho §1os{s?

js gmmoi Soort
LR enkie 2ol KD M ar A by gl o R i :
S T AT 1 { S . EN-& i1 x\ go (3 1)“&

(3.2)

Ia: e _; i"w % Jlgmllg I\saup, B

I
- (3.4)
l6™pll, < N IIg"‘llzoo llolle- R S0

Proof. It is obvious that suppG™y C [0, ZE¥]. We prove (3 4). Let
w fudn baw ‘Pk('w)‘*": 1:‘/3?(9'1))5'(%;%%1‘%] (@)mg\ RENER

vl ik

P Y SV
RN R ,%},.; 3
it :

S’
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Then for 1 < p < oo,

oot =( [ |zg;n o - j)ds)’

41 J 1
() ardera- i)’
leZz

J -
s(zz—mm;nw)’usoknp
3=0

m

=277 [lg™ lly; " l-

N-1 - N-1
= 1G6™e"llp < 316" I, <277 [lg™ s, D Ie®ls
) k=0 k=0

SN2 7 (lg™ -
Similarly, [|G™¢llc < Nllg™ i l€llc-
Lemma 3.2. Let o(z) = f: a;z’, B(z)= ) Bi#’, andd(z) = g‘ d; 7 = ak(2)B(z2").
Then = e =
ldlh, < Cwplle®ll, 181l 1< p < oo, » (3.5)

where

. 2
N+1)?, 1<p<2 ‘
N+1, 2<p< o0

' k=1 _
Proof. Letting o*(2)(= [] a(2*')) = ¥ af2f, we have d; = Y oF_, . B, where
- §=0 j€eZ : neK;

K; = {n; j - (2* ~ 1)N < 2*n < j}. Write 1 + 2 = 1. Then, since |K;| < N,

UE$> Ia;?_zk,,w)%( S 16.p)*
nek;

neK;

AQII-I
=

<Omy® + 97 ( T lofnal’)” (3 100F)’

nekK; nEK, .
= Y ldii? <R + )2 Y ( X ladpeal? 3 16a17)
jez J€Z nekK; neK;
2k _1
W+ Y (T (X lebgul Y 147))
s€Z i1=0 0<s—n<N 0<s—n<N
<0+ (X ki) (X 18.)]
s€Z 0<s<N 0<s-n<N

<CRla®II7, IBIIE,-

Hence (3. 6) holds
Theorem 3.1. In (1.1), suppose that N > 1, a(1) = 1, and a(2) = (1£2£)b(2), where
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b € 7 satisfies .
c e e o=k
mfklingo2 » ||b"’||1p =0 for somep, 1 <p< . 3.7
Then (1.1) is iteratively solvable in L? for 1 < p < oo and in Cq for p = oco.
?roof. By (3.7), for some p, 1 < p < oo, there is an integer ko > 0 such that
2__1?-CN—-1,p“bko”[p = § < 1. Then by Lemma 3.2,
~kom —ko(m=1) - _k
2775 ooy, <27 bRy, (27 601, Ov-1,5)

q(m=1)
SZ__k p 1 ||b(m_1)k0|llp6S &m.

Write Mi,,p = g:lag%o{llb””lp}, where b° = (80s)scz. Since b(1) = 1, there is a polynomial

r(z) € my_z such that r(z)(1 — z) = b(z) — 1.
Now let gx(z) = (T*Ny)(z) — (T*1N1)(z). Then

A * Y T %7 (9—k
n(w) = b1 () [] () 6™ ) - ) M2 *w)
j=1

iy 1. | B S
= (1 e ™) b (w)zr(e™ )N (27 w),

= gule) = 3 WM (@ e - ) — (2 @ - 1) - ), (3.8)
N—2 < |
where p(z) = gﬂ r;N1(2z — j).

By using Lemma 3.1 and Lemma 3.2, from (3.8) we obtain
lgillp < 227 #1165l lrlls, -
Let k = myiko +n, 0 < n < ky. Then
gl < 27msko/P|pmako|| 22~ % My, |irlly, < c6™,
where § < 1, ¢ = 2Mjy,|Irll;, is a constant independent of k. This implies that gx =
(T*N, —T*1N,) is a Cauchy sequence in L? (1 < p < 00). Hence there is a function v € Lr
such that _
kl_i_)ngo |T* Ny — ull, = 0.

In the case of p = oo, by Lemma 3.1, we have supp(T*N1) C [0,1], Vk € IN. Then
Suppgx, C [0; N]. Similar to the proof above, we have llgrllc < c6™*. Then there exists a
bounded function v with suppu C [0, N] such that Jim |IT* N1 — ullc = 0.

Now we prove that u € Cp. Taking arbitrary =,y € [0, N], we get

lu(z) — u(y)] < |T* N (2) — u(@)| + [T*N1(y) — u(®)] + |T*Ni(2) - T*N1(y)}, Vb €IV
Ve > 0, there exists an ng €INsuch that 2M},6™ < § and

TNy — . < g k > noko.
Now we choose § = 2~™ When 0 < |z —y| < §, > y, there exists an k > noko
such that |2¢z| — |2by| = 1. For this k, letting hi(x) = T*Ni(z) — T*N1(y), we have
hi(z) = (T*Ny)(z) — (T*Ny)(z — 27%) and hao(w) = (1 ~ e~®)2-¥bf (w) N1 (2 *w). Hence,

£
IT* Ny () — T*Na()| < lIhwlle < 2/1b¥lloo < 26™ Mi, < 3-
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= |u(z) —u(y) <e, VO<|z-—1y| <6 eatfeiton w24
idbrollary 3.1. In%‘fﬂ allyergndet 0= G il et
(lw}— a0

 Eed N pekosdesdon plessiosds op (f 19 sadV
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Jeddt sl 80«0 b o0 T T U gy smon sob (V) vl '

where b(z) € 7 satzsﬁes (3 7), the (1. 1) 18 zt(:frq,tzp(;] so{_yq,mg n ;Li” for 1 <0Pm \ a@d(m
Cy for p = 0. '

NP
AN V;l |\' 3 ém

o

nu gt -e LG \H,;'\ S
Furthermore, the solutzg }‘ (1 1)) WL w for 1 < p < oé anc‘ifa in C’g’ -1 for p = oo.
Proof. Let b(z) = (142 )L B b(2). T Heh we‘caﬁ pr()ve tHat b(z) also satisfies (3.7). Hence

(L) dsriteratively:; ,s@lvable iy L o Go. by, Thevre 3o Now ,vyrlﬁe‘-xli, x(
set

zﬁ) 7 (Lt 2)b(e) gy
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Jeg\ < N ’ ‘x
The solution of \(3 9)‘»{,1 fs\m i for 3 )Q <o
(Nz_1 *v)(z), we have
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Since Ni_; € WE=2_ we have'v € WL~ 19'f for 1<p %,{oo”a,nd u € C’g‘ ~1 for p = 0.
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then for 2 < p < oo, (1.1) is eratively sol'vqbl(‘e[ jn LE \and the solution is in WL=YP; for
= 00, (1.1) is iteratively solvable in Co and the solution s in cit.
m{“ﬂ R H’b aeive amsdd By ol s
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BAL OW R ieWLT Y - i = ,\?1\" f,.,, R ¥
o y &> 03 gu’kle;‘e 1s 2 §et A C [O 1{ v& th A [“ < ¢ édéh“thé.t Bk S = [w"8] dnddd dowa
1 A “, }_) m ‘\\l}}xh Fage ( A \E\i}{rv\,\r\:} (f‘\x/ Y «}r\EB _____ \ )“
3 2 ] q t
o> @bl “hm 2 wi(/{ﬁ Rt Q B qul) ({)u.;‘w\f“&““*”sf (13)



No.1 Wang, J. Z. ON SOLUTIONS OF TWO-SCALE DIFFERENCE EQUATIONS 33

holds for any ¢, 1 < ¢ < co. Lettmg +2=1 By (3 10), since Bk(b) < M2%, Vk eIk,

275 / Ibk(e’Z"")lqu) < _eM.- (3.19)
Comblnmg (3.13) and (3. 14), we obtain, since € > 0 is arbltra,ry,

inf 11m 27 / |bk(et21r0)|qd0)
But for 2 < p < o0, '
1 A
; s 1 1
“bk”lp < / » Ibk(ezmr('))lng) e 1 + —=1,
where c is a constant. Then the conclusmns can be drawn from ‘Theorem 3.1 and Corollary

3.1. :
Now we turn to the condltlon (2). Because bm(l) =1<27% for 2 <p< oo,

/ |bm(e’2"9)ld0 <2%.

Hence G(b) < 27 for 2 < p < 0.

As to the case of p = 00, Bp(b) < 1 still implies G(b) < 1, since degb > 1. In fact, if
it were not so, we would have G(b) = 1, then lbm(z)l = 1for |z| = 1. Hence B™(2) = 2
for some o €IN, since b™(1) =1 and degh > 1. Note that bm(O) = 2La(0) = 2L1ao # 0.
The contradiction 1mphes that ‘G(b) < 1. Besides, Bn(b) < 2% also implies that for any
p, 2<p < oo, | |

| Buk() < (Bn(B)* <2777,
Then the condition (2) => the condition (1).

§4. Final Remarks

As we said in introduction, solutions of two-scale difference equatlons can be used, as
aux11ary functlons, to construct wavelet bases. The main idea is as follows: first we form
a multiresolution apprommatlon by an auxﬂary functlon, then use the space decomposition
technige to construct a wavelet basis from this multiresolution analysis. If the auxilary
function, say ®, has orthonormal integer translates (i.e., ® € L? and (®(- —m), ®(: = n)) =
Om,n, M, € F) and satisfies : : : ‘ -

O(z) =Y. ca®(2z — 1), | (4
: nez '
then with ¥(z) = Z (~=1)"c1—n®(2z — n), the collection {2% (2 = Ic)}J kez forms an

orthonormal basis for L2 (cf. [1 6]). In non-orthonormal cases, the construction of wavelet
basis is more complicated (ct.-[7])-
A function generating a multlresolutlon appromma,tlon must have stable 1nteger trans-

lates. :
Let®eL?, (1<p< oo) We say that integer translates ®(-,—5)(j € Z) are [, -stable, if
there exist poistive constants m and M such that for any sequence a € lp, '

mllally, < 11D a5~ Mlp < Mllalls,.
i€z
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Then the multiresolution approximation can be difined briefly as follows.
A subspace nest of LP(1 < p < ), {V;}jez:

ecVoycVoecVpc--- with N WandT‘Tj=Lp
) i€z JEZ

is called a multiresolution approximation of L?, if there is a function ® € L? such that @
has [P-stable integer translates and V ‘
v = {Z a®(2z —k); a€ z,,}, Vi€ Z: 4.2) -
kez ) ' ‘
From (4.2) we know that ® must satisfy an equation of form (4.1). If supp® C [0, N] is
‘required, then (4.1) degenerated into (L.1). In this caes, ;gZ—V; = LP is equivalent to that

a(z) has the factor (1+ z) (cf. [7]), that is why we assume a(z) = (142)b(2) in Theorem
3.1. ' | |

[14] pointedout that [,-stability for any p, 1 <p < oois equivalent to each other, so we
can say stable instead of [,-stable. {14] also proved

Theorem D. The integer translates of u are stable if and only if the symbol of (1.1) a(2)
satisfies the following two conditions: ' : :

(1) a(z) does not have any symmetric zeros on the unit circle |z| = 1;.

(2) For any odd integerm > 1 and a primitive mth rootw of unity, there exists an integer
d,0 < d such that a(—w?") #0. _

If a(z) has the factor (1 + 2™) with m > 2, then a(2) does not satisfy one of these
conditions. Hence, when a(z) has the form in Theorem 2.4, it does not supply a solution
of (1.1) generating a multiresolution approximation, unless k =1 and m; = 1 there (cf.
Theorem 2.4 in Section 2). ‘ '
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