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INITIAL BOUNDARY VALUE PROBLEMS FOR
PARABOLIC EQUATIONS IN LIPSCHITZ CYLINDERS**
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Abstract

The initial-Dirichlet and initial-Neumann problems in Lipschitz cylinders are studied for
the general second order parabolic equations of constant coefficients with squarely integrable
boundary data. By layer potential method developed in the past decade, the author proves
that the double layer potential and the single layer potential operators are invertible and hence
obtains the solvability of the initial boundary value problems. Also, the solutions can be
represented by these operators.
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¢1. Introduction

Boundary value problems for partial differential equations and systems on nonsmooth
domains have attracted attentions of many mathematicians in recent years. Based on
Calderon’s theorem on the L2-continuity of the Cauchy integral on Lipschitz curves which
was finally proven by the authors of [1], one applied the classical layer potential method
to the investigation of boundary value preblems of some partial differential equations on
Lipschitz domains. The main difficulty in solving these problems is that the layer poten-
tial operators are no longer Fredholm operators and hence the classical method in solving
the integral equation of Volterra type can not be applied here. In 1983, G. Verchotal?
studied the Laplace equation by utilizing Necas-Rellich integral identity[®l. Afterwards,
Dahlberg, Fabes, Kenig and Verchota studied the systems of elastostatics and the Stokes
systems in [4,5]. By adopting a similar idea, R. Brown studied the heat equation in Lip-
schitz cylinders!®7 and Z. Shen!® solved some boundary value problems for parabolic Lame
system and a nonstationary linearized system of Navier-Stokes equation. Some other works
can be found in [9-12] and the related papers.

In this paper, we shall study the general parabolic equations in Lipschitz cylinders. We
shall prove the existence of solutions for the initial boundary value problem and show that
these solutions can be represented by layer potentials. We also show that the solution of the
initial-Dirichlet problem with boundary data having first spatial derivatives and 1/2 order
time derivative in L? can be represented by a single layer potential and hence the nontan-
gential maximum functions of the first spatial derivatives and 1/2 order time derivative of
the solution exist and are squarely integrable.
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The outline of this paper is as follows.

We give some brief definitions and notations in the first section. In Section 2, we will
construct the layer potentials for parabolic equations and state some basic properties of these
potentials. Section 3 contains some fundamental estimates and the invertibility results for
a double layer potential operator constructed in Section 2. The invertibility of the single
layer potential operator will be proven in Section 4, and the solvability and uniquess results
for the initial-boundary value problems will be stated and proven in Section 5.

¢1. Definitions and Notations

We will use some well-known notations and definitions without explanation.

Let Q be a bounded connected open set of R", we say that €2 is a Lipschitz domain if for
each point @ € 901, the boundary of ), there is a system of coordinates of R", isometric
with the usual coordinate system and a sphere Bs(Q) with center @ and radius § > 0 such
that relative to this coordinate system () is the origin and

QN Bs(Q) = {(z,t) :x € R"™, ¢ > ¢(x)} N B5(Q),

where ¢ is a Lipschitz continuous function on R"~! and ¢(0) = 0. We use Sy = 9Q x (0,T)
to denote the lateral boundary of the cylinder Qr = Q x (0,7). We denote Q = QF and
R"\ Q= Q™. We denote by u* the nontangential maximal function of u on 99 and denote
by u™ and 4~ the nontangential limits of u on the boundary of the domain from the inside
and the outside of Q respectively. We write L¥(99) as the space of functions in L? with
first derivatives in LP and write L’l” 1 (St) as the space of functions in LP with first spatial
derivatives and 1/2 time derivative in LP. The details of these definitions can be found in
2, 8].

Let f € C®(—00,T) and f(t) = 0 for t < 0. We use I,(f) to denote the fractional
integral of f and define the fractional derivatives as Dy (f)(t) = DiJ1—»(f)(t), 0 < o < 1.
The properites of I, and Df can be found in [8].

§2. Layer Potentials

We study the general parabolic equation
ou 0%u
 _gi——— =0 2.1
ot * 8331'8.13j ( )
with constant coefficients a;; satisfying a;; = a;; and
aij&i&; > pléf®
for any £ € R™. We always use the summation convention on repeated indices.
It is well-known (e.g. see [13]) that the fundamental solution of this equation has the
form
[(z,t) = ct " 2exp{—(ax,x;)/4t},
where a%s are the entries of the inverse of the matrix (@i5)nxn-

We shall study the solution of (2.1) with the initial-Dirichlet boundary data

u’ST =g, “|t:0 =0 (2.2)
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or with the initial-Neumann boundary data
% def aijnié?;i =g, u‘t:O =0 (2.3)
where N(Q) = (n1(Q), -+ ,n,(Q)) is the outward unit normal to 92 at Q.
We shall investigate the solution of above problems in the case when g is squarely inte-
grable in S7. As in the classical cases, we define the single layer potential of above parabolic
equation as

¢
Sf(x,t) :/0 /an—‘(x—P,t—T)f(P,T)dUpdT

and the double layer potential as
t
Df(x,t) = / / aijni(P)iF(x — Pt —7)f(P,7)dopdr.
0 Jon Ox;

It is clear that for any integrable function f, both Sf(z,t) and D f(z,t) are the solutions
of (2.1) with zero initial values. We shall prove that the solution for (2.1), (2.2) and for
(2.1), (2.3) can be represented by either Sf or D f for some f in L?(Sr). For this purpose,
we must study the behavior of the trace of above operators. We define

f(@Q,¢) pv/ / a;jn; (P (Q Pt —1)f(P,7)dopdr
t—e
= lim / a;jn;(P)=—I(Q — P,t — 1) f(P,7) dopdr
e—0 90 j
and
£(Q,1) pv/ / a;jni(Q)=—I'(Q — P,t — 7) f(P,7) dopdr.

For simplicity, we will write ||u|| as the Lg(ST) norm of the function u and write ||u||s as
the L2(09Q) norm of u. In general, we write || - || x as the norm in the Banach space X.

The proof of the following theorem is standard by referring to [7, 8, 12], we omit the
details.

Theorem 2.1. The singular integral operators K and K defined as above are bounded
operators in LP(St) and the restriction of S on the boundary of the domain is a bounded
mapping from LP(St) to Lllj’l/Q(ST) for anyp>1 and

(VS + I(DESH* |y < CILf I
||(Df) ||p < Clflps
= :I:f—l-K)f;

iv <8s> :|:+K)f,

1

i)
ii)
i) (
)

=h

iii

v) (DEsy ) (D2 s f) ,
(VrSH)" =(VeSH~.  (SHT =(8H)",
where C' is independent of f, || “|lp is the LP(St) norm and Vpu is the tangential derivative
of u, i.e.,

Vru=Vu— (Vu, N)N

where (, ) denotes the usual inner product in R™.



46 CHIN. ANN. OF MATH. Vol.15 Ser.B

As in [6,8], we consider the equation
0%u
. = 24
ag; Fenda; iTu (2.4)

for each T € R. It is easy to see that I'(z,7) = fooo e~ T (z,t) dt is a fundamental solution
of the equation (2.4). Define, for h € L?(09),
wlo)= [ Fla-Qrh(@Qdre. (2.5)
Then u,(z) satisfies (2.1) for  in R™ \ 9Q2. We have
Lemma 2.1. Let h € L*(0R), u,(x) be defined above. Then
D (Vur)lla < Cllhllo;

i) (Vour)t = (Vour)™, uf =ur a.e on 09;

iii) <8(;‘;> (P) = (j:% +f<(7)) h(P),

where K is the singular integral operator bounded in L*(02) with kernal
K(P,Q,7) = akjnkgf(x -Q.7)|,_p
Ly
and
R(P.Q.m) - K(P.Qm)| < S0 7L
P-qr-s
with C independent of 71,72, P, Q.
Proof. In the case of 7 = 0, f(m, 0) is a fundamental solution of equation akj% =0.
i)-iii) follow from the general results in [12] by using Calderon’s Theorem!!l. For 7 # 0,
these results follow from the case when 7 = 0 and a standard proof as in [8].

§3. Invertibility of Double Layer Potentials

To study the initial boundary value problems stated in Section 2, we need the so-called
Rellich type inequalities. We shall establish these inequalities by using a revision of Necas-
Rellich integral identity!®! and some estimates for the solutions of (2.4).

Suppose that v = u, is the function defined by (2.5). Then

ou\* o 9 .,
[ () wio=s [ (wogmgpu e oy

By checking the real part and the image part and using the ellipticity condition of the
equation, we have, for any complex valued C! function u,

ou Ou

apj—— — > p|Vul>

" By, Ox; — Hlvyl
Furthermore, for any Lipschitz continuous vector field h, we have
Oou 0u
— | (hgasi — hsap; — hiasp) — - —
oz, (hiats; @ i k)axs Oz

_ _ (3.2)
b ou 0u + 2rlm(h ou )
=byi—— = + 27 il
T 0xs O 70z
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where bg; = %(hkasj — hsap; — hjasy) with ||bsj||z < C < co. Integrating both sides of
(3.2) over Q4 and using the Divergence Theorem, we have

+
/ ng(hras; — hsag; — h; agk)au aLda
a0 8.’1}5 836]
ou Ou ou (3.3)
==+ bej— 27Im(h; dx.
/Qi< e oz + 27Im( axj )) ‘

Analogus to the method used in [8], we need the following lemmas:
Lemma 3.1. Let u be the function defined in (2.5). Then

/ (IVul? + |7|[ul )dm<C/ |u||—|do
Qy
and

+
[ rivadde<c [ el S do
Qi N v

Proof. A consequence of (3.1) and the Cauchy inequality.

/ luf2do < c/ (ul? + [u]| V] dz
a0 QL

Proof. An easy application of the Divergence Theorem.

Lemma 3.2.

Lemma 3.3.
i)
/ IVt do < c/ (1Vul? + [rlluf? + [uf?) do
o o

and

ii)

/ (|Vujt|2 + |T||U|2) do < C’/ (| | + u|2> do.
a0

Proof. It is easy to provel' that for any Lipschitz domain Q we can find a vector field
h such that (h(P), N(P)) > C > 0 with C independent of P € 92. By (3.3)

out 9u
/ asjnihy—— v Lda
o0

8$5 8%
0 o
:/59 [(hkasj h akj)nk au :| [;;] do — /dQ [(hjask hkasj)nk

u  du ou

For fixed j, the vector with (hgas; — hsar;)n, as the sth entry is orthogonal to the nor-

ot ou*
Oz,

FrR do  (3.4)

mal. Hence, the first two terms on the right hand side of (3.4) can be controlled by
C [oq |Vu*||Vru|do with C independent of v and 7. By Lemma 3.1,

Ju Ou ou ou*
bs; 2rIm(hj—— dx| < C -
/Qi l: jaxs 6 T4 i m( ax] u>:| 7= o0 (|U|

By the ellipticity and the choice of h, we know from ( . ) and (3.5) that

/ |Vui|2da < C/ (VTu|Vui| + |u\ + 7|2 uH‘)
o0

+

8% ) do. (3.5)

+ |71 |ul
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Part i) follows from the inequality ab < %a2 + eb? with suitable choice of e.

An easy computation and (2.4) yield
+ gt
/ (N, h}asjaL ) aLdU
le) 8l's al']
0 Ju Ou Ou Ou 0u
=2R hy |=— (asj=— =— | —iTu=—| d divh)asj— - =—d
e/ﬂi § [81’5 <a‘]0mk axj> ZTU&@J T /Qi( v )a‘Jaxs Ox; v
By Lemma 3.1, the second and the third terms of (3.6) can be controlled by
out , 9 L Out
—-— 2|ul|—=—1 | do.
L (G P it G| ) do
Using Lemma 3.1 again, we get

o (ou Ou ou* ou*

The second part of Lemma 3.3 follows easily.
Lemma 3.4. The operator £3 + K(T) defined in Lemma 2.1 is invertible from L?(0€2)
to L?(9) and for T # 0,

(3.6)

flo< ¢ (14 ) 1 (45 + K@) sl
for f € L2(09Q) with C independent of h and T.
Proof. For 7 # 0, let u = u, be defined as in (2.5). Then by Lemmas 3.1 and 3.2,
/ ) da<C/ (Jul? + |Vaul? )daz<C(1+| / lu |\ yd

By Lemma 3.3

[ 1% <C [ (9ra?+ el + ) do
o

<c/ < ]+|u|2> do
2
§0(1+1> / 12 24,
|7 oo Ov

Hence, by the jump relation in Lemma 2.1 iii),

1o < 15 + 15 < € (1+ 1) 1 (3 + K)o (35)

Thus, for 7 # 0, %-I—K(T)Z L2(09Q) — L2(09Q) is one to one with closed range in L?(9€2). T
prove the invertibility, it remains to prove that the range of 3 + K( ) is dense in L? (89)

If Q is a smooth domain, by Lemma 2.1 iii), it is obvious that K( ) — K(O) is compact
on L2(09). Notice that

1 1 =~ *
(2 + K(T)) - (2 + K(T))
= (K(1) - K(0)) - (R(r) - K*(0)) + (R(r) = K(0)) -
All the three terms above are compact by the results in [13]. Hence, by Lemma 2.3 in
[5], 3 + K(7) is a Fredholm operator with index 0. The invertibility follows. For general
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Lipschitz domain, the results follow from (3.8) and a standard approximation scheme as in
[2]. The invertibility of —3 + K(7) may be proven similarily.

Theorem 3.1. The operator +5 + K : L?(Sr) — L*(St) is invertible.

Proof. Again, we only prove the theorem for 1 + K. Suppose f € L?(St) such that
(3 +K)f =0. Let u(z,t) = Sf(z,t). Then (%)* = 0 by Theorem 2.1. Hence

+
ou Ou Ou
JYRIC RS, oo ) o
¢
2// M|Vu|2dxdt—|—l/ lu(t)|? de.
0 JQ4 2 Q4

Hence v = 0 in Qp. Therefore u|ST = 0. Again by (3.9) u = 0in Q= x (0,7). By the
jump relation in Theorem 2.1, this implies that f =0 on Sp. Thus, % + K is one to one in
L2(ST).
As in [8], let g € L?(S7). We extend g to 9Q x R by letting
g(P,t), 0<t<T,
h(P,t) = —g(Pt), T <t<2T,
0, elsewhere,

then h € L2(0Q x R)( LY(092 x R). Let ¢)(P,7) be the partial Fourier transform of h,

Y(P,T) = / e "Th(P,t)dt.
0
Then o (P,0) = 0 and ¥(P,7) € L?(99Q) for each 7 € R. By Parseval’s Theorem

1V z200xr) = Cllbllz200xR) < Cll9l-
Since 3 + K(7) is invertible on L2(d9), there exists ¢(P,7) € L%(99) such that

(; + R(T)) (P, 1) =¢(P,7)

for 7 # 0. If 7 = 0, we may take ¢(P,0) = 0 so that the above equality still holds. It is easy
to check that ||K(71) — R(Tz)” < C|m — 72| by Lemma 2.1 and that ¢(P,7) is measurable
on 0N) X R. By Lemma 3.4,

/ 6(P,7)dop < C (1 + 12> / (P, )| 2do.
ElY) |T| ElY)

An easy computation shows that ¢ € L?(9Q x R) and [|¢]| < C||g]-
Let f € L?(09Q x R) such that its partial Fourier transform is ¢. Then for a.e. (P,t) €
0 X R,

h(P,t) = = f(P,t) —l—pv/ /BQGIank (P Q,t—7)f(Q,T)dogdr.

(3.9)

Since h(P,t) = 0 for ¢t < 0, an argument similar to that in proving that 1 + K is one to one
shows that f(P, t) =0 for ¢t < 0. Hence for a.e. (P t) € Sr

g(P,t) = =f(P,t) —i—pv// agjng (P (P Q,t—1)f(Q,T)dogdr.

This proves that % + K is onto and hence invertible. The proof is complete.
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§4. Invertibility of Single Layer Potential

As in [14], the invertibility of the single layer potential operator gives regularity results for
the solution of the initial Dirichlet problem and also guarantees the existence of a Green’s
function with better properties than what we obtained for the solution of the Dirichlet
problem in the class of L2(S7). We will state these results in next section. The main result
in this section is

Theorem 4.1. The single layer potential operator defined in Section 2 is invertible from
L?(St) to Li%(ST).

The following lemmas will be needed in proving this theorem, Lemma 4.1 is a consequence
of (3.9) and the proof of Lemma 4.2 can be found in [6].

Lemma 4.1. Let u = Sf, for f € L>(St). Then

T +
[ [ vl < el Gt
0 Q4 81/

Lemma 4.2. Let f, g € C°(—o00,T) and f(t) = g(t) =0 fort < 0. Then

| / " Di(f)gdt] < C ( / ' |f|2dt> ( / ' Dégﬁdt)

with C independent of T, f and g.
Lemma 4.3. Let u be defined as above, h a vector field on 9Q with (h, N) > 0. Then

v Q

2

T 1 - 1 +
[ [ Updwul + [pfuyazar < clnfuni G
o Ja. ov

/ / dxdt<C’||D2uH||—||
Qi

Proof. Let W, Z be solutions of (2.1) with initial data 0. Integrating by parts, we get

+
/ WaZ dodt = / / (Wasj 07 ) dadt
o0 V Q4 0965 8

07 o0z
-1 e 92\ dpat.
/ /Qi <8x5 Y o, +W. 8t> v

1
Setting W = Z = D/« and using Lemma 4.2, we obtain

T 1 2 T 1/ Ou =
/ / |Df V| dxdt S/ / D} () Diudodt
0o Jau o Joa v
o, \} }
<C / |DZuldt / y<8“> dt ) do.
a0 \Jo 0 ov

If we set Z:I%u andW:Dt%u, then

T 3 2 1 out
/ / |Dt4 Vu| dxdt < ||Dt2uH||—a II-
0 Qi v

The first part of the lemma follows. The second part follows from Lemma 4.2 and the first

and

(4.1)

part.



No.1 Gao, W. J. IBVP FOR PARABOLIC EQUATIONS 51

Lemma 4.4. Let u = Sf, for f € L>(St). Then
ou* L
— |l < 2 .
151 < € {IVzull + llull + 1D ul }

Proof. As in the proof of Lemma 3.3

ou* au
(hras; — h hjas ——dodt
/ /89 e (hisg = hsars = hisk) 3= Oxs az, o

o b (4.2)
ou u u
=4 o —2h; — - —duzdt,
/ /Qi o, axj ot ox; "
where by; = %(hkasj — hsakj — hjasy). Similar to (3.3), we get
T 2
/ / |Vu| dodt
0 Joo
T T T
<C / / |VTu||u|dcrdt+/ / |Vu|2dxdt+/ / hj@ O et
o Joa 0o Ja. o Jao, 7Ot Oxj
ou* 1 ou*
c{ivralial + 1l Gt -+ 102 Gt
The Lemma follows easily.
Proof of Theorem 4.1. Note that for any f € L?(S7), by Lemma 4.4,
ou™ ou~ 1
171 < 155 1+ 15 < C{IVrull + IDEul + < CISFllze sy (43)

Hence, the single layer potential operator S is one to one with closed range in Lf 1 (ST). We
2
only need to show that the range is dense.
If Q is smooth and g € C°°, by the results in [13, Chapter 5], there exists a u such that

,U‘tZOZO and u € C>®(Q x [0,7T]).

ulg, =
Hence 86“: exists and belongs to L?(S7). By Theorem 3.1, we can find an f € L?(St) such

that % = %. Hence u = Sf by the uniqueness results in [13, Chapter 5]. Therefore
Sf | P g| S This proves that the single layer potential operator is invertible if the domain

is smooth. For general Lipschitz domain, the theorem can be proven by the standard method
in [2] and the inequality (4.3).

§5. Results for Initial Boundary Value Problems

In the first four sections, we constructed the layer potential operators for the parabolic
equation (2.1) and studied the properties of these operators. In this section, we will sum
up the results and apply these results to the parabolic equation. The invertibility of these
operators guarantees the existence of solutions for the initial boundary value problems. We
have

Theorem 5.1. There exists a unique solution for the initial-Dirichlet problem with
boundary data g in L*(St) and the solution u can be written as v = Df for some f €
L23(S7), || Il < Cllg|| with C independent of g.

For the initial-Neumann problem, we have
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Theorem 5.2. There exists a unique solution for the initial-Neumann problem with
boundary data g in L?>(St) and the solution u can be written as u = Sf for some f €
L2(S7), || f]| < Cllg|| with C independent of g.

The invertibility of the single layer potential operator gives

Theorem 5.3. For g € Li%(ST), the unique solution of the initial-Dirichlet problem

with boundary data g can be written as u = Sf for some f € L*(S7),||f|| < Cllgll: = with
1,

1

2
C independent of g. Hence || (Vu)™ || + || (Dt%)’F | < Cllgll-

Proof of the Theorems. Theorem 5.2 is a consequence of Theorem 4.1 and Theorem
2.1. The uniqueness follows by a standard procedure. To prove Theorem 5.1, we only need
to note that if we define Rf(t) = f(T —t), then R (1 — K)* R=1+ K. Therefore the
invertibility of % — K implies the invertibility of % + K and hence the solvability of the
initial-Dirichlet problem. The uniqueness follows by first constructing a Green’s function G
with property that [[(VG)*| + ||(Dt% G)*|| < oo and then following the standard argument
as in [15].

Theorem 5.3 is a combination of Theorem 4.1 and Theorem 5.1.

For the initial-boundary value problems in exterior domain, we may obtain similar results
by using the results in Sections 3 and 4. We omit the details.
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