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HOMOCLINIC BIFURCATION WITH CODIMENSION 3*%*
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Abstract

First it is proved that both the integral of the divergence and the Melnikov function are
invariants of the C? transformation. Then, the problem of the planar homoclinic bifurcation
with codimension 3 is considered. It is proved that, in a small neighborhood of the origin in the
parameter space of a C” (r > 5) system, there exist exactly two C"~! semi-stable-limit-cycle
branching surfaces, and their common boundary is a unique C"~! three-multiple-limit-cycle
branching curve. The bifurcation pictures and the asymptotic expansions of the bifurcation
functions are given. The stability criterion for the homoclinic loop is also obtained when the
integral of the divergence is zero. The proof of the auxiliary theorems will be presented in [16].

Keywords Homoclinic bifurcation, Codimension, Semi-stable-limit-cycle branch,
Three-multiple-limit-cycle branch.
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§0. Introduction and Main Results

In recent years, a great number of papers considered the problem of the homoclinic
loop bifuraction (see [1, 2, 4, 6-11, 13-15] and the references of [2]). Paper [2] solved the
problem of the homoclinic loop bifurcation in high dimension with codimension 2, i.e., with
the resonant eigenvalues and an additional condition (for the exact meaning see [2] or the
following several paragraphs). In this paper, we are interested in the planar homoclinic loop
bifurcation with codimension 3.

Consider the system

e o,
y=G(z,y )
with the hypotheses: F,G € C", r > 5, « € R™ is a multi-parameter, div(F,G) = 0 at point
(z,y,a) = (0,0,0), and there exists a homoclinic loop 'y passing through the saddle O(0,0)
when a = 0.

Choosing new parameters if necessary, it follows (see [6,7,10]) that, for any given m
r—1

satisfying 0 < m <[5

], there exists a C" transformation 7 such that, in a neighborhood

Manuscript received November 26, 1991. Revised April 24, 1992.
*Department of Mathematics, East China Normal University, Shanghai 200062, China.
**Project supported by the National Natural Science Foundation of China



206 CHIN. ANN. OF MATH. Vol.15 Ser.B

U of the origin, system (0.1), takes the form (rescale the time if necessary)

T =—-A\r— Z a;(a)z(zy)" + z(zy) " Ry (2, y, ),

o (0.2),,
g=y+ Y bil@)ylwy) +y(wy)" Ra(e,y, ),

i=1

where Ry, Ry € C", Ry, Ry = o((2% 4+ y?)("=2m=1)/2) the sign [z] denotes the integral part
ofz, \=1+pu, a= (a1, - ,ap_1, ) and T is linear outside some neighborhood U; D U.

Let v; =a; —b;. f p=vy =--- =v;_1 =0, v; # 0, then the origin O is called a fine
saddle of order i, and v; is called the i-th saddle value.

Throughout the paper, we assume v1(a) # 0. In other words, O is a fine saddle of order
1 when p = 0.

Denote I(a) = fFo div(F(z,y, ), G(x,y,))dt and call it the integral of the divergence.
In the case of dimension 2, paper [2] considered the homoclinic loop bifurcation with a fine
saddle of order 1 and I(0) # 0.

In the following, we always assume

1(0)=0, v >0. (0.3)

The sign of vy is not essential. In fact, if v; < 0, the transformation (x,y,t) — (y,z, —t)
changes v into —vy.

By using suitable variable to define the Poincaré map, we will actually prove that the
homoclinic loop bifurcation is uniquely determined by p, I(«) and the Melnikov function
when vy # 0, although, strictly speaking, the third one should be replaced by the distance
d(a)) between the stable manifold and the unstable manifold. For convenience’ sake (but
without loss of generality), instead of «, we regard 6(a*) = exp(I(a*)) — 1, p and d(a) as
the bifurcation parameters, where o* = (aq, -, @p—1,0).

The main purpose of this paper is to show the existence of exactly two semi-stable-
limit-cycle branching (SCB) surfaces, and the uniqueness both of the three-multiple-limit-
cycle branching (TCB) curve and of the intersection curves of these two surfaces with any
section running parallel to the parameter coordinate plane. We also obtain the asymptotic
expansions of the bifurcation curves. As a by-product, we get the stability criterion for the
homoclinic loop I" when the integral of the divergence along I' is zero and v; # 0. A direct
consequence of our results is that the number of limit cycles produced in the homoclinic
loop bifurcation when v1 # 0 is at most 3, which is already known in [7,10].

In section 2, similar to [2,3], we use the Sil'nikov variable to define the Poincaré map.
Thus we should transform system (0.1),, into the normal form (0.2) in some neighborhood
of the origin. But it is essential to prove firstly that both I(«) and the Melnikov function
are invariants of the C” transformation. In [6], we have shown that I(«) is an invariant of
the linear transformation. In section 1, we obtain the following sharper result: The integral
of the divergence, along a periodic orbit or any simple closed path consisting of orbits and
singular points, is an invariant of the C? coordinate transformation. The same conclusion

is true for the Melnikov function up to a positive constant factor.
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The main result of the paper is the following theorem.

Main Theorem. Suppose that v1(0) > 0, I(0) = 0, r > 5. In a small neighborhood
of the origin of the parameter space {p(0,pu,d)}, there exist exactly two continuous SCB
surfaces X1, Yo (see Figure 1). They are C™=1 for u # 0, and their common boundary is
a unique C™~Y TCB curve S. System (0.1), has ezactly three (resp. a unique and stable)
limit cycles in the neighborhood of I'y when P is above the 8 — p plane and below 31 U ¥q
(resp. at somewhere else), and exactly two (resp. none) limit cycles when P is below the
0 — 1 plane and above Yo (resp. at somewhere else).

Since it is clear that a homoclinic loop T'y, (I'y — T'g as o — 0) exists if and only if P is
situated in the 6§ — u plane, i.e., d = 0, we do not state this fact in the Main Theorem and
the following theorems.

The Main Theorem is an immediately consequence of the following six theorems where
we always assume that (0.3) holds.

Theorem 0.1. In a neighborhood of the origin on the 8 — d plane, there exists a unique
SCB curve (see Figure 2) d = dy(6), where

di(0) = (46v1)71?In" 1O+ 0(A*In"10), 0<0<<1,

d1(0) =0, dy is C™= when 6 >0 and C? at § =0, and § > 0 is a constant.

Moreover, when 6 > 0, the system (0.1)q corresponding to d > 0, di1(0) < d < 0 or
d < di(0) has exactly one (stable), two or none limit cycle near Ty respectively, and when
0 <0, the system has a unique and stable (resp. none) limit cycle near Ty corresponding to
d >0 (resp. <0).

Corollary 0.1. Suppose that O is a fine saddle with order 1 of (0.2),,, ' is a homoclinic
loop connecting O, and the integral of the divergence along I is zero. Then I is inner stable
(resp. inner unstable) if vy > 0 (resp. < 0).

In [8], we have shown that the order of a fine saddle combined with the sign of its saddle
value can not be a universal criterion for the stability of a homoclinic loop. And we learn
from [9] that the stability of T" is determined by the sign of the integral of the divergence
whenever it is not zero. By now, but, we can easily obtain these conclusions together with
Corollary 0.1 from the formula (2.14) of the successive function

Ps(s,0,d) = d + §0s + 6*v15* Ins + O(s?) + O(0s* In s),
where s > 0. It is very similar to the following formula given in [10]
P(h) = c¢1 + cohlnh + c3h + csh®*Inh + - - - (0.4)

which is the first order approximation with respect to € of the successive function near a
homoclinic loop of the system v = —H, —¢f, y = H, + g, where the Hamiltonian function
H(z,y) = h. Without too much difficulty, it can be shown that ¢; is a constant Melnikov
function, c; = p and c¢3 = e I(g). From (2.14) and (0.4), we see the dominant function
played by d, u, 8 and v; in the homoclinic bifurcation.

Corollary 0.2. Suppose that the perturbation keeps O as a fine saddle with order 1.
Then, Tg can bifurcate at most one limit cycle if I(0) = 0, while there exist six possibilities
shown in Figure 2 if I(0) # 0.
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The above result corresponding to I(0) # 0 can be easily obtained from Figure 2 and is
firstly proved in [8].

Theorem 0.2. In a neighborhood of the origin on the 6 — u plane, there exists a unique
and continuous SCB curve (see Figure 3) 0 = 01(n), where

01(p) = —plnp+ hot., p>0,

and 01 is C"~% when pu > 0 and has the inverse function py(0) = —0In"' 0+ h.o.t..
Moreover, the corresponding system (0.1),, has exactly two (resp. none) limit cycles near
Ty when p >0, 6 > 01(p) (resp. < 01(n)), one (resp. none) limit cycle when pn =10, 6 > 0
(resp. <0), and one and stable limit cycle when p < 0.
Theorem 0.3. In a neighborhood of the origin on the p — d plane, there exists a unique
C"=1 SCB curve (see Figure 4) d = da(u), where

dy(p) = —(2T + 1)(40v1) "' p® +o(p?), 0< —p <<1,

d2(0) =0 and dy is C? at = 0.

Moreover, system (0.1)q has exactly one and stable (resp. none) limit cycle near I'y when
w>0andd >0 (resp. <0), and one, two or none limit cycle when p < 0 and d > 0,
da(p) < d <0 ord < da(p) respectively.

Theorem 0.4. (i) Assume 0 < 0y << 1. Then there exists a C"! function uz(6o) >
11(0o) such that, in a neighborhood of the origin on the section 0 = 0y, there exist exactly
two SCB curves (see Figure 5) d = dz(0p, ) for 0 < p < p2(0o) and d = dy(6o, p) for
—1 << p < pa(bo), and a unique TCB point (ua, ds(0o, p2)), where ds, dy are C™~1 when
w # 0, and d3 (resp. dy) is C* (resp. continuous) at p = 0, d3(6o,0) = d3(0,) = 0,
d4(00,0) = d1(0o), da(bo,p1(00)) = 0, da(0, 1) = da(p), ds(fo,p2(60)) = da(bo,p2(0o)),

é%di(ﬁmu) >0 for u#0 andi=3,4, %dg,(eo,()) =0, and

lim 41~ d3 (00, 1) (1 + 00) '/ = Gexp(—1+2T/(1 + 6p)).
>

Moreover, system (0.1), has exactly one (stable), three, two or none limit cycle near I'g
corresponding to {d > ds, p < pa}U{0 < d < dy, p1 < p < pa}U{d >0, u <0 orp> ust,
{max{0,ds} < d <ds, 0 < p<po}, {das <d <0, p<pr}or{d<ds p<pmp}u{d<o,
> [} respectively.

(ii) Assume 0 < —0y << 1. Then, in a neighborhood of the origin on the section 6 = 6y,
there exists a unique C' SCB curve (see Figure 6) d = dy(0o, 1) for p < 0 satisfying

0 0
ds(0, p) = do(p), da(60,0) = afudz;(@o,u) =0, @dz;(@o,u) >0 for <O,

lim, p da (0o, ) (1 — 60) /" = S exp(—1+2T/(1 = b)),
p—

and dy is C"™1 when 0 < —p << 1.
Moreover, if define dy(6o, 1) = 0 for > 0, then system (0.1), has exactly one (stable),
two or none limit cycle near Ty when d > 0, dy < d < 0 or d < dy respectively for |u] << 1.
Theorem 0.5. (i) If 0 < pg << 1, then, in a neighborhood of the origin on the section
W= pig, there exist exactly two C™=1 SCB curves (see Figure 7) Ly : d = d3(0, j0) and Ly :
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d = ds(0, o) when 0 > 02(ug), and a unique TCB point (0, dz(02, 110)), where O € CT1 is
an inverse function of usg,

0 < 02(p0) < 01(po), dz(O2(po0), o) = da(02(p0), o),  da(b1(p0), p1o) = 0.

Moreover, system (0.1), has exactly three (resp. two) limit cycles near T'g when 6 > 05(p),
max{dy,0} < d < ds (resp. 6 > 01(po), da < d < 0), and one (resp. none) limit cycle near
Ty when (8,d) on the left of L1 U Ly and d > 0 (resp. d < 0).

(ii) If 0 < —po << 1, then, in a neighborhood of the origin on the section p = pg, there
exists a unique C"~1 SCB curve (see Figure 8) d = d4(0, po) satisfying d4(0,0) = d1(0) when
0 >0 and ds(0,0) =0 when 8 < 0. Moreover, system (0.1),, has ezxactly one (stable), two or
none limit cycle near Ty corresponding to d > 0, dy(0, uo) < d < 0 or d < dy respectively.

Theorem 0.6. (i) If 0 < dy << 1, then, in a neighborhood of the origin on the section
d = dy, there exist exactly two C"~ SCB curves Ly : i = pu3(do,0) and Ly : p = pa(do, )
when 6 > 0%, and a unique TCB point (6%, u*), where ps(do, 0*) = pa(do, 0*) = p* = pa(0*),
u3(do, 0) < pa(do,8) for 0 > 0%, dy = ds(0, us) = da(0, pa), and ps(do,0) — 0, pa(do,0) —
p1(0) as dg — 0. System (0.1), has a unique and stable limit cycle (resp. exactly three limit
cycles) near Ty when (0, ) is in the side of L = Ly U Ly which contains (resp. does not
contain) the origin.

(ii) If 0 < —dy << 1, then, in a neighborhood of the origin on the section d = dy, there
exists a unique and continuous SCB curve Ly (see Figure 10) with limits 0 = 01(p) and the
negative 0-axis as dy — 0, and Lo is CT=1 when p # 0. System (0.1), has exactly two (resp.
none) limit cycles near Ty if (0, 1) is in the right (resp. left) side of L.

The proof of Theorems 0.1-0.6 will be given in [16].

§1. Invariance of the Divergence Integral and Melnikov Function

In this section, we show that the integral of the divergence and the Melnikov function are
invariants of the C? coordinate transformation.

Let L :x = x4(t), y = y;(t) for i = 1,--- ,m and f%Ti <t< %Tz be a periodic orbit
(corresponding to ¢ = 1 and T} finite) or a simple closed path consisting of m singular points
and m pieces of orbits (corresponding to T; = oo) of the following C” system

&= P(z,y),
. (L1)
v =Q(z,y).
If 1 <r, then a C™ transformation T’
u = u(z,y),
(1.2)

v=1(z,y)

transforms (1.1) into a C™~! system
u= f(u,v),
. (1.3)
v = g(ua 'U)a

where (i;) =A <g>, A= ggz:g, and L becomes

L' iu=wu(z(t),y(t), v=wvi(z®),yt)) fori=1,--- m.
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Theorem 1.1. If2 <7y <7, then [,,(fu+ go)dt = [, (P, + Qy)dt. In other words, the
integral of the divergence of a C" (r > 2) system along a periodic orbit or a simple closed path
consisting of singular points and orbits is an invariant of the C? coordinate transformation.

Proof. Denote D = det A = u,v, —uyv,. Then D € C"'~1 C C', D # 0, and z,D = vy,
ToD = —uy, yuD = —vs, yoD = u,. By a careful calculation, we obtain

n+%:m§ b

_ tr(A ( Q) ) D_l(P, Q) (Uyum = Ugllgy — UyVze + vamy>

oz y) VyUgy — Vglyy — UyVszy + UgVyy
0P Q) 1
= tr( 2@.y) )+ D (D P+ DyQ).

The last equality holds since the trace is an invariant of the similarity transformation.
Now it follows that

/l(fu+gv)dt:/L(Px+Qy)dt+/LD*1(Dxdx+Dydy)
:/(Px+Qy)dt+/d(ln|D|)
L L

- [+

Next we prove that The Melnikov function is an invariant of the C? coordinate transfor-
mation up to a positive constant factor.

Consider the C" perturbation system
& = P(z,y) +ePi(z,y,¢e,q),
¥ =Qz,y) +eQi(z,y,c, ),
where P, Q, P1, Q1 € C",r > 2, ¢ € R, « € R" are parameters.

(1.4)cq

Let L: 2z = x(t), y = y(t) be either a periodic orbit with period T' or a homoclinic orbit
or a heteroclinic orbit of (1.4)p,. Take point p € L arbitrarily and time ¢ such that the
coordinate of p is (z(0),y(0)). Let ¥ be a section of an orthogonal orbit of system (1.4)c,
passing through p, L., an orbit of (1.4)., running through p when L is a periodic orbit,
p1 € ¥ the first returning point of p along L., with the increasing of ¢, d(e, «) the directed
distance between p and p;. When L is either a homoclinic orbit or a heteroclinic orbit, we
denote by W* (resp. W*) the stable (resp. unstable) manifold of a singular point sufficiently
near L with W* W" — L as ¢ = 0, pj and p} the first intersection points of W* and W*
with X respectively, d(e, «) the directed length of the vector p§ — p¥. If L is either a periodic
orbit or a homoclinic orbit, then, as usual, the outer direction is designed as the positive
direction.

It follows from [5, 6, 12] that
d(e. ) { e®(a) 4+ O(e) when L is a periodic orbit,
6? = — . . o . . . . .
eBy'M(a) +O(e) when L is either a homoclinic orbit or a heteroclinic orbit,
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where By = (P2(z(0),5(0)) + Q2(2(0),5(0)))2, ®(a) = By *M(«), and

M(a):/Lexp(f /Ot(P_t+Qy)dt)(PQ1(x,y,O,a)QPl(m,y,O,a))dt. (1.5)

M («) is usually called the Melnikov function, and it plays a very important part in the
research of the homoclinic and heteroclinic bifurcation problems, whereas the function ®(«)
plays an essential role in the bifurcation problem concerned with a family of closed orbits
(see [5, 6, 12]).
Under the C™ transformation (1.2), system (1.4)., takes the form
= f(u,v) +efr(u,v, &, ),

1.6
0 = g(u,v) +egi(u,v, e, @), (16)

where <§1> =A (Sl ) Now, L, ® and M become L', ®' and M’ respectively.
1 1

Let Dy = D(x(0),4(0)), Bio = (f2(uo,v0) + g*(u0,v0))?, where ug = u(z(0),y(0)),
vo = 0(2(0), y(0)).

Theorem 1.2. If 2 < r; < r, then ®'(a) = DyByBiy ®(a) and M'(a) = DoM(a), i.e.,
neglecting a positive constant factor, the functions ®(a) and M(«) are invariants under a
C? transformation.

Proof. Since the proof is similar, we only show the invariance of M («).

Denote D(t) = D(z(t),y(t)). Then from the proof of Theorem 1.1 we have the following

equality
t t
/(fqugv) L,dt:/ (P, + Q)| dt + n|D(t)] — In |Dy.
0 0

USing the relation fgl(‘r’ y707a) - gfl(x7ya 0) O{) = D(PQl(xvya 0,0é) - QPl(.T, 21707 Oé)), we
obtain

M0 = [ exp(= [ (000 (o1 (0.9.0.0) = 9fs (2.3.0,c0)d

t
= DO/ eXp(—/ (Pal + Q’lj)dt)<PQ1(x7yaoaa) - Qpl(xay707a))dt
L 0
= DoM(Oz)
Remark 1.1. Let ¢ = |af, P(z,y) = F(2,y,0), Q(z,y) = G(z,y,0), ePi(z,y,a) =

F(z,y,a) — P(x,y), eQ1(z,y,a) = G(x,y,a) — Q(z,y). Then system (0.1), has the form
of (1.4)cq

§2. Poincaré Map

Consider the C" system

r=F T, Y,x),
, o) (2.1)a
y=Glz,y, ),

where r > 5, « € R™. Assume that O is a fine saddle of system (2.1)g with order 1, Iy
is a homoclinic loop of (2.1)g passing through O, the first saddle value v1(0) > 0, and the
divergence integral I(0) = 0.
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Take a C” transformation T such that system (2.1), is changed into the following C”
system (rescale the time ¢ if necessary)

T = —)\.’E-‘FP(.’L‘,y) +f($’ya04)7
y = erQ(:C,y) +g(z,y,a),

where Pa Q7 f7 g € CT7 f(xay70) = g(x,y,()) = 07 A=1 +/’La @ = (0517"' 7an—1vu)a
functions P, @, f, g and their first order derivatives all vanish at the point (z,y) = (0,0).

(2.2)

Moreover, we can choose T such that, in some neighborhood U of the origin, system (2.2)
has the form
& = =X — ai(@)z’y + °y* R (z,y, ),
§=y+bi(a)ay’ + 2%y Ro(,y, ),
where Ry, Ry € C", R1(0,0,a) = az(a), R2(0,0, ) = ba(a), for the meaning of as and bo
see (0.2),,. For simplicity, we still use I’y to denote the image of 'y under the transformation
T.
Using the Sil'nikov variable, now we establish the Poincaré map defined by the orbits in
the neighborhood of I'y.
Take 6 > 0 sufficiently small such that the segments L, = {(z,y) : 0 <z < §,y =} and
Ly ={(z,y) : 2 = 6,0 < |y| <4} are completely situated in U. For any 0 < yo < J, there
exists a unique time 7 such that the orbit starting from (d,y0) at ¢ = 0 firstly intersects L,

(2.2)1

at ¢ = 7. Equivalently, the second component of the solution (x(t,d,yo), y(t,d,y0)) for the
initial value problem of (2.2) satisfies y(7,d,yo) = 9.
1) The case p > 0.
Let z1 = 2(7,0,y0). When 0 < ¢ < 7, it follows from the constant variation formula that
t
z(t) = e M (6 - / e (a12?y + x3y2R1)ds>,
0
. (2.3)
y(t) = e’ (yo + / e *(brxy® + m2y3R2)ds).
0
Since the hyperbolicity guarantees the validity of the C! linearization theorem (see [3])
in the case of 2 dimension, we can use
2(t) =de N, y(t) =yoe', yo=de T
as the first approximation in the right hand of (2.3), and get
1 =0s'TF — a1 83T 4 632 4 O(pm s, (2.4)
Yo = 05 — p 1016%8% + b1 0%s*H + O(ptsd), -

T

where s = e~ 7. s is called the Sil’'nikov time, and s = 0 is corresponding to 7 = +o0.

Define the Poincaré map
’/Tlle—)Ly, (El*—>71'1(l'1),

where 7 is induced by the orbits. Selecting a suitable system of orthogonal curvilinear
coordinates, we can obtain (see [12] Chapters 2 and 4)

m1(z1) = d(@) + a(a)z; + O(x?), (2.5)
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where d(«) is the ordinate of the first intersection point of L, with the unstable manifold of
saddle O of the perturbation system (2.2), and
T2 1 [ dB
a(a) :exp( (_M+Pz+Qy+fac+gy)dt_ By 7)3 (26)
Ty 2 o1 B
where B = (—x+ P)?+ (y+Q)?, T'o; is a piece of segment of I'y starting at (0,§) and ending
at (4,0), and Ty, Ty are the times corresponding to points (0,d) and (d,0) respectively.

From the special form of (2.2);, it is easy to see that

T> +oo
/T (Pp+Qy + fo+gy)dt = /_ (Pp+Qy + fo+gy)dt
+o00o
z/_ (fz + gy)dt. (2.7)

The last equality is valid simply because I(0) = 0.
Let L; be the upper part of L, situated in the above of the z-axis. Then, still by the

/ 7" ‘(/L; */Lx ) =0 (2.8)

Denote a* = (a1, -+ ,ap—1,0), exp(I(a*)) =1+0, To — Ty = 2T, hg = (1 +0)(1 —2uT),
h = hg, By = arhg + b1, E = Fp, and

Py(s,0,u,d) =m(x1) — yo- (2.9)

speciality of (2.2)1, we get

Obviously,

“+o00
I(a”) :/ (fo + gy)dt (2.10)

is the divergence integral of the perturbation system (2.2) which keeps 0 as a fine saddle
with order 1. Combining (2.4)-(2.10), we have

a(a) = (14 0)e 2T, (2.11)
Py(s,0,p,d) = d — 65 + Shgs' ™M + 7 1016%s% — p= Bys3 s>t
+ pu a1 83hes* T 4oy (2.12)

where r1 = O(s?T2#) + O(p?s*) + O(u~1s?).
2) The case p < 0.

Let t — —t. Then system (2.2); becomes
i =\ + a1 (a)2y — 2392 Ry (2, y, ), (2.2)2
§ =~y —bi(e)ry’ — a®y’Ra(,y, ). '
Define the Poincaré map w5 : L; — L., where we assume that L, has been extended
to the region z < 0. And denote 6; = (1 +6)~' =1, go, = (1 +61)(1 + 2uT), g = go,
Fo, = a1 +bige,, F=Fy, s =e M, uy = (1+ )"t — 1, and Pa(s,0,pu,d) = ma(y1) — xo-
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Then
PQ(Sa 07,“‘7 d) = dl + ail(a)yl — X0 + O(y%)
=d; —ds+ 699181"”“ —pta183s® + ,u_153F9182+“1
— ,uflblzsgggl S22 4y (2.13)

where 79 = O(s22#1) + O(u~1s3) + O(u?s' ™), dy and d have different signs, and d; = 0
iff d = 0. For simplicity, in the following, we always substitute —d for d;.

3) The case p = 0.

Using (2.3) and s = e~ 7, we get

1 = x(T)
=5+ a10°s%Ins + O(s® In s),
Yo = 05+ b10°s*Ins + O(s® In s).
Define P5(s,0,d) = m1(z1) — yo. Then
Ps(s,0,d) = d + a(a)z; — yo + O(x?)
=d+ 505 + 5*v15°Ins +r3, (2.14)

where 73 = O(s?) + O(0s? In s).

Theorem 2.1. Py, P, P3 defined by (2.12)-(2.14) respectively are C™ (resp. continuous)
when 0 < s << 1 (resp. 0 < s << 1) and |0], |pul|, |d| << 1, and can be C' extended to the
region |s| << 1. Moreover, #lirgl+(P1 —7r1) = Py — O(s?), ry = O(s*2#) + O(p2s'tH), and
re = O(s2T211) + O(p2s' ).

Proof. Clearly, P and P are linear with respect to 6 and d, whereas P, is linear with
respect to 61 and d;. And since system (2.1), is C", P; is also C" with respect to p and
7=—Ins (or7=—-A"!lnsin casei = 2) for i = 1,2,3. Consequently, P; is C" when s > 0
forv=1,2,3.

It is easy to see that, from the expression of P; (i = 1,2,3), P; is C* at s = 0, and can
be extended to the region s < 0.

Denote s* = exp(ulns) = 1+ pulns + O(p?). Then a simple calculation shows that
;ii%(Pl —11) = Py — O(s?). Comparing r; with r3, we get 71 = O(s2T2#) + O(pu2s* ).

Similarly, we can get the asymptotic expression of rs.

Remark 2.1. In [10], it was established a general asymptotic expansion in any differ-
entiable class k for the Poincaré map along a homoclinic loop I' of any planar vector field
unfolding x,:

Dale] ~ 2 = o+ onawl-] + fral--] + -+ B[]
+ ak+1mk+1w[- -]+ bk, (2.15)

where w = o ' (2 — 1), ¢y is C* for x > 0 and z is the parametrization of some transversal
section.

Comparing (2.12)-(2.14) with (2.15), we easily see that the expansions (2.12)-(2.14) have
the following three advantages.
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1) The expansions of P; (i = 1,2,3) are more precise than that of D,[z] — .
2) The first three coefficients in (2.12)-(2.14) have the already known meanings.

3) P; (i=1,2,3) can be C! extended to the region |s| << 1 as claimed in Theorem 2.1,

and this is essential to the proof of our results.

(1]

2]

(3]

(4]

(5]

(6]

[7]

(8]

(9]

The proof of Theorems 0.1-0.6 will be presented in [16].
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