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Abstract

The following results are proved:

1. Let X be a screenable P-space and Y a metric space. Then X X Y is screenable.

2. Let X be a strongly submetacompact P-space and Y a metacompact X-space. Then
X XY is strongly submetacompact.

3. Suppose that X = [][ X, is countably paracompact and for each n < w, [[ X; is

n<w <n

submeta-Lindelof. Then X is submeta-Lindelof.
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¢1. Introduction

The study of covering properties of products is an essential subject in the theory of
product spaces. For understanding the development of this aspect, see D. K. Burke’s survey
paper [2]. Most recently, K. Chiba made a further discussion and posed several questions,
two of which are:

A ([3], Question 3). Let X be a screenable P-space and Y a metric space. Is X x Y
screenable?

B ([3], Question 5). Suppose that X = [] X, is countably paracompact and for each
n<w

n <w, [[ X; is submeta-Lindeldf. Is X submeta-Lindel6f?

In thli:;oaper we shall prove three theorems; the first and the last ones give answers to the
two questions A and B respectively while the second one is about strong submetacompactness
which improves the corresponding result of [3].

A space X is called screenable 1 if every open cover of X has a ¢-mutually disjoint open
refinement; A space X is said to be strong submetacompact/9! if for every open cover U of
X there is a sequence {V,, : n < w} of open covers of X such that each V, refines U and if
x € X, there is an n, < w such that Ord (z,V,,) < w whenever n > n,. Such a sequence is
called a strong f-refine sequence of U.

For convenience we shall not distinguish between “refinement” and “partial refinement”
whenever no confusion is possible.
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§2. Theorems and Proofs

Theorem 2.1. Let X be a screenable P—space and Y a metric space. Then X XY is
screenable.

To prove this theorem, we need the following well-known lemma.

Lemma 2.1. Suppose that Y is a metric space. Then X has a collection {M(s) : s €
Q<“} of open subsets, where ) is an index set, which satisfies

1° For each n < w, {M(s) : s € Q"} is a o-discrete open cover of Y. Denote Q" =
U{An,m : m < w} such that each {M(s) : s € A, ,} is discrete.

2° For s € Q",

M(s):U{M(s):s\/a):aGQ}.

Here if s = (aq, 9, ,ap), then sV a = (a1,a2,+ , Qn, Q).
3° Fory €Y, there is at € Q¥ such that {M(t | n) : n < w} is a local base of Y at point
y. Here if t = (a1, 9, ,ap, ), thent [ n= (a1, - ,an).

Proof of Theorem 2.1. Let {M(s) : s € Q<“} be a collection of open sets of Y as that
in Lemma 2.1. Let U be an arbitrary open cover of X x Y and U = {U, : A € A}. For
s€ Q<% and \ € A, let

H(s,a) = U{G : G is open inXand G x M(s) C Uy}
and
H(s) = J{H(s,\): A€ A): X € A}.

Then H(s) C H(sV a) for s € Q<% and a € Q. Since X is a P-space, there is a closed
collection {D(s) : s € Q<“} such that

1) D(s) C H(s) for each s € Q<%

2)ift e Q¥ with J{H(t [ n) :n<w}=X, then {D(t[n):n<w}=X.
Since X is screenable, it is easy to see that for each s € Q<% there is a c—mutually disjoint
collection Wy = [J{Ws,; : | < w} of open sets of X covering D(s) and refining {H (s, \) : A €
A}. Form, n, l < w, let

Vi =AW x M(s):w e W, and s € Ap, n}.

Then

3) Vin.n, is a disjoint collection of open sets of X x Y.
Let Vi, = U{Vimni : 7yl <w}. Then

4) V,, is a o-mutually disjoint open collection which covers

T = | J{D(s) x M(s) : s € Q™}.
Let V = J{Vm : m < w}. It remains to prove that V is an open cover of X x Y and refines
U. The latter is obvious. For proving the former it is sufficient to prove that
(T m <w} =X xV.

Let (z9,y0) € X X Y be arbitrary. By Lemma 2.1 there is a ¢ € Q% such that {M (¢ [ n) :
n < w} is a local base of Y at point yo. So for each x € X, there are an open neighbourhood
G of z and an n < w and a A € A such that G x M (¢t [ n) C Uy. By the definitions of
H(s,A) and H(s), we have z € H(t | n) and thus
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5) J{H(t[n):n<w}=X,and
6) U{D({tn):n<w}=X by?2).

So there is an ng < w such that
(l'o,yo) c D(t [TL()) X M(t [’no) - Tng~

This proves that (J{T,, : m <w} =X x Y. Thus X x Y is screenable.

Lemma 2.20. Assume Y is a X-space. ThenY has a collection {F(s) : s € Q<“} of
closed sets, where Q) is an index set, which satisfies:

a) Each F, ={F(s):s€Q"} is a locally finite cover of Y.

b) For s € Q<¥, F(s) = {F(sVa):ac Q}.

c) Fory €Y, there is a t € Q¥ such that {F(t [ n) : n < w} converges to (\{F(t [ n) :
n < w} which is countably compact and contains y.

Theorem 2.2. Let X be a strongly submetacompact P-space and Y a meta-compact
Y.—space. Then X XY 1is strongly submetacompact.

For the proof of this theorem, we need yet another lemma about strong submetacompact-
ness.

Lemma 2.3. Let X be a space and U an open cover of it. If there is a closed cover
{4, : n < w} such that for each n < w there is a sequence {Wp m : m < w} of open
collections satisfying: each Wi, covers A, and refinesU, and for any fized n < w and any
x € X there is an my < w such that ord (x, Wy, m) < w whenever m > my, then U has a
strong 0-refine sequence.

Proof. For n,m < w, let

VO,m = WO,mv
l=n—1

Vm ={W\ | 4: W €Wy}
1=0
for n > 0 and V,,, = U{Vi,m : 7 < w}. Then V,, is an open cover of X and refines . We
can prove that {V,, : m < w} is a strong f-refine sequence of Y. In fact, assume z € X.

Denote ng = min{n < w: z € A,}. Forl € {0,1,--- ,np}, there is an m; < w such that if
m > myq, ord (2, Wi m) < w. Let my = max{m; : 1l =0,1,--- ,no}. If m > my,
l=ng l=ng
ord (z, V) < Z ord (z,Vim < Z ord (2, Wim) < w.
=0 =0

The Lemma is thus proved.

Proof of Theorem 2.2. Let U be an open cover of X XY, {F(s) : s € Q<“} a collection
of closed sets of space Y as in Lemma 2.2. By Lemma 2.2, each F,, = {F(s) : s € Q"} is
locally finite. Since Y is metacompact, there is a point-finite collection G,, = {G(s) : s € Q"}
of open sets of ¥ such that F(s) C G(s) for each s € Q". For s € Q", let H(s) = {H : H
is open in X and there exists an open set W(H) of Y with F(s) C W(H) C G(s) such
that H x W(H) is covered by some finite subfamily U(H) of U}. Let H(s) = JH(s).
Then H(s) C H(sV «) for every s € Q<¥. Since X is a P-space, there is a collection
{D(s) : s € <%} of closed sets such that

7) D(s) C H(s) for each s € Q<%
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8) if for some ¢ € Q~,

U{H(t In):n<w}=2X,
then

U{D(t [n):n<w}=X.
Since X is strongly submetacompact, it is easy to prove that for each s € Q<%“, there is a
sequence {A;,, : m < w} of open collections of X such that each A, covers D(s) and
refines H(s) and if x € X, there is an m, < w, ord (z, Asm) < w whenever m > m,. We
can assume that

As.m ={A(s,m,H) : H € H(s)}
and A(s,m,H) C H for H € H(s). Let

A, = U{D(s) X F(s):sew"}.
Then

9) {A, :n <w} is a closed cover of X x Y.
In fact, let (zo,y0) € X x Y be arbitrary. By Lemma 2.2, there is a ¢ € Q¥ such that
{F(t | n) : n < w} converges to the compact set (J{F (¢t | n) : n < w} which contains yq.
For any = € X, there are an open neighbourhood H of z, n < w, an open set W of Y with
F(t | n) CW and a finite subfamily U(H) of U such that H x W is covered by U(H). Let
W(H)=WNG(t | n). Then by the definition of H(s), z € H C H(t | n). It is proved that
U{HI I n):n<w}=X. By8), U{D(t [n):n<w}=X. So there is an ny < w such
that xg € D(t | np) and thus
({E(),y()) € D(t fno) X F(t [’I’Lo) g An0~

This proves 9).

Let
Vim ={A(s,m, H) x W(H) : H € H(s)}
and
Vim =JVim s €0}
Then

10) each V;, ,,, covers A,,

11) if (z,y) € X x Y, then there is an m(,,) < w such that when m > m(,,),
ord ((z,y), V}, ) < w.
10) follows immediately from the definition of V, ,,,. Let (x,y) € X x Y. Since G,, is point-
finite, there are sq, s, ---, s1 € Q" such that, if s € Q"\{s1,82,---,81}, y € G(s). For
each s; there is an m; < w such that, when m > m;, ord (x,As, ) < w and thus ord
(2, 9), Vi, ) <w. Let mg ) = max{my, mg,--- ,my}. Then if m > m, ),

i=l
ord ((2,9), Vi) < > ord ((2,9), V], ,n) < w.
=1

Now let
Vsm = {(A(s,m,H) x W(H))NU :U € U(H) and H € H(s)}
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and
Vo = J{Vem : s € Q"
Then

12) each V;, ,,, covers A,, and refines U.
13) if (z,y) € X x Y, there is an m, ,) < w such that, if m > m, ),

ord((#, ), Vi) < -

By Lemma 2.3, U has a strong 6-refine sequence. So X x Y is strongly submetacompact.

Theorem 2.2 much improves the corresponding results of [3].

Corollary 2.1 ([3], Theorem 5). Let X be a strongly submetacompact normal P—space
and Y a metric space. Then X XY is strongly submetacompact.

Corollary 2.2 ([3], Theorem 4). Let X be a strongly submetacompact normal P-space
and 'Y a strongly submetacompact M —space. (i.e. paracompact M—space). Then X XY is
strongly submetacompact.

The last theorem is about submeta-Lindeléfness(”) of infinite products.

Theorem 2.3. Suppose X = [] X, is countably paracompact and for each n < w,

[T X; is submeta—Lindelof. Then ;(<Zs submeta—Lindeldf.
Z<nLemma 2.4. Let X be a space and U be an open cover of X. If there is a closed cover
{4, : n <w} of X such that for each n < w, there is a sequence {Wy, m : m < w} of open
collections such that each Wy, ,,, refines U and covers A,, and for every point x € A, there
is an my with ord(x, Wy m,) < w, then there is a sequence {V,, : n < w} of open refinements
of U such that for any x € X, there is an n, with ord(z,V,,) < w.

Proof. For n, m < w, let Vy, i, = Wim UU|x\An- Then V, ., is an open cover of X
and refines . Renumerate {V,, ,, : n,m < w} as {V,, : n < w}. Then this sequence is the
required one.

Proof of Theorem 2.3. Let U = {Uy : A € A} be an arbitrary open cover of X. For
n < w, denote by p, : X — [ X; the projection. For n < w and A € A, let

i<n
Wpr = U{W : W is open in H X; and p,, (W) C Uy}
i<n
Let G, = U{W, : A € A}. It can be proved that {p,*(G,) : n < w} is an increasing
open cover of X. Since X is countably paracompact, there is an increasing open cover

{H, :n < w}. of X such that H, C p;1(G,,) for each n < w. Let T}, = II X \pn(X\H,).

Then T,, is a closed set of J] X; and {p1(T,,) : n < w} is a cover of )Z(<n Since T;, € G,

and [] X; is submetafLinaz?éf, there is a sequence {W), ,,, : m < w} of open collections

of ﬁ<§(z such that each W, ,, refines {W,, y : A € A} and covers T, and for every point
i<n

y € Ty, there is an my, such that ord (y, W, ,,, ) < w. Let
Wam = o (W) : W e W, Y A, =p, N (T).

Then {4, : n < w} and for each n < w the sequence {W,, ,,, : m < w} is as that in Lemma
2.4. This proves that X is submeta-Lindelof.
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