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Abstract

The existence and nonexistence of non–trivial solutions for the Cauchy problem of the form

ut = div (|∇u|p−2∇u)− uq ,

u(x, 0) = 0, x ∈ IRN \ {0}

are studied.
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§1. Introduction

In this paper we consider the Cauchy problem

ut = div (|∇u|p−2∇u)− uq in ST = IRN × (0, T ), (1.1)

u(x, 0) = 0 x ∈ IRN \ {0}, (1.2)

where p >
2N

N + 1
, q > 0.

Equation (1.1) is a prototype of a certain class of degenerate equations and appears to

be relevant to the theory of non-Netonian fluids[1]. The case when the initial datum is a

measure is also a model for physical phenomena. The goal of this paper is to give necessary

and sufficient conditions which guarantee that (1.1) (1.2) has a non–trivial solution. For the

case when p = 2, it was shown in [2] that if 0 < q < 1 +
2

N
, the problem (1.1) (1.2) has a

solution satisfying the initial condition

u(x, 0) = δ(x), (1.3)

where δ(x) denotes the Dirac mass centered at the origin, and that if q ≥ 1 +
2

N
, the

problem (1.1), (1.3) has no solution. In addition, it was shown in [3] and [4] that if p ≥ 2

and p− 1 < q < p− 1 +
p

N
, the equation (1.1) has a very singular solution, i.e., a solution
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w with the following properties:

w ∈ C(ST \ {(0, 0)}), (1.4)

w(x, 0) = 0 if x ∈ IRN \ {0}, (1.5)

lim
t→0+

∫
|x|<r

w(x, t)dx = +∞, for every r > 0. (1.6)

Our results are as follows.

Theorem 1.1. Suppose that p >
2N

N + 1
and 0 < q < p− 1 +

P

N
. Then (1.1) (1.3) has a

solution.

Theorem 1.2. Suppose that either p <
2N

N + 1
, q ≥ 0 or p ≥ 2N

N + 1
and q > p−1+

p

N
.

Then (1.1) (1.3) has no solution.

Theorem 1.3. Suppose that p >
2N

N + 1
and max{1, p− 1} < q < p− 1+

p

N
. Then (1.1)

(1.3) has a very singular solution.

Since the equation (1.1) is a quasilinear degenerate equation when p ̸= 2, the proofs of

Theorem 1.1 and Theorem 1.2 are different from [2]. In [3] and [4], the existence of very

singular solution is obtained by using O.D.E. method by means of the symmetric property

of the equation. In the proof of Theorem 1.3, we adopt a P.D.E. method such as Imbedding

Theorem and Moser iteration, which seems a more natural and more powerful approach.

Moreover, Theorem 1.3 permits
2N

1 +N
< p < 2. Thus we generalize the results in [4].

§2. Proof of Theorem 1.1

Definition 2.1. A solution u of (1.1) (1.3) is a nonnegative function defined in ST such

that

1. u ∈ C(0, T ;L1(IRN )) ∩ L∞(IRN × (τ, T )) ∩ C(ST \ {(0, 0)}) for every τ ∈ (0, T ),

2. |∇u| ∈ Lp
Loc(ST ),

3.
∫
IRN uη(x, τ)dx

∣∣t2
t1
−
∫ t2
t1

∫
IRN (uηt−|∇u|p−2∇u·∇η−uqη)dxdt = 0 for every η ∈ C2(ST )

which vanishes for large |x|, and 0 < t1 < t2,

4. lim
t→0+

∫
IRN u(x, t)ψ(x)dx = ψ(0) for every ψ ∈ C∞

0 (IRN ).

First, we discuss the following Dirichlet problem.

ut = div
(
(|∇u|2 + ε)

p−2
2 ∇u

)
− uq in Bε−1 × (0, T ), (2.1)

u(x, t) = 0 on |x| = ε−1, (2.2)

u(x, 0) = kNh(kx) on Bε−1 , (2.3)

where h(x) ∈ C∞
0 (Bε−1), h(x) ≥ 0,

∫
IRN h(x)dx = 1, k > 0, BR denotes the N -ball of radius

R with centre 0.

It is well known that (2.1)–(2.3) has a nonnegative classical solution uεk [5]. We have also

the following estimates.

By means of approximate process, in the following context, we can assume uεk > 0.

Moreover, without loss of generality, we use C to denote the constants independent of k, ε,

although they may change from line to line in the same proof.
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Lemma 2.1. The solution uεk of (2.1)–(2.3) satisfies∫
Bε−1

uεk(x, t)dx+

∫ t

0

∫
Bε−1

(uεk)
qdxds ≤ 1.

Proof. For simplicity of notation we drop the superscript and the subscript. Multiplying

(2.1) by
u

u+ r
(r > 0) and integrating over Bε−1 × (0, t), we have∫

Bε−1

u2(x, t)

u(x, t) + r
dx+

∫ t

0

∫
Bε−1

uq+1

u+ r
dxdτ

=

∫
Bε−1

k2Nh2(kx)

kNh(kx) + r
dx−

∫ t

0

∫
Bε−1

r(|∇u|2 + ε)
p−2
2 |∇u|2

(u+ r)2
dxdτ

+

∫ t

0

∫
Bε−1

rutu

(u+ r)2
dxdτ. (2.4)

Letting r → 0+ in (2.4), we obtain∫
Bε−1

u(x, t)dx+

∫ 1

0

∫
Bε−1

uqdxds ≤
∫
IRN

kNh(kx)dx = 1.

Lemma 2.2. Let p > 1. Then the solution uεk of (2.1)–(2.3) satisfies∫ T

0

∫
Bε−1

(uεk)
α−1

(1 + (uεk)
α)2

|∇uεk|pdxdt < C(α), (2.5)∫ T

0

∫
Bk

(uεk)
p−1+ p

N −αdxdt ≤ C(α). (2.6)

where 2R < ε−1, 0 < α < p− 1.

Proof. We multiply (2.1) by uα(1 + ua)−1 and integrate it to obtain∫
Bε−1

∫ u(x,T )

0

sα

1 + sα
dsdx+ α

∫ T

0

∫
Bε−1

uα−1

(1 + uα)2
(|∇u|2 + ε)

p−2
2 |∇u|2dxdt

≤
∫
Bε−1

∫ kNh(kx)

0

sα

1 + sα
dsdx.

This implies (2.5).

Let

v = (u−M)+ +M, w = v
p−1−α

p .

Then by Sobolev’s imbedding inequality ([5], p. 62), we get(∫
IRN

ξpwrdx
) 1

r ≤ C
(∫

IRN

|∇(ξw)|pdx
) θ

p
(∫

B2R

w
p

p−1−α dx
)(1−θ) p−1−a

p

,

where

θ =
(p− 1− α

p
− 1

r

)( 1

N
− 1

p
+
p− 1− α

p

)−1

.

From (2.7), we have∫ ∫
ST

ξpwrdxdt ≤ C

∫ T

0

(∫
IRN

|∇(ξw)|pdx
) θr

p

dt · sup
t∈(0,T )

(∫
B2R

w
p

p−1−α dx
)(1−θ)r p−1−a

p

.
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For

r =
p(p− 1 + p

N − α)

p− 1− α
,

we obtain∫ ∫
ST

ξpwrdxdt ≤ C

∫ ∫
ST

|∇(ξw)|pdxdt sup
t∈(0,T )

(∫
B2R

w
p

p−1−α dx
)(r−p) p−a−1

p

.

Hence, by Lemma 2.1 and (2.5), we have∫ ∫
ST

ξpup−1+ p
N −αdxdt ≤ C(α)

{
1 +

∫ ∫
ST

|∇ξ|pup−1−αdxdt
}
. (2.8)

We take ξ = ψb, where ψ ∈ C∞
0 (B2R), 0 ≤ ψ ≤ 1, ψ = 1 if x ∈ BIR, and b =

(p− 1 + p
N − α)N

p
in (2.8). We obtain∫ ∫

ST

ψbpup−1+ p
N −αdxdt ≤ C(α)

(
1 + (

∫ ∫
ST

ψbpup−1+ p
N αdxdt)

p−1−α

p−1+
p
N

−α

)
.

This implies (2.6).

Denote

QR = BR(x0)× (t0 −Rp, t0).

Lemma 2.3. Let p >
2N

N + 1
, 0 < q < p− 1 +

p

N
. Then uεk satisfies∫ ∫

QR

(uεk)
mdxdt ≤ C(R), ∀m > 0, (2.9)

sup
QR

uεk ≤ C(r)
{∫ ∫

Q2R

(uεk)
2N
p −N+rdxdt

} 1
r

, if p ≤ 2, (2.10)

sup
QR

uεk ≤ C(r)
{∫ ∫

Q2R

(uεk)
p−2+rdxdt

} 1
r

, if p > 2, (2.11)∫ ∫
QR

|∇uεk|pdxdt ≤ C(R), (2.12)

where 0 < r < p/N + 1, 2R < ε−1, t0 − 2Rr > 0.

Proof. Let ξ(x, t) be a cutoff function in Q2R, 0 ≤ ξ ≤ 1. We multiply (2.1) by ξpu2γ−1

with γ >
1

2
to obtain

1

2γ

∫
B2R

ξpu2γ(x, t)dx+ (2γ − 1)

∫ t

0

∫
B2R

ξpu2γ−2(|∇u|2 + ε)
p−2
2 |∇u|2dxds

≤p
∫ t

0

∫
B2R

ξp−1|∇ξ|u2γ−1(|∇u|2 + ε)
p−2
2 |∇u|dxds+ p

2γ

∫ t

0

∫
B2R

ξp−1|ξt|u2γdxds.

Note that if 1 < p < 2,

(|∇u|2 + ε)
p−2
2 |∇u|2 ≥ (|∇u|2 + ε)

p
2 − ε

p
2 ,

(|∇u|2 + ε)
p−2
2 |∇u| ≤ (|∇u|2 + ε)

p−1
2 ;

if p ≥ 2,

(|∇u|2 + ε)
p−2
2 |∇u|2 ≥ |∇u|p,

(|∇u|2 + ε)
p−2
2 |∇u| ≤ C(|∇u|p−1 + 1).
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Using Young’s inequality, we can obtain if 1 < p < 2

sup
t0−2Rp<t<t0

∫
B2R

(
ξu

2γ−2+p
p

) 2γp
2γ−2+p

dx+

∫ ∫
Q2R

∣∣∣∇(
ξu

2γ−2+p
p

)∣∣∣pdxdt
≤C

∫ ∫
Q2R

|∇ξ|pu2γ−2+pdxdt+ Cγp−2

∫ ∫
Q2R

|ξt|u2γdxdt

+ Cγpε
p
2

∫ ∫
Q2R

ξpu2γ−2dxdt; (2.13)

if p ≥ 2

sup
t0−2Rp<t<t0

∫
B2R

(
ξ

2γ−2+p
2γ u

2γ−2+p
p

) 2γp
2γ−2+p

dx+

∫ ∫
Q2n

∣∣∣∇(
ξ

2γ−2+p
2γ u

2γ−2+p
p

)∣∣∣pdxdt
≤C

∫ ∫
Q2R

|∇ξ|pu2γ−2+pdxdt+ Cγp−2

∫ ∫
Q2R

|ξt|u2γdxdt

+ Cγp−1

∫ ∫
Q2R

ξp−1|∇ξ|u2γ−1dxdt. (2.14)

First, we discuss the case when p < 2. Let

v = ξu
2γ−2+p

p .

Using the imbedding inequality, we have∫ ∫
Q2R

vrdxdt ≤C
(

sup
t0−(2R)p<t<t0

∫
B2R

v
2γp

2γ−2+p dx
) 2γ−2+p

2γp (1−δ)r

×

×
∫ t0

t0−(2R)p

(∫
B2R

|∇v|pdx
) δr

p

dt,

where

δ =
(2γ − 2 + p

2γp
− 1

r

)( 1

N
− 1

p
+

2γ − 2 + p

2γp

)−1

.

Hence choosing

r = p
(
1 +

2γp

N(2γ − 2 + p)

)
,

we obtain∫ ∫
Q2R

ξru2γ−2+p+ 2γp
N dxdt

≤C1

(
sup

t0−(2R)p<t<t0

∫
B2R

ξ
2γp

2γ−2+pu2γdx
) p

N ·
∫ ∫

Q2R

∣∣∣∇(
ξu

2γ−2+p
p

)∣∣∣pdxdt
≤C2

{
sup

t0−(2R)p<t<t0

∫
B2R

ξ
2γp

2γ−2+pu2γdx+

∫ ∫
Q2R

∣∣∣∇(
ξu

2γ−2+p
p

)∣∣∣pdxdt}1+ p
N

≤C3

(∫ ∫
Q2R

|∇ξ|pu2γ−2+pdxdt+ γp−2

∫ ∫
Q2R

|ξt|u2γdxdt

+ γp
∫ ∫

Q2R

ξpu2γ−2dxdt
)1+ p

N

. (2.15)

Taking 1 < 2γ < p − 1 +
p

N
in (2.15), by Lemma 2.2, we obtain u ∈ L2γ−2+p+ 2γp

N (QR).

Since

2γ − 2 + p+
2γp

N
> 2γ if p >

2N

N + 1
,
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we can repeat above process to obtain (2.9).

For τ ∈
[1
2
, 1
)
, set

Rt = 2R
(
τ +

1− τ

2l

)
, l = 0, 1, 2, · · ·

and let ξt(x, t) be a cutoff function in QRl
, with ξl = 1 in QRl+1

. Denote 1 +
p

N
by K and

choose y such that 2γ =
2N

p
−N +Kl. Let u1 = max{, u}. Then we get from (2.14)∫ ∫

QRl+1

u
2N
p −N+Kl+1

dxdt ≤
∫ ∫

QRl+1

u
2N
p −N+Kl+1

1 dxdt

≤
{ Cl

((1− τ)R)p

∫ ∫
QRl

u
2N
p −N+Kl

1 dxdt
}k

.

Hence the standard Moser’s iteration yields

sup
Q2R

u1 ≤ C
{ 1

((1− τ)R)p+N

∫ ∫
Q2R

u
2N
p −N+K

1 dxdt
} 1

K

. (2.16)

It follows from (2.16) that

sup
Q2R

u1 ≤
(
sup
Q2R

u1
)K−r

K

{ 1

((1− τ)R)N+p

∫ ∫
Q2R

u
2N
p −N+r

1 dxdt
} 1

K

.

Applying Holder’s inequality, we get

sup
Q2R

u1 ≤ 1

2
sup
Q2R

u1 + C(r)
{ 1

((1− τ)R)N+p

∫ ∫
Q2R

u
2N
p −N+r

1 dxdt
} 1

r

.

Hence by [6, p. 161, Lemma 3.1], we obtain

sup
Q2R

u1 ≤ C(r)
{ 1

RN+p

∫ ∫
Q2R

u
2N
p −N+r

1 dxdt
} 1

r

for τ ∈
[1
2
, 1
)
.

If p ≥ 2, we can obtain from (2.14)∫ ∫
QRl+1

up−2+Kl+1

1 dxdt ≤
{
CCl

1

∫ ∫
Qkl

up−2+kl

1 dxdt
}K

.

Hence, we can repeat the same argument as p < 2 to obtain (2.11).

Combining (2.9), (2.10), (2.11), (2.13) and (2.14) we can obtain (2.12), and Lemma 2.3

is proved.

Lemma 2.4. For all ball BR(x0) ⊂ IRN \{0} and ∀m > 0, 0 < r < 1+p/N , the solution

uεk of (2.1)–(2.3) satisfies ∫ T

0

∫
BR

(uεk)
mdxdt ≤ C(R), (2.17)

sup
BR(x0)×(0,T )

uεk ≤ C(r)
{∫ T

0

∫
BR(x0)

(uεk)
2N
p −N+rdxdt

} 1
r

for p ≤ 2, (2.18)

sup
BR(x0)×(0,T )

uεk ≤ C(r)
{∫ T

0

∫
BR(x0)

(uεk)
p−2+rdxdt

} 1
r

for p ≥ 2, (2.19)∫ T

0

∫
BR(x0)

|∇uεk|pdxdt ≤ C. (2.20)
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Proof. Let ξ(x) ∈ C2
0 (IR

N ), 0 ≤ ξ ≤ 1, supp ξ ⊂ IRN \{0}, ξ = 1 on BR(x0). Multiplying

(2.1) by ξpu2γ−1 with γ >
1

2
and integrating, we have∫

IRN

u2γ(x, t)

2γ
dx+ (2γ − 1)

∫ t

0

∫
IRN

ξpu2γ−2(|∇u|2 + ε)
p−2
2 |∇u|2dxds

=− p

∫ t

0

∫
IRN

ξp−1u2γ−1(|∇u|2 + ε)
p−2
2 ∇u · ∇ξdxds+ 1

2γ

∫
IRN

ξp(kNh(kx))2γdx.

Since supp ξ ⊂ IRN \ {0}, h ∈ C∞
0 (IRN ), we have

kNh(kx) ≤ C0 x ∈ supp ξ.

Hence, using Young’s inequality, as in Lemma 2.3, we get that if 1 < p < 2∫
IRN

ξpu2γ(x, t)dx+ γ2
∫ t

0

∫
IRN

ξpu2γ−2|∇u|pdxds

≤C
{
γ2−p

∫ T

0

∫
IRN

|∇ξ|pu2γ−2+pdxdt+ γ2
∫ T

0

∫
IRN

ξpu2γ−2dxdt
}

+

∫
IRN

ξpC2γ
0 dx;

if p ≥ 2 ∫
IRN

ξpu2γ(x, t)dx+ γ2
∫ t

0

∫
IRN

ξpu2γ−2|∇u|pdxds

≤C
{
γ2−p

∫ T

0

∫
IRN

|∇ξ|pu2γ−2+pdxdt+ γ

∫ T

0

∫
IRN

ξp−1|∇ξ|u2γ−1dxdt
}

+ C

∫
IRN

ξpC2γ
0 dx.

Let w = max{C0, u}. Then, we have

sup
t∈(0,T )

∫
IRN

ξpw2γdx+

∫ T

0

∫
IRN

∣∣∣∇(
ξw

2γ−2+p
p

)∣∣∣pdxdt
≤Cγp sup |∇ξ|p

∫ T

0

∫
IRN∩supp ξ

w2γdxdt, if 1 < p < 2;

sup
t∈(0,T )

∫
IRN

ξpw2γdx+

∫ T

0

∫
IRN

∣∣∣∇(
ξw

2γ−2+p
p

)∣∣∣pdxdt
≤Cγp−1 sup |∇ξ|p

∫ T

0

∫
IRN∩supp ξ

w2γ−2+pdxdt, if p > 2.

Therefore (2.17), (2.18), (2.19), (2.20) can be obtained by using a similar argument as in

the proof of Lemma 2.3.

Lemma 2.5. For every compact set K ⊂ ST \ {(0, 0)} the solution uεk of (2.1)–(2.3)

satisfies

sup
k

|∇uεk| ≤ C(K). (2.21)

Proof. Differentiating (2.1) with respect to x1 and setting v = |∇u|2, we get

∂

∂t
ux1 = div

(
(v + ε)

p−2
2 ∇ux1 +

∂

∂x1
(v + ε)

p−2
2 ∇u

)
− quq−1ux1 . (2.22)
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Let B2R(x0) ⊂ IRN \{0}, ξ(x) ∈ C1
0 (B2R(x0)), 0 ≤ ξ ≤ 1, ξ = 1 on x ∈ BR(x0). Multiply

(2.21) by ξ2(v + ε)αuxj

(
α ≥ min

{
0,
p− 2

2

})
and integrate over IRN × (0, t). After some

computation (cf. [7]), we get

1

2(α+ 1)

∫
IRN

ξ2(v(x, t) + ε)α+1dx+
p+ 2α− 2

4

∫ t

0

∫
IRN

ξ2(v + ε)
p+2α−4

2 |∇v|2dxds

+

∫ t

0

∫
IRN

ξ2(v + ε)
p+2α−2

2 uxixjuxixjdxds+ q

∫ t

0

∫
IRN

uq−1(v + ε)αdxds

+
α(p− 2)

2

∫ t

0

∫
IRN

ξ2(v + ε)
p+2α−6

2 (∇u · ∇v)2dxds

≤C
∫ t

0

∫
IRN

ξ|∇ξ|(v + ε)
p+2α−2

2 |∇v|dxds

+
1

2(α+ 1)

∫
IRN

ξ2(k2N |∇h(kx)|2 + ε)α+1dx. (2.23)

Note that

(v + ε)
p+2α−2

2 uxixjuxixj ≥ (v + ε)
p+2α−4

2 v2uxixjuxixj ≥ 1

4
v

p+2α−4
2 |∇v|2.

and

k2N |∇h(kx)|2 + ε ≤M on BR(x0),

where M is a constant independent of k, ε. We obtain from (2.23)

1

2(α+ 1)
sup

0<t<T

∫
IRN

ξ2(v + ε)α+1dx+
p+ 2α− 1

4

∫ ∫
ST

ξ2(v + ε)
p+2α−4

2 |∇v|2dxdt

+
α(p− 2)

2

∫ ∫
ST

ξ2(v + ε)
p+2α−6

2 (∇u · ∇v)2dxdt

≤C
(∫ ∫

ST

ξ|∇ξ|(v + ε)
p+2α−2

2 |∇v|dxdt+ 1

2(α+ 1)
Mα+1

)
.

If p ≥ 2, we apply Cauchy inequality to obtain

1

2(α+ 1)
sup

0<t<T

∫
IRN

ξ2(v + ε)α+1dx+
p+ 2α− 1

8

∫ ∫
ST

ξ2(v + ε)
p+2α−4

2 |∇v|2dxdt

≤ C

p+ 2α− 1

∫ ∫
ST

|∇ξ|2(v + ε)
p+2α

2 dxdt+
CMα+1

2(α+ 1)
. (2.24)

Letting uM = max{v + ε,M}, we obtain from (2.24)

1

2(α+ 1)
sup

0<t<T

∫
B2R(x0)

ξ2vα+1
M dx+

p+ 2α− 1

8

∫ T

0

∫
B2R(x0)

ξ2v
p+2α−4

2

M |∇vM |2dxdt

≤ C

p+ 2α− 1

∫ T

0

∫
B2R(x0)

v
p+2α

2

M |∇ξ|2dxdt+ C

2(α+ 1)

∫ T

0

∫
B2R(x0)

ξvα+1
M dxdt.

Hence, as in [8], we can obtain

max
BR(x0)×(0,T )

|∇u|2 ≤ Cmax{1,
∫ T

t

∫
B2R(x0)

|∇u|pdxdt}. (2.25)

In analogous fashion, we can prove that for τ ∈ (0, T )

max
BR(x0)×(0,T )

|∇u|2 ≤ CmaxCmax{1,
∫ T

t

∫
B2R(0)

|∇u|pdxdt}. (2.26)
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Combining (2.25), (2.26), Lemmas 2.3 and 2.4, (2.21) is proved.

As in [7–8] we can extend (2.21) to case
2N

N + 1
< p < 2.

By Lemma 2.5, as in [8], we can prove

Lemma 2.6. For every compact set K ⊂ ST , ∇uεk are uniformly Hölder continuous.

Proof of Theorem 1.1. By Lemma 2.2–Lemma 2.6, the solutions uεk are uniformly

bounded and Hölder continuous for k, ε on any compact set K ⊂ ST \ {(0, 0)}. Thus there
exist a subsequence {uεjkj

}, and function u ∈ C(ST \ {(0, 0)} such that for any compact set

K ⊂ ST \ {(0, 0)},

u
εj
kj

→ u as j → ∞ in C(K).

We now prove that u is a solution of (1.1) (1.3). It is easy to verify that u has the

properties 1 and 2 in Definition 2.1. We need only to verify property 3.

Denote u
εj
kj

by uj . Using (2.1), we can obtain∣∣∣ ∫
IRN

uj(x, t)ψ(x)dx−
∫
IRN

kNh(kx)ψ(x)dx
∣∣∣

≤A
∫ t

0

∫
BR

uqjdxds+B

∫ t

0

∫
BR

(|∇uj |2 + ε)
p−2
2 |∇uj |dxds, (2.27)

where ψ ∈ C∞
0 (BR(0)), A = |ψ|L∞ , B = |∇ψ|L∞ .

By Lemma 2.2, we have∫ t

0

∫
BR

uqjdxds ≤ C
{∫ t

0

∫
BR

(uj)
p−1+ p

N −αdxds
} q

p−1+
p
N

−α
t
p−1+

p
N

−a−q

p−1+
p
N

−α

≤C1t
p−1+

p
N

−α−q

p−1+
p
N

−α ,∫ t

0

∫
BR

(|∇uj |2 + ε)
p−1
2 dxds

≤C
{
t+

[ ∫ t

0

∫
BR

uα−1
j

(1 + uαj )
2
|∇uj |pdxds

] p−1
p ×

×
[ ∫ t

0

∫
BR

(1 + uαj )
2(p−1)u

(1−α)(p−1)
j dxds

] 1
p
}

≤C1

{
t+

(∫ t

0

∫
BR

u
(1−α)(p−1)
j dxds

) 1
p

+
(∫ t

0

∫
BR

u
(p−1)(α+1)
j dxdt

) 1
p
}

≤C2

{
t+

(∫ t

0

∫
BR

u
p−1+ p

N −α
j dxds

) (1−α)(p−1)

p(p−1+
p
N

−α)
t

p
N

+αp−2α

p(p−1+
p
N

−α)

+
(∫ t

0

∫
BR

u
p−1+ p

N −α
j dxds

) (1−α)(p−1)

p(p−1+
p
N

−α)
t

p
N

−αp

p(p−1+
p
N

−α)

≤C3t

1
N

−α

p−1+
p
N

−α ,

where α < min
{ 1

N
, p− 1 +

p

N
− q

}
.

Thus ∣∣∣ ∫
IRN

uj(x, t)ψ(x)dx−
∫
IRN

kNh(kx)ψ(x)dx
∣∣∣ ≤ C(t),
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where C(t) is a constant independent of ε, k and lim
t→0

C(t) = 0. Letting j → ∞, we obtain∣∣∣ ∫
IRN

u(x, t)ψ(x)dx− ψ(0)
∣∣∣ ≤ C(t),

which completes the proof of Theorem 1.1.

§3. Proof of Theorem 1.2

The proof of Theorem 1.2 proceeds via two lemmas.

Lemma 3.1. Suppose that the hypotheses of Theorem 1.2 are fulfilled. Then the solution

of (1.1) (1.3) satisfies

(1) for any R > 0 ∫ T

0

∫
BR

uq1dxdt <∞,

and

(2) ∫ T

0

∫
BR

uα−1

(1 + uα)2
|∇u|pdxdt ≤ C,

where α > 0, q1 = max{1, q}.
Proof. (1) From Definition 2.1 and u ∈ C(BR × [ε, T ]), |∇u| ∈ Lp(BR × (ε, T )), we

deduce that for any ψ(x) ∈ C∞
0 (IRN ) and ε ∈ (0, T )∫

IRN

∫ u(x,T )

0

sα

1 + sα
dsψp(x)dx+

∫ T

ε

∫
IRN

uq
uα

1 + uα
ψp(x)dxdt

+

∫ T

ε

∫
IRN

αuα−1

(1 + uα)2
|∇u|pψpdxdt

=− (p− 1)

∫ T

ε

∫
IRN

uα

1 + uα
|∇u|p−2∇u · ∇ψψp−1dxdt

+

∫
IRN

∫ u(x,ε)

0

sα

1 + sα
dsψp(x)dx. (3.1)

Note that ∫ T

0

∫
IRN

uα

1 + uα
|∇u|p−1|∇ψ|ψp−1dxdt

≤η
∫ T

0

∫
IRN

uα−1

(1 + uα)2
|∇u|pψpdxdt+ C(η)

{∫ T

0

∫
IRN

up−1+α|∇ψ|pdxdt

+

∫ T

0

∫
IRN

u(1+α)(p−1)|∇ψ|pdxdt
}

(3.2)

and ∫
IRN

∫ u(x,ε)

0

sα

1 + sα
dsψp(x)dx ≤

∫
IRN

u(x, ε)ψpdx ≤ C. (3.3)

Combining (3.1), (3.2) and (3.3) and letting ε→ 0, we obtain

sup
0<t<T

∫
IRN

u1ψ
pdx+

∫ T

0

∫
IRN

uα−1

(1 + uα)2
|∇u|pψpdxdt+

∫ T

0

∫
IRN

ψpuq1dxdt

≤C
{
1 +

∫ T

0

∫
IRN

u
(1+α)(p−1)
1 |∇ψ|pdxdt

}
, (3.4)
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where u1 = max{u, 1}. This implies∫ T

0

∫
IRN

uq11 ψ
pdxdt ≤ C

{
1 +

∫ T

0

∫
IRN

u
(1+α)(p−1)
1 |∇ψ|pdxdt

}
.

We choose α <
q1 − p+ 1

p− 1
. Using a similar argument as in the proof of Lemma 2.2, we

obtain ∫ T

0

∫
IRN

uq1dxdt ≤ C. (3.5)

Hence, (3.4) and (3.5) imply conclusion (2).

Lemma 3.2. Suppose that the hypotheses of Theorem 1.2 are fulfilled. Then the solution

of (1.1) (1.3) satisfies ∫ ∫
ST

{uξt − |∇u|p−2∇u · ∇ξ − uqξ}dxdt = 0,

for any ξ ∈ C∞
0 {IRN × (−T, T )}.

Proof. First, we consider the case when p >
2N

N + 1
, q > p− 1 +

p

N
.

Let

ψk(x, t) = ηk(|x|2 + t
2

γN )ξ(x, t), (3.6)

where ξ(x, t) ∈ C∞
0 (IRN × (−T, T )), γ = p − 2 +

p

N
and η ∈ C∞(R) with the properties:

η(s) = 1 if s ≥ 2, η(s) = 0 if s < 1 and ηk(s) = η(ks).

Since, for every k > 0, ψk(x, t) vanishes in a neighbourhood of the origin (0,0), it follows

from Definition 2.1 that u satisfies∫ T

0

∫
IRN

(uψkt − |∇u|p−2∇u · ∇ψk − uqψk)dxdt = 0.

Therefore, it is sufficient to prove that as k → ∞∫ T

0

∫
IRN

uηktξdxdt→ 0,

∫ T

0

∫
IRN

|∇u|p−2∇u · ∇ηkξdxdt→ 0. (3.7)

Set

Dk =
{
(x, t) : t > 0, k−1 < |x|2 + t

2
γN < 2k−1

}
.

Then ∣∣∣ ∫ T

0

∫
IRN

uηktξdxdt
∣∣∣ ≤ Ck

γN
2

∫ ∫
Dk

udxdt,∣∣∣ ∫ T

0

∫
IRN

|∇u|p−2∇u · ∇ηkξdxdt
∣∣∣ ≤ Ck

1
2

∫ ∫
Dk

|∇u|p−1dxdt.

Note that

|Dk| = measure of Dk = Ck−
p+Np−N

2 .

Let q = p−1+
p

N
+ ε0, α <

ε0
p− 1 + p

N

. Using Hölder inequality and Lemma 3.1, we obtain

k
γN
2

∫ ∫
Dk

udxdt ≤ Ck
γN
2

{∫ ∫
Dk

up−1+ p
N dxdt

} 1

p−1+
p
N |Dk|

p
N

+p−2

p−1+
p
N

≤ C
{∫ ∫

Dk

up−1+ p
N dxdt

} 1
p
N

+p−1
,
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k
1
2

∫ ∫
Dk

|∇u|p−1dxdt

≤k 1
2

{∫ ∫
Dk

uα−1

(1 + uα)2
|∇u|pdxdt

} p−1
p
{∫ ∫

Dk

(1 + uα)2(p−1)u(1−a)(p−1)dxdt
} 1

p

≤Ck 1
2

{∫ ∫
Dk

u
(p−1)(1+α)
1 dxdt

} 1
p

≤C1

(∫ ∫
Dk

uq1dxdt
) (1+α)(p−1)

pq

k−{ (p−1)(ε0N−α(p+Np−N))
2pq }

≤C2k
−{(p−1)

(ε0N−α(p+Np−N))
2pq },

where u1 = max{1, u}.
Since ∫ ∫

Dk

uqdxdt as k → ∞,

(3.7) is proved.

We now consider the case when p ≤ 2N

N + 1
. Let

ψk(x, t) = ηk(|x|2)ξ(x, t)

where ηk and ξ are the functions in (3.6). Clearly, it suffices to verify∫ ∫
ST

|∇u|p−2∇u · ∇ηkξdxdt→ 0 as k → ∞. (3.8)

Set

Dk = {x : k−1 < |x|2 < 2k−1}.

We have

|Dk| ≤ Ck−
N
2 .

For p − 2 +
p

N
< 0, we choose 0 < α <

2− p− p
N

p− 1
. Hence using Hölder’s inequality and

Lemma 3.1, we obtain

k
1
2

∫ ∫
Dk

|∇u|p−1dxdt

≤k 1
2

{∫ ∫
Dk

uα−1

(1 + uα)2
|∇u|pdxdt

} p−1
p
{∫ ∫

Dk

(1 + uα)2(p−1)u(p−1)(1−α)dxdt
} 1

p

≤Ck 1
2

{∫ ∫
Dk

u
(p−1)(1+α)
1 dxdt

} 1
p

≤C1

(∫ ∫
Dk

u1dxdt
) (p−1)(1+α)

p

k
1
2−

N
2p+

N
2p (p−1)(1+α).

Noting that

1

2
− N

2p
+
N

2p
(p− 1)(1 + α) < 0,

we get (3.8).

If 2 − p − p

N
= 0, we have q > p − 1 +

p

N
= 1. Hence using Hölder’s inequality and
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Lemma 3.1, we have

k
1
2

∫ ∫
Dk

|∇u|p−1dxdt ≤ Ck
1
2

{∫ ∫
Dk

u
(p−1)(1−α)
1 dxdt

} 1
p

≤C1

{∫ ∫
Dk

uq1dxdt
} (p−1)(1+α)

pq

k
1
2−

Nq−N(p−1)(1+α)
2pq ,

where α < q − 1. Noting that

1

2
− Nq −N(p− 1)(1 + α)

2pq
< 0,

we obtain (3.8). Thus Lemma 3.2 is proved.

Proof of Theorem 1.2. Suppose to the contrary that (1.1) (1.3) has a solution. Then

by Lemma 3.2, we have∫ T

0

∫
IRN

(uξt − |∇u|p−2∇u · ∇ξ − uqξ)dxdt = 0 for any ξ ∈ C∞
0 (IRN × (−T, T )). (3.9)

Let j(s) ∈ C∞
0 (R), j ≥ 0, j(s) = 0 if |s| > 1 and

∫
R
j(s)ds = 1. For h > 0, we define

jh(s) = h−1j
( s
h

)
and

ηh(t) = 1−
∫ t−τ−2h

−∞
jh(s)ds,

where τ ∈ (0, T ) is a fixed number. Clearly, ηh ∈ C∞(R), ηh(t) = 1 if t < τ + h, 0 ≤ ηh ≤ 1

and lim
h→0

ηh(t) = 0 if t > τ .

For X ∈ C∞
0 (RN ), we set ξ(x, t) = X(x)ηh(t) in (3.9) to obtain

−
∫ T

0

∫
IRN

jh(t− τ − 2h)uXdxdt−
∫ T

0

∫
IRN

{|∇u|p−2∇u · ∇Xηh − uqηhX}dxdt = 0.

If we now let h→ 0+, we obtain∫
IRN

u(x, τ)X(x)dx = −
∫ τ

0

∫
IRN

{|∇u|p−2∇u · ∇X − uqX}dxds,

and this implies

lim
τ→0

∫
IRN

u(x, τ)X(x)dx = 0

for every X ∈ C∞
0 (RN ). This contradicts (1.3).

§4. Proof of Theorem 1.3

We discuss the solution of equation (2.1) (2.2) with initial data

u(x, 0) = kN+1h(kx), (4.1)

where h(x) ∈ C∞
0 (IRN ), h(x) ≥ 0,

∫
IRN h(x)dx = 1.

By [5], (2.1) (2.2) (4.1) has a nonnegative classical solution. We now prove the following

estimates. As in section 2 we use letter C to denote the constants independent of k, ε.

Lemma 4.1. Let q > max{1, p − 1}. Then the solution uεk of problem (2.1) (2.2) (4.1)

satisfies ∫ T

t1

∫
BR(0)

(uεk)
rdxdt < C(r, t1) for every r,R > 0, t1 ∈ (0, T ). (4.2)
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Proof. Let ξ(x, t) ∈ C∞
0 (ST1), T1 > T , 0 ≤ ξ ≤ 1, ξ = 1 on BR(0)× (t1, T ). Multiplying

(2.1) by u2γ−1ξp (γ > 1), and integrating over ST , we have∫
IRN

u2γ(x, T )

2γ
ξpdx+

∫ ∫
ST

u2γ−1+qξpdxdt

+ (2γ − 1)

∫ ∫
ST

(|∇u|2 + ε)
p−2
2 |∇u|2u2γ−2ξpdxdt

=− p

∫ ∫
ST

u2γ−1(|∇u|2 + ε)
p−2
2 ξp−1∇u · ∇ξdxdt

+
p

2γ

∫ ∫
ST

u2γξp−1ξtdxdt. (4.3)

As in Lemma 2.3, using Holder’s inequality, we have∫ ∫
ST

uq+2γ−1ξpdxdt

≤C
{∫ ∫

ST

u2γ−2+p|∇ξ|pdxdt+
∫ ∫

ST

u2γξp−1|ξt|dxdt

+

∫ ∫
ST

u2γ−2ξpdxdt
}

if 1 < p ≤ 2,∫ ∫
ST

uq+2γ−1ξpdxdt

≤C
{∫ ∫

ST

u2γ−2+p|∇ξ|pdxdt+
∫ ∫

ST

u2γ−1ξp−1|∇ξ|dxdt

+

∫ ∫
ST

u2γξp−1dxdt
}

if p ≥ 2.

Note that

q + 2γ − 1 > max{2γ + p− 2, 2γ}.

As in Lemma 2.2, using Young’s inequality we obtain (4.2).

Lemma 4.2. Let BR(x0) ⊂ IRN \ {0}. Then the solution of problem (2.1) (2.2) (4.1)

satisfies ∫ T

0

∫
BR(x0)

(uεk)
rdxdt ≤ C(r) for every r > 0.

Proof. Let ξ ∈ C∞
0 (IRN ), 0 ≤ ξ ≤ 1, ξ(x) = 1 if x ∈ BR(x0), supp ξ ⊂ IRN \ {0}. We

multiply (2.1) by u2γ−1ξp and integrate it to obtain

1

2γ

∫
IRN

u2γ(x, T )ξpdx+

∫ T

0

∫
IRN

u2γ−1+qξpdxdt

+ (2γ − 1)

∫ ∫
ST

u2γ−2(|∇u|2 + ε)
p−2
2 |∇u|2ξpdxdt

≤p
∫ T

0

∫
IRN

u2γ−1(|∇u|2 + ε)
p−2
2 |∇u|ξp−1∥∇ξ|dxdt

+
1

2γ

∫
IRN

ξp(kN+1h(kx))2γdx. (4.4)

Note that

kN+1h(kx) ≤ C0 on supp ξ.
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Hence, using an analogous argument with Lemma 4.1, we can prove Lemma 4.2.

Lemma 4.3. For every r > 0, the solution uεk of (2.1) (2.2) (4.1) satisfies

sup
QR

uεk ≤ C(r)
{∫ ∫

Q2R

(uεk)
2N
p −N+rdxdt

} 1
r

if p < 2,

sup
QR

uεk ≤ C(r)
{∫ ∫

Q2R

(uεk)
p−2+rdxdt

} 1
r

if p ≥ 2,∫ ∫
QR

|∇uεk|pdxdt ≤ C(R),

where 2R ≤ ε−1, t0 − (2R)p > 0.

Lemma 4.4. For every BR(x0) ⊂ IRN \ {0} and r > 0, the solution uεk of (2.1) (2.2)

(4.1) satisfies

sup
BR(x0)×(0,T )

uεk ≤ C(r)
{∫ T

0

∫
BR(x0)

(uεk)
2N
p −N+rdxdt

} 1
r

for p < 2,

sup
BR(x0)×(0,T )

uεk ≤ C(r)
{∫ T

0

∫
BR(x0)

(uεk)
p−2+rdxdt

} 1
r

for p ≥ 2,∫ T

0

∫
BR(x0)

|∇u|pdxdt ≤ C(R).

Lemma 4.5. For every compact set K ∈ ST \ {(0, 0)}, the solution uεk satisfies

sup
K

|∇uεk| ≤ C(K).

Lemma 4.6. For every compact set K ⊂ ST , ∇uεk are uniformly Hölder cotinuous.

The proofs of Lemma 4.3–Lemma 4.6 are similar to the proofs of Lemma 2.3–Lemma 2.6,

respectively.

Proof of Theorem 1.3. By Lemma 4.1–Lemma 4.5, the solutions uεk are uniformly

Hölder continuous on every compact set K ⊂ ST \{(0, 0)}. Thus, there exists a subsequence

{uεjkj
} of {uεk} and a function U ∈ (ST \ {(0, 0)}) ∩ Lp

loc[0, T ;W
1,p
loc (IR

N )] such that for every

compact set K ⊂ ST \ {(0, 0)}

u
εj
kj

→ U as j → ∞ in C(K)

and U(x, 0) = 0 if x ̸= 0.

Clearly U satisfies (1.1) in the sense of distributions. It remains to prove

lim
t→0+

∫
BR

U(x, t)dx = ∞ for every R > 0.

Let uεLk be the solution of (2.1) (2.2) with initial data

uLk(x, 0) = LkNh(kx). (4.5)

Clearly, if k is large enough,

LkNh(kx) ≤ kN+1h(kx).

Hence, if k is large enough, we have

uεk(x, t) ≥ uεLk(x, t), (4.6)
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Letting k = kj , ε = εj , and j → ∞ in (4.6), we obtain

U(x, t) ≥ uL.

Hence, by the proof of Theorem 1.1, we have

lim
t→0+

∫
BR

U(x, t)dx ≥ lim
t→0+

∫
BR

uL(x, t)dx = L.

Letting L→ ∞, we obtain

lim
t→0+

∫
BR

U(x, t)dx = ∞,

and Theorem 1.3 is proved.
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