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SOURCE-TYPE SOLUTIONS OF A
QUASILINEAR DEGENERATE PARABOLIC
EQUATION WITH ABSORPTION
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Abstract

The existence and nonexistence of non—trivial solutions for the Cauchy problem of the form

ur = div (|VulP~2Vu) — ud,

w(z,0) =0, z e RN\ {0}
are studied.
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¢1. Introduction
In this paper we consider the Cauchy problem
uy = div (|VuP72Vu) —u? in Sp = RY x (0,T), (1.1)
u(z,0)=0 =z RY\{0}, (1.2)

where p >

2N
N+l q > 0.

Equation (1.1) is a prototype of a certain class of degenerate equations and appears to
be relevant to the theory of non-Netonian fluids!!). The case when the initial datum is a
measure is also a model for physical phenomena. The goal of this paper is to give necessary
and sufficient conditions which guarantee that (1.1) (1.2) has a non—trivial solution. For the
case when p = 2, it was shown in [2] that if 0 < ¢ < 1+ N the problem (1.1) (1.2) has a

solution satisfying the initial condition
u(z,0) = 6(x), (1.3)

2
where 0(z) denotes the Dirac mass centered at the origin, and that if ¢ > 1 + N the
problem (1.1), (1.3) has no solution. In addition, it was shown in [3] and [4] that if p > 2
andp—1<g<p-—-1+ N the equation (1.1) has a very singular solution, i.e., a solution
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w with the following properties:

w e C(S\{(0,0)}), (1.4)
w(z,0) =0 if 2 € RN \ {0}, (1.5)
lim w(zx, t)dx = 400, for every r > 0. (1.6)

t—0+ |z|<r

Our results are as follows.

2N P
Theorem 1.1. Suppose that p > N1 and0<qg<p—1+ N Then (1.1) (1.3) has a

solution. N N
Theorem 1.2. Suppose that either p < Nio q>0o0rp> N1 and q > p—l—l—%.
Then (1.1) (1.3) has no solution.
2
Theorem 1.3. Suppose that p > Nl and max{l,p—1} <g¢<p—1+ % Then (1.1)

(1.3) has a very singular solution.

Since the equation (1.1) is a quasilinear degenerate equation when p # 2, the proofs of
Theorem 1.1 and Theorem 1.2 are different from [2]. In [3] and [4], the existence of very
singular solution is obtained by using O.D.E. method by means of the symmetric property
of the equation. In the proof of Theorem 1.3, we adopt a P.D.E. method such as Imbedding
Theorem and Moser iteration, which seems a more natural and more powerful approach.

2
Moreover, Theorem 1.3 permits 1

N < p < 2. Thus we generalize the results in [4].

§2. Proof of Theorem 1.1

Definition 2.1. A solution u of (1.1) (1.3) is a nonnegative function defined in St such
that

1. u € C0,T; LY(IRN)) N L>® (RN x (1,T)) N C (St \ {(0,0)}) for every 7€ (0,7T),

2. [Vul € L8, (7).

3. [pw un(z,7)dz|z - :12 S (une = |VulP=2Vu-Vn—uin)dzdt = 0 for every n € C?(Sr)
which vanishes for large |x|, and 0 < t1 < ta,

4. fl_i>%1+ S~ w(@, ) (x)de = (0) for every € Cg°(IRN).

First, we discuss the following Dirichlet problem.

ug = div ((|Vu|2 + s)¥Vu> —u?in Be-1 x (0,7), (2.1)
u(z,t) =0 on |z|=¢"", (2.2)
u(z,0) = kNh(kz) on B., (2.3)

where h(z) € C§°(B.-1), h(z) > 0, [y h(z)dz =1, k > 0, Bg denotes the N-ball of radius
R with centre 0.

It is well known that (2.1)—(2.3) has a nonnegative classical solution uj, [5]. We have also
the following estimates.

By means of approximate process, in the following context, we can assume uj > 0.
Moreover, without loss of generality, we use C' to denote the constants independent of k, ¢,
although they may change from line to line in the same proof.
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Lemma 2.1. The solution uj, of (2.1)-(2.3) satisfies

/ xtdw—i—// 7)%dxds < 1.
371 e—1

Proof. For simplicity of notation we drop the superscript and the subscript. Multiplying

(2.1) by j_ (r > 0) and integrating over B.-1 x (0,t), we have
u+r

2 t t q+1
/ der// ——dedr
B.1 u(z,t) +r
2N 12 2 2
:/ k2N 12 (k) // \VU|+s)z|vu|ddT
B._ ENh(kz) +r - (u+1r)?

/ / ””“ ddr. (2.4)

Letting 7 — 0T in (2.4), we obtain

1
/ u(m,t)dw—i—/ / uldxds S/ ENh(kz)dz = 1.
3571 0 Bs—l IRN

Lemma 2.2. Let p > 1. Then the solution u5, of (2.1)—(2.3) satisfies

/ / )2 |Vug|Pdzdt < Cla), (2.5)

/O /B k(ui)p”*%’“dmdt < (o). (2.6)

where 2R < e 1 0<a<p—1.
Proof. We multiply (2.1) by u®(1 + u®)~! and integrate it to obtain

w(z,T) Rt
/ / dsdw+a/ / gy (Tl + &) 7 Vufdeds
B._.Jo 1+ 1
EN h(kx) 5
S/ / dsdzx.
B. 1 Jo 14 s>

This implies (2.5).
Let

p—l—a

v=(u—M)"+ M, w=v

Then by Sobolev’s imbedding inequality ([5], p. 62), we get
0

( fl’wrdx)% gc(/ % (5w)|pdzp) (/ wpf%adx)(l—e)%’
RN RN B

2R

where

From (2.7), we have

97 » (1—6)re=—=2
// EPw"dxdt < C/ / fw)|pdx> - sup (/ wr—i-a dac) .
St RN t€(0,T) \JBap
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For
plp—1+ % —q)

)

p—1—«a
we obtain

, (r—p) 22t
/ §pwrdzdt§C// \V(¢w)|Pdwdt sup (/ wp—lfad:r) 3 .
St St te(0,T) Bar

Hence, by Lemma 2.1 and (2.5), we have
/ gpupfl*F%*adxdt S O(Oé){]. —+ // |v€|pup717ad$dt}. (28)
ST ST

We take ¢ = ¢° where ¢ € C(Bagr), 0 < ¢ < 1, ¢ = 1if z € Bg, and b =
-1+ £ —a)N
(p N =N (25). We obtain

L//‘wWMHH%-%mmg(Xam1+{//1¢WMFH%%mmVFQ%w).
ST ST

This implies (2.6).
Denote

Qr = Br(zo) x (to — R”, to).

2N
Lemma 2.3. Letp > —— g O<q<p—1—|—ﬁ. Then uj, satisfies
// w)mdadt < C(R),  ¥m >0, (2.9)
R
supug, < C(r) // (ui)%_N""dedt}?, if p <2, (2.10)
Qr 2R
1
supus < C(r) t//‘ p2”MdQT,Up>2 (2.11)
Qr Q2r
/ / Vi [Pdedt < C(R), (2.12)
R

where 0 <r <p/N+1,2R < e~ 1 tg —2R" > 0.
Proof. Let £(z,t) be a cutoff function in Qar, 0 < € < 1. We multiply (2.1) by £Pu?7~1

1
with v > 3 to obtain

1 ! -
— PP (z,t)dx + (2 — 1) / / EPuPT2(|Vul® + a)pTz |Vu|*dzds
2y Bar Bar
t t
Sp/ EPHVE WA (| V) + 6)712;2|Vu|dmds + £/ PN € luP dads.
Bagr 27 0 Bogp

Note that if 1 < p < 2,
(IVul®> + )"z |vu\2 (IVul> + )% —e%,
(IVul? + )" |Vu| < (IVul* + )7
ifp>2
(|Vul? +5) |Vu|2 > |Vul?,

(IVul® + )" |Vu| < C(|VulP~t +1).
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Using Young’s inequality, we can obtain if 1 < p < 2

2y-21p\ 7%

— v p

sup / (gu P ) dm—i—//
to—2RP<t<to J Bagr Q2r

<C / / |VE[Pu? =2 Pdxdt + CAP~2 / / |&¢|u?Y dwdt
Q2R Q2r

+ CrPe® / P2 dydt; (2.13)
QZH

2y—2+p

\Y (éu P ) ‘pdxdt

ifp>2

2y—2+p 2+p 2v—2+p 2+p 2~, 2+p 2'v 2+p 2v— 2+p
sup / (§ u dx + / / U )
to—2RP<t<tg J Bap on

<C / / |VEPuPT > Pdadt + CHP~2 / / \§t|u27dxdt
2R Q2R

+ CHPt / Y VE P L dadt. (2.14)
Q2r

dxdt

First, we discuss the case when p < 2. Let
2y—2+4p
v = gu P

Using the imbedding inequality, we have

2y—2+p
(1=6)r
// v dxdt SO( sup / Wﬁ”fwdx) o X
2R to—(2R)P<t<to J Bagr

to sr
></ (/ |W|sz) ?dt,
t07(2R)p Bagr

5_<M_1)(i_l+w)‘
2vp r/\N p 2vp

where

Hence choosing
29p )

= 1 —
" p( " Nov—21p))

we obtain

/ / Eru 2R qo gt
Q
- 29p 2 %
§Cl( sup E—2Fruy 7d:zc // fu » )‘ dxdt
to—(2R)P<t<to J Bap Q2r
<02{ sup / £2w2f7;+pu27dx+// V §u2w_p2+p>
to—(2R)P<t<to J Bagp Q2R

<c3 / / |VE[Pu? 2 FPdndt + P2 / / |E|u®Y dadt
Q2r Q2r
p
+ 47 / §pu27_2d:cdt)
QZR

Taking 1 < 2y <p—1+ % in (2.15), by Lemma 2.2, we obtain u € L>'~2+P+3*(Qp).

I+x
Since

2y—2+4p

1+&

dxdt}

(2.15)

2N

29p
2y — 2 S0y ifp> —
yoEtP T TREPE NI

N
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we can repeat above process to obtain (2.9).

1
For 7 € [5, 1), set

1—
RtZQR(T—i- 217)» 1=0,1,2,- -
and let & (z,t) be a cutoff function in Qg,, with & =1 in Qg,,,. Denote 1 + ﬂ by K and

2N
choose y such that 2y = = — N + K'. Let u; = max{,u}. Then we get from (2 14)

/ / ENFKT g < / / N
QRL+1 QRz+1
1
/ / N dt} .
177' QR

Hence the standard Moser’s iteration yields

1 2NNy K +
supu; < C —// uq” dxdt . 2.16
Qr {<<1—T>R>p+N Qn } (210

It follows from (2.16) that

s 1 W oNye Y E
supu; < (supuy) * {— // U,” dxdt} .
Q2r (Q2R ) ((1 - T)R)N+p Q2r !

Applying Holder’s inequality, we get
1 1 2N _ N4y %
supui; < = supui + C(r){—// u,? da:dt} .
QQR 2 QQR ((1 - T)R)N+p 2R !
Hence by [6, p. 161, Lemma 3.1], we obtain
supu; < C(r

A RN“’// M7N+rcl dt}% for 7 € {*,1).
2R

If p > 2, we can obtain from (2.14)

/ / “2HET it < Cc{ / / ub =2tk dxdt}
Q Qk,

Hence, we can repeat the same argument as p < 2 to obtain (2.11).

Combining (2.9), (2.10), (2.11), (2.13) and (2.14) we can obtain (2.12), and Lemma 2.3
is proved.

Lemma 2.4. For all ball Br(w) C RN\ {0} and ¥m > 0,0 < r < 1+p/N, the solution
uy, of (2.1)~(2.3) satisfies

Ryt

T
/ / (uS " dwdt < C(R), (2.17)
0o JBr
T 2N %
sup uy, < C’(r){ / / (ui)T_N"Hdzdt} for p <2, (2.18)
Br(z0)x(0,T) Br(zo
T 1
sup uy, < C(r){ / / (ui)pﬂ”dzdt} " forp>2, (2.19)
Br(xz0)x(0,T) Br(zo

T
/ / |Vug |Pdxdt < C. (2.20)
0 BR(ZE())



No.1 Zhao, J. N. SOURCE-TYPE SOLUTIONS OF PARABOLIC EQUATION 95

Proof. Let &(x) € C3(IRN), 0 < ¢ < 1, supp £ € RN\{0}, ¢ = 1 on Br(zo). Multiplying
(2.1) by €Pu?—1 with v > 3 and integrating, we have

2y
/ wd +(2vy-1) // U2 (|Vul? +¢)5 |Vu| dzds
RN

=—p/ / 2|Vl +6) "2 Vu - vgdxderzi EP (KN h(kx)) P da.
Y JRN

Since supp ¢ C RN \ {0}, h € C$°(IRY), we have
ENh(kz) < Cy x € supp &.

Hence, using Young’s inequality, as in Lemma 2.3, we get that if 1 < p < 2

t
/ fqu"(x,t)da:—i—vz// Py 2| Vu|Pdxds
RN 0o JRN

T T
§C{’Y2_p/ /IRN |V§|pu27_2+pdxdt + 72/ /IRN fpu27_2dxdt}
0 0

+ SPC’gvdm;
RN
ifp>2

t
§pu27(x,t)dx+'yz// EPu?T 2|V ulPdads
RN 0 JIRN
T T
<ofpr [ [ veptiraeicen [ e tana)
o JRN 0o JRN
+C EPCY da.

RN
Let w = max{Cp, u}. Then, we have

2 T 2y—2+p
sup EPwdx + ‘V(fw P )
te(0,T) J RN 0 RN

T
<C~P sup \V§|p/ / w dxdt, ifl<p<2;
0 IRNNsupp &

T
_ p
sup / §Pw2de+/ / ’V(ngW p2+p)‘ dadt
te(0.1) JmN o Jmy

T
<C~P~Lsup |VEP / / w72 Pdgdt, if p > 2.
0 IRN Nsupp &

Therefore (2.17), (2.18), (2.19), (2.20) can be obtained by using a similar argument as in
the proof of Lemma 2.3.
Lemma 2.5. For every compact set K C St \ {(0,0)} the solution uf of (2.1)~(2.3)

satisfies

p
dzxdt

sup |Vug| < C(K). (2.21)
k

Proof. Differentiating (2.1) with respect to z1 and setting v = |Vu|?, we get
3}

0
—_ q—1
('“)tuxl — w4+ 6) Vu) qui™ Uy, . (2.22)

= div ((v + 6)%4Vuw1 o
1
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Let Bag(z0) € RN\ {0}, &(z) € C4(Bagr(w0)),0 <€ < 1,6 =1o0nxz € Br(xo). Multiply
(2.21) by £2(v + €)% ug, (a > min {0, 2%2}) and integrate over IRY x (0,t). After some
computation (cf. [7]), we get

1
Aa+1) /g

R
t
/ E(v+e) +22&7211301,%.11”0””da;ds—I—q// u?™ (v 4 &)*dxds
RN 0 JR

N

200—2 [* 20
52( (z, t)+5)a+1dx+p7+ f / Ew+e) 2=
0 N

|Vo|2dads

2 C\/—
+ 7)/ (v +e) Bt 6(Vu - Vv)?dxds
RN
<C/ / EIVEl(v+ )™
+ m/ E(k*N|Vh(kx)|? + &) da. (2.23)
Note that
a— a— ]. @ —
(U +5) ?’+22 2“%%“%% > (U +5) P+22 4’U2u9€z‘,9€ju$i%‘ = va+2 4|VU|2

and
E*N|Vh(kz)|> +e <M on Bg(z),
where M is a constant independent of k, e. We obtain from (2.23)

9 atl p+2a—1 / 9 pt
—— su v4e€ de + —— v4e€ dzdt
S TS (v+e) 1 ST& (v+e)
—9 pi2a
+ alp=2) / (v +e) e (Vu - Vv)?*dzdt
2 Sr
pt2a— 1
<C — M),
<o/ [, ave v )
If p > 2, we apply Cauchy inequality to obtain
2 at1 p+20z71/ 2 pt+2a—
— su v+E dx + —F— v+e) 2
TS 6 (v+e) 3 ST§ (v+e)
C 9 pt2a CMet!
< T2 drdt+ —. 2.24
S T 201 //STWQ (v+e) z +2( -y (2.24)
Letting uys = max{v + &, M}, we obtain from (2.24)
1 20 — 1
——— sup / o da pr= + - / / |VUM| dxdt
2(a+1) 0<t<T J Ban(xo) BQR(IO
<L/ / v Ve Pdadt + 7/ / ot ddt.,
_p +2a—1 0 Bar(w0) M 2(a + 1) 0 Bar(zo) M
Hence, as in [8], we can obtain
T
max  |Vul* < Cmax{L/ / |VulPdzdt}. (2.25)
BR(IO)X(()’T) t BQR(I(])
In analogous fashion, we can prove that for 7 € (0,7T)
|Vu|? < C'max C max{1, / / |Vu|Pdzdt}. (2.26)
BR(JCO) (0 T) Bar(0)
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Combining (2.25), (2.26), Lemmas 2.3 and 2.4, (2.21) is proved.

2N
As in [7-8 tend (2.21) t
s in [7-8] we can extend ( ) ocabseN_i_1

<p<2.

By Lemma 2.5, as in [8], we can prove

Lemma 2.6. For every compact set K C S, Vui are uniformly Holder continuous.

Proof of Theorem 1.1. By Lemma 2.2-Lemma 2.6, the solutions uj, are uniformly
bounded and Hélder continuous for k, € on any compact set K C Sz \ {(0,0)}. Thus there
exist a subsequence {ui’]}, and function u € C(St \ {(0,0)} such that for any compact set
K c S\ {(0,0)},

uZ’] —u as j— oo in C(K).

We now prove that u is a solution of (1.1) (1.3). It is easy to verify that w has the
properties 1 and 2 in Definition 2.1. We need only to verify property 3.

Denote uii by u;. Using (2.1), we can obtain

‘/]RN (, )0 )d:c—/ kN h(kz ) (z)dx

<A// qda:derB// (IVu;)? +¢) = |Vuj|dxds (2.27)
BR BR

where ¢ € C§°(BRr(0)), A = |¢|p=, B = |Vt|p=.
By Lemma 2.2, we have

t t Y e p*1+%7a7<1
/ / ugdxds < C’{/ / (uj)prﬁfadxds}prW—at -1ty —o
0 BR 0 BR

14+ P
p—l4+ —a—q

<Cyt 7 Ee

t
// (|Vuj|2+€)p771dxds
0 JBg

t 'u,qfl p—1
BR 1+ )

<o dt+ // (1= (p— 1)dmds 4 // (p=1)(at1) dxdt);}
BR

(A—a)(p—1) +ap 2a

[
{rs

<02{t_|_ // p—1+%— o d)mtm
(

£ o

(A—a)(p—1)
B

where a < min{—,p— 1+ b —q}.
Thus

| / w (s yb(@)de — | KN h(ka)o(@)ds| < C (@),
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where C(¢) is a constant independent of e, k and }in(l) C(t) = 0. Letting j — oo, we obtain
—

|/ ule, )z — 9(0)] < C@),
which completes the proof of Theorem 1.1.
§3. Proof of Theorem 1.2

The proof of Theorem 1.2 proceeds via two lemmas.
Lemma 3.1. Suppose that the hypotheses of Theorem 1.2 are fulfilled. Then the solution

of (1.1) (1.3) satisfies
T
/ / ut dxdt < oo,
0o JBr

(1) for any R >0
/ / Atuwye |VulPdedt < C,
BR

where a > 0, ¢; = max{1, ¢}.
Proof. (1) From Definition 2.1 and u € C(Bg x [¢,T)), |Vu| € LP(Bg x (¢,T)), we
deduce that for any ¥ (z) € C°(IRY) and € € (0,T)

/IRN /u(ggT) 1: ——dsyP(x d:v+/ /RN 1+ua¢p( o)dodt
+/s /,RN (:[_i_or[u:)Q|vupwpdl'dt
=-—(-1 /ET /IRN 1 z"ua VP2V - Vi dadt
+°‘ —dsy"(z)dz. o

N / /u(:v,a) s
RN Jo 1

and

(2)

Note that

T ua
/N T a|vu|p*1|v¢|w*1dxdt
R

/
<77/ /RN ey VulPerdadt + ){/OT /RN uP~ | Vep|Pddt

- / / u<1+a><z>*1>|w|f’dxdt} (3.2)
0o JRN
and
u(x,e) R
/ / dst/;p(x)dxg/ u(z,e)yPde < C. (3.3)
RN 14 s>

Combining (3.1), (3.2) and (3.3) and lettmg ¢ — 0, we obtain

sup / ulwpdx—i—/ / |Vu|pwpda:dt—|—/ / YPuldrdt
0<t<T JIRN

SC{1+ / / u§1+a><1"1>|v¢|ﬁdxdt}, (3.4)
0 RN
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where u; = max{u, 1}. This implies

T T
/ / udpPdadt < 0{1 + / / u§1+"“><”*1>|v¢\1)dwdt}.
0 RN 0 RN

qgq—p+1

We choose o <
p—1

. Using a similar argument as in the proof of Lemma 2.2, we

T
/ / ultdzdt < C. (3.5)

o JRrN

Hence, (3.4) and (3.5) imply conclusion (2).

Lemma 3.2. Suppose that the hypotheses of Theorem 1.2 are fulfilled. Then the solution
of (1.1) (1.3) satisfies

obtain

/ {ug — |VulP2Vu - V&€ — u€}dadt = 0,
St

for any ¢ € C{IRN x (-T,T)}.

2N
) Proof. First, we consider the case when p > NiD q>p—1+ %
et

(e, 1) = m(lal” +17%)é(x, 1), (3.6)
where £(x,t) € O (RN x (=T,T)), y=p—2+ % and n € C*°(R) with the properties:
n(s)=1if s > 2, n(s) =0if s <1 and ni(s) = n(ks).

Since, for every k > 0, ¥y (x,t) vanishes in a neighbourhood of the origin (0,0), it follows
from Definition 2.1 that u satisfies

T
/ / (uthpt — |VulP~2Vu - Vi, — ulapy,)dzdt = 0.
o JmrN

Therefore, it is sufficient to prove that as k — oo

T T
/ / unge§dzdt — 0, / / |VulP~2Vu - Vipédrdt — 0. (3.7)
0 JIRN o JRN
Set
Dy = {(x,t) >0,k < |z + AN < 21(1}_
Then
T o~
’ / / unktgda:dt‘ < Ck% / / udzdt,
0 RN Dy
T 1
‘ / / |VulP~2Vy - Vnkfdmdt‘ < Ck2 // |Vu|P~ dadt.
0 JRN Dy
Note that
|Dy| = measure of Dy, = Ck= "
Let q=p—1+ LA €0, @ < S — Using Holder inequality and Lemma 3.1, we obtain
N p—1+%

Doy
N tp—2

N
1
kl// udxdtgc*k%{// uP*H%dxdt}”*”%|Dk|P—1+%
Dk- Dk
1
§C’{// u”_l"’%dmdt}%“’*l,
Dy,
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k’// VP~ dadt
Dy,
a—1 p—1 1

3 _w v a\2(p—1),,(1-a)(p—1) v
< p 1 p
_kQ{//Dk (1+ua)2|Vu| dxdt} {//DA( +u®) u dxdt}
sczﬁ{// u(f‘l)<1+“>czscchs}E

Dy,

. Gredlp-1) (DN —altNp=N))y
Scl ( Uq dxdt) k 2pq
Dy

N—a(p+Np—N
)(50 (Zz;q P ))},

SC’gk_{(p_l

where w1 = max{1,u}.

Since

// wldxdt as k — oo,
Dy,

Let

(3.7) is proved.

We now consider the case when p <

2
N+1°
Vi (z,t) = ne(|z?)é(z, t)

where 7y, and £ are the functions in (3.6). Clearly, it suffices to verify

// |Vu|P~2Vu - Vigédedt — 0 as k — oo. (3.8)
St
Set
Dy ={x: k7' < |z|> <271}
We have
|Dy| < Ck™%.
p

Forp—2+fp < 0, we choose 0 < @ < ———
N p—1
Lemma 3.1, we obtain

k’// |Vu|P~dedt
Dy,
L ua—l p—1
<3 P P 1 a\2(p—-1), (p—1)(1—a)
<k {//Dk TV dxdt} {//Dk( + )21y dxdt}
SC’k%{//D ugpfl)(pra)dmdt}g
k

(p=1)(A+a)

§C1(// uldacdt) T gty (e-D(ita)
Dy,

Noting that

Hence using Hélder’s inequality and

=

1 N N
———+—(p-1(1
we get (3.8).

If2—p-— % =0, we have ¢ > p— 1+ % = 1. Hence using Holder’s inequality and
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Lemma 3.1, we have

1
k% // |Vu|p_1dxdt < ka% // ugp—l)(l—a)dmdt}p
Dy Dy
=0 | NeNpoDOte)
<Cl // dmdt k2 2pq ,
Dy

where av < ¢ — 1. Noting that

1 Ng—N(p—1)(1
L Ng-Ne-Di+a)
2 2pq

we obtain (3.8). Thus Lemma 3.2 is proved.

Proof of Theorem 1.2. Suppose to the contrary that (1.1) (1.3) has a solution. Then
by Lemma 3.2, we have
T
/ / (u&y — |VulP~?Vu - VE — ul€)dadt = 0 for any € € C5°(RN x (~=T,T)). (3.9)
o JRN

Let j(s) € Cg°(R), 7 > 0, j(s) = 0if |s| > 1 and [}, j(s)ds = 1. For h > 0, we define
jn(s) = h71j() and
h

t—1—2h
ne(t) =1 7/ Jn(s)ds,
where 7 € (0,7T) is a fixed number. Clearly, np, € C*®(R), np(t) =1ift <7+ h,0<n, <1
and lim n,(t) =0if t > 7.
h—0
For X € C$°(RYN), we set &(x,t) = X (z)n,(t) in (3.9) to obtain

T T
—/ / Jn(t —71 = 2h)uXdzdt — / / {|VulP~2Vu - VX0, — uln, X ydrdt = 0.
o JRrN o JRrN

If we now let h — 0T, we obtain

/ u(z, 7)X (2)dr = —/ / {|VulP~2Vu - VX — uIX }dxds,
RN o JRN
and this implies

lim u(z, 7) X (x)dz =0

T—0 RN

for every X € C§°(RY). This contradicts (1.3).

¢4. Proof of Theorem 1.3

We discuss the solution of equation (2.1) (2.2) with initial data
u(z,0) = kN h(k), (4.1)
where h(x) € C§°(IRN), h(z) > 0, [pn h(x)dz = 1.
By [5], (2.1) (2.2) (4.1) has a nonnegative classical solution. We now prove the following
estimates. As in section 2 we use letter C' to denote the constants independent of k, e.

Lemma 4.1. Let ¢ > max{1l,p — 1}. Then the solution uj, of problem (2.1) (2.2) (4.1)
satisfies

/ / )'dxdt < C(r,t1)  for every r,R > 0,t; € (0,T). (4.2)
t1 BR(O
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Proof. Let &(z,t) € C° (S, ), T1 > T,0<€<1,¢£=1on Bgr(0) x (t1,7). Multiplying
(2.1) by u?771£P (4 > 1), and integrating over St, we have

2y T
/ w7 (e, )fpdx + // w? TP dadt
RN 2y Sr

+ (2 - 1)// (IVul* + E)% |Vu|?u? 2P dadt
St

- _p// WY Vuf? +6) T € V- Vedadt
ST

+ L2 / / uEP e, ddt. (4.3)
2v ) Jsr

As in Lemma 2.3, using Holder’s inequality, we have

/ / Wit ePdadt
St
gc{ / / wHP|VEPdrdt + / / WP ¢, |dudt
ST ST
+// u”*?gl’dxdt} if1<p<2,
St
/ / wITH L ePdadt
St
gc{// u27*2+P|vg|dedt+// w? 1P Ve |ddt
ST ST
+// u27£”*1dxdt} if p>2.
St

q+2y—1>max{2y+p—2,2v}.

Note that

As in Lemma 2.2, using Young’s inequality we obtain (4.2).

Lemma 4.2. Let Br(zg) C RN \ {0}. Then the solution of problem (2.1) (2.2) (4.1)
satisfies

T
/ / (up)"dzdt < C(r) for every r > 0.
0 JBr(wo)

Proof. Let £ € CP(RN), 0 < € <1, &(x) = 1if x € Br(xg), supp € C RN\ {0}. We
multiply (2.1) by u?Y~1£P and integrate it to obtain

1 T
— u? (z, T)EPdx + / / u? TP ddt
2y Jr~ o JRrN

+(2y-1) // u?2(|Vul? + 5)%72|Vu|2§pda:dt
St

T
<p / / W (Tl + €) 57 Vuler— | Ve|dadt
0 RN
1
+ — P (KN (k) da. (4.4)
2’}/ RN
Note that

ENFTh(kz) < Cy  on supp &.
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Hence, using an analogous argument with Lemma 4.1, we can prove Lemma 4.2.
Lemma 4.3. For every r > 0, the solution uj, of (2.1) (2.2) (4.1) satisfies

1
sup uy, < C(T){ // (ui)%7N+rdwdt}r if p <2,
Qr Q2r

sup ug, < C(r){// (ui)p_z”dxdt}; ifp>2,
Q2r

Qr
// |Vui,|Pdzdt < C(R),
Qr

where 2R < e~ to — (2R)P > 0.
Lemma 4.4. For every Br(zo) C RN \ {0} and r > 0, the solution u5, of (2.1) (2.2)
(4.1) satisfies

T 1
sup uy, < C(T){/ / (uZ)TN_N‘”dzdt} " forp<2,
Br(z0)x(0,T) 0 JBpg(zo)

T 1
sup ug, < C’(r){ / / (u}i)p*%rdxdt} " forp>2,
) 0 BR(I())

BR(I(])X(()}T
T
/ / \VulPdadt < C(R).
0 BR(ZE())

Lemma 4.5. For every compact set K € St \ {(0,0)}, the solution ug satisfies
sup |Vug| < C(K).
K

Lemma 4.6. For every compact set K C St, Vug, are uniformly Hélder cotinuous.

The proofs of Lemma 4.3-Lemma 4.6 are similar to the proofs of Lemma 2.3-Lemma 2.6,
respectively.

Proof of Theorem 1.3. By Lemma 4.1-Lemma 4.5, the solutions uj, are uniformly
Hoélder continuous on every compact set K C Sp\{(0,0)}. Thus, there exists a subsequence
{uii} of {15} and a function U € (S7 \ {(0,0)}) N L. [0, T; WP (IRN)] such that for every
compact set K C St \ {(0,0)}

UZ —U asj— oo inC(K)
and U(xz,0) =0 if z #£ 0.
Clearly U satisfies (1.1) in the sense of distributions. It remains to prove

lim U(z,t)dx = oo for every R > 0.
t—0+t Br
Let u3, be the solution of (2.1) (2.2) with initial data
urk(z,0) = LENh(kz). (4.5)

Clearly, if k is large enough,
LENh(kz) < kN PLh(kx).
Hence, if k is large enough, we have

ug(z,t) > uf,(x,t), (4.6)
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Letting k = k;, ¢ = ¢, and j — oo in (4.6), we obtain

U(x,t) > ur.

Hence, by the proof of Theorem 1.1, we have

lim U(x,t)dx > lim ur(x,t)dx = L.
t—0+ Br t—0+ Br

Letting L — oo, we obtain

lim U(zx,t)dx = oo,
t—0+ Br

and Theorem 1.3 is proved.

(1]
2]
(3]
(4]
(5]
(6]
[7]

(8]

REFERENCES

Alikakos, N. D. & Evans, L. C., Continuity of the gradient for weak solutions of a degenerate parabolic
equation, J. Math. Pures et Appl., 62 (1983), 253-268.

Brezis, H. & Friedman, A., Nonlinear parabolic equations involving measures as initial conditions, J.
Math. Pures et Appl., 62 (1983), 73-97.

Brezis, H., Peletier, L. A. & Terman, D., A very singular solution of the heat equation with absorption,
Arch. Rational Anal., 95 (1986), 185-207.

Peletier, L. A. & Wang Junyu, A very singular solution of a quasilinear degenerate diffusion with
absorption, Trans. Amer. Math. Soc., 307:2 (1988), 813-826.

Ladyzenskaja, O. A., Solonnikov, V. A. & Uralceva, N. N., Linear and quasilinear equations of parabolic
type, Trans. of Math. Mono., Providence (1968).

Giaquinta, M., Multiple integrals in the calculus of variations and nonlinear elliptic systems, Princeton
Univ. Press, 1983.

Dibenedetto, E. & Friedman, A., Regularity of solutions of nonlinear degenerate parabolic systems, J.
Reine Angew. Math., 349 (1984), 83-128.

Chen Yazhe, Holder continuity of the gradient of the solutions of certain degenerate parabolic equations,
Chin. Annals of Math., 8B:3 (1987), 343-356.



