Chin. Ann. of Math.
15B: 2(1994),129-140.
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Abstract

The authors give MLE O1arz of 61 in the model Y = 6 + g(T) + €, then consider Bahadur

asymptotic efficiency of él]VIL: where T and € are independent, g is unknown, € ~ ¢(-) is known

with mean 0 and variance o2.
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§1. Introduction and Statement of Preliminary

Consider the semiparametric regression model given by
Y = 91 +g(T) +e.

Here g is an unknown Holder continuous function of known order p in R', #; is an unknown
parameter to be estimated, T and ¢ are independent, ¢ ~ ¢(-) is known with mean 0 and
variance o2, T ranges over a nondegenerate compact 1-dimensional interval C, without loss
of generality C = [0, 1].

Let Y and T be random variables such that T ranges over [0, 1] and Y is real valued.

Let {T;, Y;, i =1,--- ,n} denote a sample of size n from the

}/i :91 +9(Tz) +Ei7

where the errors g; are assumed to be independent and identical, T; and ¢; are independent.
Denote

Y = (Yla"' 7Yn)T7

g = (gla T 75’”)7—7
1" =(1,---,1)7,
1 =1%,

g(T) - (g(Tl)a T 7g(Tn))T7
F is an indentity matrix, R, = 1*"(F — P)1*.
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Condition 1. The distribution of T is absolutely continuous and its density is bounded
away from 0 on [0, 1].
Condition 2. Let » and M denote nonnegative real constants, 0 < r < 1, m is a

nonnegative integer such that

g™ (t') — <m>( O < Mt —t|", for 0<t,t' <1, p=m+r
Condition 3. ¢(-) = hm / lbl‘lp(s [ (y +h) — ' (y)|e(y) dy =0, I(p) < oo.
Condition 4. ¢(z) > 0,z € Rl, is twice differentiable and lim ¢(z) = lim ¢'(z) = 0.
|| =00 |z|—o00

First we describe a piecewise polynomial estimator of g given in [2] (1988), which has been
investigated by some authors. Given a positive M,,, the estimator has the form of a piecewise
polynomial of degree m based on M,, intervals of length - SV where the (m+1)M,, coefficients
are chosen by the method of least squares on the basis of the data (T1,Y1),- -+, (Tn, Ya),
1<i<n.Letl,, = [VM—_I, ML,,) for 1 <v< M, and Ly, =[1— ﬁn’l]' Let xn, denote the
indicator function for the interval I, so that x,,=1 or 0 accordiﬁg tot €I, ort ¢ I,.
Consider the piecewise polynomial estimators of g of degree m given by

Z XTU/ P’I’Lml’ )

where { P, (t)} are polynomials of degree m chosen to minimize the residual sum of squares

n

ST (¥i - 01— §a(T2))2

=1
Denote
pnmy(x) =apy +a1,T+ -+ amuxmy
Vo1 (T1) oo V()T oo Yun, (Th) oo U, (T1)TT
z=| z : : : : :
wnl(Tn) oo wnl (Tn)Ty:n s wnMn, (Tn) s ¢7LJ\1n (Tn)TyT nxmM,,
o= (o1, ", @m1,a02, 5 Am2, " AOM,> 7amMn)z—m+1)Mn7
My,
~ Xnv (Tl)any (Tl)
gn(Tl) Vz::1
= : = Za.
gn(Tn) My, “

Z Xnu anu( n)

We know from [7](1986) that

o
po=po, Le=1(p)= /?du

We adopt §(t) given in [2] (1988) as an estimator of g(t), and then get MLE of §;. Denote
€n = R,'1(F — P)g(T),
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N = R, "1 (F = P).
Since
g™ () — g™ )| < M|t' —t]"  for 0 <t t <1,
according to arguments of [2] (1988), F — P is an idempotent matrix,
(F — P)g(T) = (F - P)(g(T) - Za),
and there is a constant By > 0 such that
[Uny (£) (Pran — g(t)] < BoM7P for all v and t € C.
M, M,
9(T) = n(T) = 9(T)) = > ¥ (T) P (Ti) = Y b (T)[9(T3) = Prus (T3)]-
v=1 v=1
So
0(T3) — 6 (T)| < BaM; ™. (1.1)
Lemma 1.1. /n&, — 0.
Proof. From (1.1) we know (g(T) — Za)T(g(T) — Za) < B3nM,; %

VAR (F P>g<T>\
_| VRR1T(F - P)(g(T) - Za)

<| ViR, VIT(F - P)1y/ (1) — Za)" (g(T) — Za)

<ByvnR, 7 (vVnM; ) — 0.

§2. On Bahadur Asymptotic Efficiency of 4, 5,1,

Since Bahadur posed his asymptotically efficient concept of consistent estimate, many
authors have discussed this efficiency in parametric models. Now we consider Bahadur
asymptotic efficiency of él ML-

Definition 2.1. Estimators {izn(Yl, -+, Yn)} of 01 are called locally uniformly consistent
estimators, if for every 619 € R there exists a 6 > 0 such that for each { > 0

lim  sup Py {|hn — 010] > ¢} = 0.
010y —010|<8

Definition 2.2. Consistent estimators {izn} of 01 are called Bahadur asymptotically
efficient, if for each 619 € R

1 ~ 1
lim sup lim sup —2171(<p) log Py, {|hn — 10| > ¢} < —=.
¢—0 n— oo nC 2

Theorem 2.1. Suppose conditions 1-4 hold, {?Ln} are locally uniformly consistent esti-
mators. Then for each 019 € R!

e e 1 ~ 1
liminf liminf — 1 L) log Py, {|hn — 010] > ¢} > -3

¢—=0 n—oc n
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Proof. For each { > 0, set 61, = 019 + (. Consider test hypothesis Hy : 61 = 619 +—
n

Hy : 61 = 61,. Under Hy, the density of Y is Hga(yi — 610 — g(t;)); under Hy, the density
i=1

of Y is H ©(yi — O1n — g(t:))-
=1

Denote

dy = exp {n(l ¢

21-1(p) } (> 0)

According to Neyman-Pearson basic lemma, there exist K,, > 0, §,, € [0, 1] such that
. 1
Eeln{(I)n(Y)} = 57

where

Then

o {®5(Y)} = [ @5(Y)dPag,, > / O (Y) dPog,

F’!L Sdn

Y

I
S —

1 *
[ BT P, = [ ®iY) P,
I'n(Y)<dn n JI'y <dn

1 [1 /
= |=- O (Y) dPro,,
dn [2 T (Y)>d, ( '

If

1
limsup Py, {I'n(Y) > dy} < 4’ )

n—oo

1
then for n large enough Ep, {®%(Y)} > Y Set

]-7 |iLn - 010| Z >\,€a
0, otherwise,

B,(Y) = {

where constant X' € (0,1). Because |61, — 01| = ¢ and {h,} are locally uniform consistent
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estimators, we have

liggioréf Eg, {®,(Y)}
= liminf Py, {|hn — 10| > X}
=liminf Py, {|hn — 01 + 01 — 010N}
ha = 010 + 010 — 10| > N}
> lim inf Py, {hn = 01| < (A= N)C}

>liminf Py, {
n— oo

>liminf Py, {|hn — 01a] < (A= X)(} = 1.
n—oo
So for n large enough

1 *
Eoy, {®n(Y)} 2 5 = Ep,, {20 (Y)}-
According to Neyman-Pearson basic lemma, for n large enough,
E910{(I)H(Y)} > E010{¢:,(Y)}
Therefore

P910{|]~7‘71 - 910' > )‘/C} > P910{|(i"n - 910)' > /\/C} = Eelo{q)ﬂ(Y)} > i

4d,”

Hence
1

n()\/g)jSl((p) 10gp910{|iln - 910‘ > /\’C}

NeVakh ey ()t

_ (+w¢®  I7H(p)log4
2(N¢)? n(N¢)?

Thus
e T () -
ln it iminf -7 55 10g Pasy {[n = 610] 2 NC} = -

Letting u — 0, M’ — 1, we have

1+p
2N?

PSR R - 1
lim inf lim inf n—CQI L) log P,y {|hn — 010] > C} > —3

(=0 mn—oo

Now we return to the proof of formula ()

1
limsup Py, {Tn(Y) > d,} < 1

n—oo

In fact

(00> ) = o, (TTEGE gm0,

_ o e(Yy)
PO{H@(YMLA) >dn}.

i=1

(*1)
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According to Taylor formula, for sufficiently small ¢ > 0,

>otor s — = Y Lunc + () + RO

where R;(Y;) = ¢'(Y; + 11iQ) —'(Yi), 0 < p; < 1. Then

Pam{Fn(Y) > dn} =R {H @(S;E,ﬁ)C) > dn}

PR (V) _ n(l+p)¢®
— {;log i+ 2 () }

I
A
——
\
3
S
oy
\l/-\/
+
| =
<
=
+
=
=
X

n(l+p)¢?

=P+ P, + P3+ Py.
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1+ 5)¢°1
_ PO{%I(@(Q N Chs Q;C (“’)} —0,
B n nUC2
P,=F {—;w(Yi)C > 12]1(@)}
CnBEy? 144 0
= n21 2<412( ) - n,uQCQI((P) ’
n 2
Py =P, {—Z %W(Yi) +1(p)I¢* > %}
=1

< Eo{Z[wl(Yi) +1(p)?} - %}62(@)

_ 36B[v'(v1) + ()]
np2I?(p)

1 & 2

g o350 s

1<i<n 6|I
611 () _ 67 (p)
< S G Eo{ max [Ri(Y)[} = =5 Fof max [Ri(Y)]}-

Due to Condition 3, letting ¢ be sufficiently small, we have

Eo{ max |R;(Y:)[} < /|21|1<p< 1Y/ (y + h) — ' (y)]ply) dy < “I(@),

so lim P, <

n—oo
Hence

W~ =

1
limsup Py, {Tr(Y) > d,} < 1

n—oo

Condition 5. There exists a tg > 0 such that
/et"‘w(’”)‘go(x) dx < 0o, /et"w((w)‘g@(x) dx < oo.

Condition 6. There exist measurable function h(z) > 0, nondecreasing function () >
0, >0, lim v(t) = 0, and |[¢(z +t) — ¥(x)| < h(z)vy(t) whenever |t| < |tg]. Meanwhile
t—0
[ M@ p(z) da < oc.
Condition 7. MLE 01 exists, and for each ¢ > 0, 619 € R', there exist constsnts
K = K(¢,610), p = p(¢,610) > 0, such that

P01o{|é1ML — 10| > C} < Ke "%

2
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Theorem 2.2. If conditions 1-7 hold, then for each 619 € R!

1 A I
limsuplimsup—210gP910{|91ML —010| > C} < ——.
(=0 n—oo NG 2

Proof. From the definition of MLE and differentiability of ¢, we know

n

Zl/)(yi —binr — §(T3)) = 0.

i=1

On the other hand

(Y = Oinr, — §(T3)) — (Vi — 01 — g(Ty))
=/ (i = 07 — g (@) (Grarr — 01) + (9(T) — 9(T2) }.

So

ZZ/J(Yi —Oiaer — §(Th))

=D V(i =01 = g(T) = >_¥/(Yi = 07 = g"(11)) | (Grars, — 01) + (§(T3) = 9(T3)) | = 0,

i=1
where 67 lies between 121 and 01, g*(T;) lies between ¢(T;) and §(7;). Denote
Ri(Yy, Th) = ¢'(Y; = 07 — g"(T5)) — o' (Y — 01 — g(T2)).
So

V'(Y; =07 — g"(Th) = ' (Yi — 01 — g(T3)) + Ri(Y, T),

Zw(n — 01 — g(T3))

=D |¥ Y = 00— g(T) + RV, 1) [(Brar, = 00) + (3(T3) — g(T)].



No.2 Liang, H. & Cheng, P. BAHADUR ASYMPTOTIC EFFICIENCY 137

Denote

n

o :% Z[[ + ' (Y; — 01 — g(T0))],

i=1
Ry = SRV, T) = o 3 (Vi = 01— g(T)
i=1 i=1

{H %Zn:[l +9'(Y; — 61 — 9(T3))

+ Ri(Yi,Ti)} } [(élML —01) + (9(T3) - Q(Tz))}
={—I+ R + Ry Y0101, — 01) + % Zw(Yi =07 — g"(1)(9(T3) — 9(T3))
i=1

) ok *ok) — 1
=0y — 01 = (] +R{" + Ry*) ™ {ﬁZW(Yi — 01 *g(Ti))}
i=1

S 0 — g (1)) ~ (T,

Let a be sufficiently small. When |R* + R5*| < «, | — I + R{* + R3*| # 0, and so
(—I+R:*+R5*) ! exists, denote —(I~'4+WW). According to continuity, there is a nondecrease

function 7(e) > 0 such that when |R*™* + R5*| < a, [W| < n(a) and 111% n(a) = 0. Suppose
a—
|R* + R5*| < . Then

S|

Orapr, — 61 =— (I +W)[ Zw(yi — 01— g(Ty))]

IS a - @) o),
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so for every 0 < A < %
Pelo{‘(élML - 910)‘ > C}

<P {|> Zw Yo~ 610 - g(T)| > (1 - 20)1¢}
EZW¢(E*910*9(T1))‘>)\C}
P {3 3100 = o)/ = 05 =5 ()] > 3}

Spem{ Z (Y; — 610 — g(T ))|>(1—2)\)I§}

=1

"1 X
+P910{ gﬁ g(ﬂ)” > 77(204)}
+ Py {IRI"| > a} + Py, {|R5"| > a}
+P9m{§j% o(T) | (Yi — 05 — g (1)) > A}

=Pi+P+P3+ P+ Ps.

First we estimate P;. Denote

W; = ¢(Y; — 610 — g(T3)),

Then

Eo, Wi =0,  Ep W2=1I, lnl _ 4 _ 4

So
n(1 —2X)2¢21?

57 (1+0:(Q)},

P < 2exp{—

|01(¢)| < CW B1(, By depends on ¢, not n.
Denote

W; = (i — 610 — 9(T3)),

Ajp = )

A, = A=1.

)

SI=3|-

P, < Pelo{‘i %d’(Yi — 010 — Q(Tz))‘ > 77();;1) },
i—1
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SO

P, < Qexp{—%(l n oz(g))}

|02(¢)| < Ban~1(2a)¢. Due to n(a) — 0, let o be small enough so that
\2 X (=21

2(2a) <
"(20) S TR T A a) 2 2

So

n(l — 2X)2¢21

P, §2exp{— . (1+02(g))}.

P37P910{|R**|>a},13910{‘z (I +/(Y; —Glg—g(Ti)))‘>a}.

Let
W; =1+ (Y; — 010 —g(T;)) (so EW; =0, 6%>=EW?>0),

1 1 .
Qin = —, An:77 A=1
n n

|Os()| < Bsa, By only depends on ’(€), not on n. Let ¢ be small enough so that
(1— 2/\ g21}

|Ri(Yi, Ty)| =4 (Yi — 07 — g"(T3) — W(Yi — 6010 — g(T7))|
<h(Y; — 610 — g(T3))v((61" — 010) — (g™ (T3) — 9(T7)))-

- )

{
gpelo{\z h(Y: = 10 — g(T)((02" — 20) — (4"(T) ~ 9(T))| = o}
i

Py <2 exp{

Denote hg = Eg,  h.

Py =Py, \— ZR (Vi T)

<Py,, —9(T0)| > ¢} + Poyo {101 aer — 010l > ¢}

i C: ¥
QQ>

¥ Pem{\gl ~h(Y; = 610 — 9(T)(20)| 2 o }.
According to condition 7

Po, {101 prr — 010l > ¢} < K(Caelo)eXP{*P(Caaw)CQ}-
Let ¢ be small enough.

2p 3 (1—2X)21
(< (m) = p(¢,010) > #CQ

oy)2
Py, o {10101, — 10| > ¢} < K(C’910)6XP{—WC2}-
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i=1 20
n 1 (0%
< - L —_ — >
_Pem{ ; —[A(Yi = 010 — g(T3)) ho]‘ = 27(20}
Let
Wi = h(Y; — 010 — g(T3)) — ho,
QAin = l7 An = l’ A =5
n n
o7 = Eg,,[h(Yi — 010 — g(T3)) — ho)”
So

2
h
@ @
04(7 ‘ <Bys—,
o (5560)| = B
B, depends on h(e1) only, but not on n. Let ¢ be small enough. Then

Pgm{

n

=1 27(2¢)

From Definition 2.1 we know

Po, {UJIG(T) — 9(T))| > ¢} = 0.
i=1

So
12y

P4§(2—|—K)exp{— 5

For P,

Payy {3 1a(T) — (T[0! (Vi = 05 — " (1)) > A¢}

=PQID{Z %Ig(Tz) — g(T)I|Ri (Y3, T3) + ' (Y; — 610 — 9(T3))| > )\g}
<Py, {30 L1a(T) — o[ RV, 7] > 5¢}

Zl[h(Yi—em—g(E))—ho]’Z a }§2exp{—w}.
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According to (1.1) and the processes of the proof of Py, we know

"1 A 1—2X)2I¢?
Py, {3 ~19(T) — g(M)I[R(Ye T)| > 5¢} < 26XP{*%}~
i=1
Denote
hy = E{‘wl(Yi — 610 — Q(Ti))”T}v
oy = V‘“"{ Y (Yi — 010 — Q(Tz))”T} <5°
1
Wi = [¢/(Y; — 610 — g(T))| — hy-
So

Soa2, = 9T - g(T)Pn 2 <n M = A, A=1.
=1 i=1

Due to (1.1), let n be sufficiently large, then |§(T;) — g(T;)|hy < 2¢,

P {32 219CT) = a0/~ 0 — o(7)] > 5¢[)

=1

- A
<Pou {3 ainlt! (¥ — bho — 9(T) — hy| > 5¢

=1

(39)?
§2exp{—2;§A% (1 +05(())}.
|O5(¢)| < BsAC, Bs depends 9(e1), not n. Obviously
(40)? _ (1= 20)21¢?

P —)
G2ZM, Pp—2 2

So
1—2X)21¢?
P < (K +4) exp{—%}.
In all, first let § be small, then let o small, at last let ¢ be sufficiently small, thus
P910{|91ML —019] > C} SP+P+P+P+Ps
n(1 —2X)2I¢?
M2V (o),

O(¢) = min{01(¢), 02(¢), 05(¢), 04(€), 05(¢)}, |0(Q)] < B*(n~"(2a) +1)}.

< 2(K +5) exp{—

So
(1—2))2%1

IOgP910{|91ML*910|>C}§* 5

. . 1
lim sup lim sup —
¢—0 n—o00 nC

Letting A — 0, we come to the conclusion

I
10gP910{|91ML —010] > C} < —-.

lim sup lim sup 5

1
¢—=0 n—oo n¢?
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