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TWO EXISTENCE THEOREMS OF PERIODIC
SOLUTIONS FOR DIFFERENTIAL DELAY EQUATIONS**
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Abstract

This paper corrects and improves two theorems on the existence of non-trivial periodic
solutions of differential delay equations published in this journal.
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¢1. Introduction

Since Kaplan and Yorkel) provided a method of studying the existence of nontrivial
periodic solutions of differential delay equations by use of ordinary differential equations,
much work has been done to extend their results>=4. Instead of the equation #(t) =
—f(x(t — 1)), paper [4] considers more general equations

i(t) = —f(z(t),z(t — 1)) (1.1)
and
#(t) = =F(z(t),z(t —1),...,2(t —1)) (1.2)

and gives two theorems on the existence of nontrivial periodic solutions. Although these
theorems are interesting, there is some thing wrong in their proofs which makes the corre-
sponding conclusions unacceptable. Our purpose is to correct and improve the results given
there.

§2. Errors in Paper [4]

It is supposed in paper [4] that

1° f:R? — R is continuous, zf(y,x) > 0 for x # 0,y € R;

2° f(=y,2) = f(y,2), [y, —2) = — f(y,2);

3° | fly,z) |<7r(] = |), where f(s) > 0 is continuous in s with 7(0) = 0 and r(s) > 0 for
s> 0;

4° [ f(y, x)dx = +oo for any fixed y € R;
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5° there is a constant M > 0 such that

M| f(yr, @) =] fy2,2) | for [y1 [2] y2 [> 0;
6° o= lim f(y,z)/x and = lim f(y,z)/z (see Lemma 4, [4]).
z—0 T—00
The conclusion in [4] is that for an integer k& > 0 if
a< g(ﬁlk—i—l) <B or B< g(4k+1) < a,
then Equation (1.1) has a nontrivial periodic solution with period 4/(4k + 1) ( Theorem 1,
[4]) or when
_ F(l’a%_x’ —Y, 7(_1)%:17)7 n = even,
fan={ Ry ), e e
Equation (1.2) has a nontrivial periodic solution with period 4/(4k + 1) (Theorem 2, [4]).
Remark. Theorem 2 in [4] gives only the result for & = 1. It is not difficult to extend it

to the case for k > 1 if the theorem is true.

One of the bases for the proof of the above results is Lemma 4 in [4]. But it is not correct.
Let
Jy = BN @A), 2(A) +y V), y(E D)
z2(t, ) + y2(t, \)
where (x(t, ), y(t, X)), A > 0, is a trajectory of the equations
&= —f(z,9),
{ y=f(y,z)

passing through the point (A, \) in the z,y-plane. Paper [4] claims )l\in%) Jx(t) = « under
—

(2.1)

conditions 1° — 6°. Unfortunately this claim is incorrect. Therefore Lemma 4 and, as a
result, all main conclusions in [4] remain unproved.
We give a counterexample to the mentioned claim as follows. Let

14 ny\z}% 22 +y2 £0,
fly,x) = [ v ) yz#
0, z“+y*=0.

Obviously f(x,y) is continuous on R?, f(—y,z) = f(y, ), f(y, —v) = —f(y,x) and

3 3 | y1¢ | 3
o)1= 51wl 5[0+ s Lo l=5 1 o) | for iz l<l o
and
azlimmzlim[l—f— |2y | | =1
z—=0 T z—0 2 4 92

No matter how small A > 0 is, there are points on the trajectory (z(¢,\),y(t,\)) such
that | z(t, A) |=| y(¢, ) | since (z(t, \),y(t, A)) is a closed trajectory around the origin (0, 0)
(see Lemma 1, [4]). At such points Jy(t) = 3/2. Therefore

lim Jy(t) # 1 = a.

The same problem arises when A — co. So Lemma 4 in [4] is not true since its validity rests

on the claim.
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Such errors come from the neglect of the difference between limits of functions of one
variable and of multiple variables. Besides, we shall find that the conditions 3° — 5° are not
necessary.

83. Main Results

We make two groups of assumptions.

(Hy):

1) f € CO(R*, R), yf(z,y) >0 for y # 0, f(—z,y) = f(z,y) and f(z,—y) = —f(z,y);

2) For z € R, f(z,y)/y tends uniformly to o > 0 as y — 0 and to 5 > 0 as y — oo, where
« and 8 may be infinite;

3) Forall u e R, lim | fly,2)/f(z,y) |< oo or for z € R,| f(z,y) |< h(y) < oo,

(@,y)—(u,00)
where h(y) is continuous on R.

(Ha):
1) The same as 1) in (Hy);
2) lim f(z,y)/y=a>0and lim f(z,y)/y = B > 0, where a and 8 may be

2492 —0 z24+y2— 00
infinite;
3) lim )|f(y,a:)/f(x,y) |< oo for any u € R.

(z,y) = (u,00

Clearly (H;) and (H3) do not imply each other.

Theorem 3.1. Suppose that (Hy) or (Hz) holds and k > 0 is an integer. If a <
F@k+1) < B or B < §(4k+1) < «, then Equation (1.1) has at least one nontrivial periodic
solution with period 4/(4k + 1).

Corollary 3.1. Suppose that (Hy) or (Ha) holds. If one of o and 8 is infinite, then
Equation (1.1) has infinitely many nontrivial periodic solutions.

Theorem 3.2. Suppose that (Hy) or (Hz) holds and k > 0 is an integer. If a <
TAk+1)<p orB < G(4k+1) <a and

F(z,y,—z,~y,...,(—=1)%z), n = even,
fley) = { F((x,z,,...,(y1)"zl(x, ()1))"21y), n = odd,
then Equation (1.2) has at least one nontrivial periodic solution with period 4/(4k + 1).

§4. Proof of Main Results
Lemma 4.1. Suppose that (Hy) holds and there is a numger m > 0 such that
lim | f(z,y) [=m if lim | f(y,z)/f(z,y) |[< o0
y—o00 (z,y)—(u,00)
does not hold. Then all the normal trajectories of Equations (2.1) are closed curves around
the origin in the x,y-plane.

Proof. Under Hypothesis (Hy), it is easy to see that the trajectories of Equation (2.1)
are all symmetric with respect to both z- and y-axes. Furthermore, they are also symmetric
with repect to both the lines z — y = 0 and = + y = 0. So we need only to prove that any
trajectory starting from point (A, A), A > 0, will intersect the positive y-semiaxis. Otherwise



220 CHIN. ANN. OF MATH. Vol.15 Ser.B

the fact that @(¢) < 0 and y(¢) > 0 for z(t) > 0, y(t) > 0 implies that tlim x(t) =29 >0
—00
and tlim y(t) = +o0. Therefore
—00

dy

o [
tooodr @y~ (woco) | f(@,y)
If lim | f(y,z)/f(z,y) |< oo for any u € R, then

(2,9) > (1,00)
o W) £ 00,

(@)= (z0,00) f(2,y)
a contradiction. If | f(x,y) |< h(y) < co and lim | f(z,y) |> m for any x € R, then

Y—>0o0

‘f ‘ h(xo)

(=, y)%(xo o)l f
also a contradiction. This lemma is now proved.
Similarly we have
Lemma 4.2. Suppose (Ha) holds. Then all the normal trajectories of Equation (2.1) are
closed curves around the origin in the x,y-plane.
Lemma 4.3. If (z(t),y(t)) is a 4w-periodic solution of Equation (2.1), w > 0, then x(t)
is a dw-periodic solution of

o(t) = —f(x(t), z(t — w)) (4.1)

with x(t — 2w) = —x(t).

Proof. The proof of Lemma 3 of paper [4] shows y(t) = z(t — w) and z(t — 2w) = —x(¢).
Then the first equation in Equation (2.1) implies our conclusion.

Lemma 4.4. When w = 1/(4k + 1), any 4/(4k + 1)-periodic solution of Equation (4.1)
is also a periodic solution of Equation (1.1) with the same period.

For the proof see [1], [3] or [4].

Let (z(t, ), y(t, X)) be the periodic solution of Equation (2.1) passing through the point
(M A), A >0, and Ty, its period.

Lemma 4.5. Under the conditions of Theorem 3.1, Equation (2.1) has at least one
periodic solution with period 4/(4k + 1).

Proof. Without loss of generality we assume that
B < (4k +1) <

Let 6(t,\) = arctan[y(t, \) /z(t, A)]. Then 0(t, \) = Jx(t), where
z(t, A f(y, x) +y(t, ) f(2,9)
x2(t, N) + y2(t, A)
_ - [y, =) f(z,y)
= 20N + PN PN T N A)]
Under the conditions of Theorem 3.1 and the additional assumption

lim | f(z,y) |>m >0, | f(z,y) |< h(y) < oo

y——4o00

Ia(t) =
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we have
(x(t, A),y(t,A)) — (0,0) uniformly as A — 0.
Otherwise there will be a singular trajectory other than (0,0), a contradiction to Lemma

4.1.
a) Suppose (Hs) holds. If o < oo, then

fly,x) f(@,y)
=a+o(l), =a+o(l
() Y o
as A — 0. This implies Jy(t) = a + o(1). Therefore when ) is small enough,
T
- / ao = [ (0t =+ o111,
0
and hence
T 2w 4

a+o(1) < 4k +1°
If o = +o0, then for a number M > 7(4k 4 1) there is a § > 0 such that
w2 gy f@y) oy
x(t,\) y(t, \)
and hence Jy(t) > M when A < §. Therefore Ty =< 27 /M < 4/(4k + 1).
Similarly we have T\ > 4/(4k + 1) when X is large enough, no matter whether 5 > 0 or
B = 0. So there is at least one A9 > 0 such that Ty, = 4/(4k + 1).

b) Suppose (H;) holds. If( )liII(l ) | fly,z)/f(x,y) |< oo holds for all w € R or
z,y)—(u,00
| f(z,y) |< h(y) and lim | f(x,y) |> m > 0 hold for all z € R, then it follows from Lemma

Y—>0o0

4.1 that all the trajectories of Equation (2.1) are periodic around the origin.

The condition that f(z,y)/y — « uniformly as y — 0 implies

f(z,y)
=a+o(l when a < oo
y(t, A) o
or
f(z,y)
>M > —(4dk+1 when a = .
y(t, A) ( )
A similar argument as above leads to the inequality.
T\ <4/(4k +1) for small . (4.2)

On the other hand, the condition f(z,y)/y — 0 uniformly as y — oo implies that for a
number b € (3, 5 (4k + 1)) there is a G > 0 such that

f(z,y)
y(t, A)

(y,x)
x(t, A)

Let K = ‘H‘laX h(y) and take M > 0 so large that
yI<

<b< (4k+1) for |y(t, A) |> G,

<b< (4k—|—1) for |z(t,\) |> G.

GK

M>\VEa+y o
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Consider

Dy ={(z,9) [ |z ],]y|> G},
Dy ={(z,y) | |z |<G,|y|> M},
Dy ={(z,9) | |y |G, [z |> M}
Obviously D1 N Dy = Do N D3 = D3N Dy = ¢. Since
Jim 22t 0) 4y (5, A)] =

we have (z(t,\),y(t,\)) € Dy UDy U D3, for A large enough.
When (Jj(t? A)ay( )) € Dla
1
It = 22(t, >\) + 2t
<b< (4k +1).

And when (z(t,\),y(t, \)) € Dg,

1
22(t, ) + y2(t, \)
GK

< — 4 1
i, +b< = ( k+1).
Similarly Jy(t) < 5(4k + 1) when (Jc(t7 A),y(t,A)) € Ds. Therefore

[#2(t0) J; W2 4 2,0

Ia(t) = [t 7o)+ 70 0)

27

Ty
o = do:/ In()dt < T(4k + 1Ty
0 0 2

It follows that
T\ >4/(4k+1) for A large enough . (4.3)
The inequalities (4.2) and (4.3) imply that there is at least one Ay > 0 such that
ho = 4/(4k + 1).

¢) The case which remains unproved is that (H;) holds with | f(z,y) |< h(y) < oo while
lim | f(z,y) |= 0. Since f(z,y)/y — B > 0 uniformly as y — oo, such a case occurs only

Y—0o0

when 8 = 0. So there is an M; > 0 such that f(z,y)/y < 1 and hence | f(x,y) |<| y | when
| Yy |Z Ml. Let

M; = max h(y) < sup | f(z,y)| and M =1+ max{M;, Ma}.

ly|< My ly| <M,
We define F(z,y) as follows:

_ f(z,y), |y |< M,
Fla,y) { f(x, M sgn(y)) + (y — M sgn(y)), |y|> M. (4.4)

Obviously F(x,y) satisfies all the requirements of (H;y) with
f=1< (4k:+1)<a:d

and

TN h(y), |y |< M,
hly) = { h(M sgn(y))+ |y — M sgn(y) |, |y |> M.
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The condition that F(z,y)/y — B = 1 uniformly as y — oo implies
lim | F(z,y) [= o0

Yy—00
It follows from the established result in b) that
it) = —F(a(t), alt - 1)) (4.5)

has at least one 4/(4k + 1)-periodic solution ().

We prove now that

m =max | z(t) |= max | z(t — 1) |[< M.
teR teR

Otherwise m > M. Let x(tg) = m. Then %(tyg) = 0 and thus x(tp — 1) = 0. Let Ey, F5 and
FE3 be the sets

{t S [to — 1,t0] | l‘(t — 1) |§ Ml}, {t € [to — 1,t0] | My <| Z’(f — 1) | MQ}

and [tg — 1,tg] — (E1 + E2) respectively. Then u(Ey) + p(E2) + p(E3) = 1, here pu(F;) is the
Lebesque measure of set F;, i = 1,2,3. Now

o(to) = / "R, (i - 1)t

/E1 /E2 [ES | F(x(t),z(t —1)) | dt

<m,

a contradiction. Therefore | z(¢) |,| z(t — 1) |< M.

Since z(t) is a 4/(4k + 1)-periodic solution of Equation (4.5) with | z(t — 1) |< M, we
know from the relation F(z,y) = f(z,y) for | y |< M that x(¢) is also a 4/(4k + 1)-periodic
solution of Equation (1.1).

Lemma 4.5 is now proved.

It is obvious that Theorem 3.1 is a direct deduction of Lemmas 4.4 and 4.5.

Proof of Corollary 3.1. If @ = oo, then we take a periodic solution (z*(t),y*(t)) of
Equation (2.1) with trajectory I'* around the origin. Assume that its period is T*. Take
an integer ko > 0 such that 4/(4ko + 1) < T*. For any integer k > ko there is a periodic
solution (Z(t),7(t)) with the trajectory T' enclosed by I'* and period less than 4/(4k + 1)
since @« = co. So Equation (2.1) has at least one nontrivial 4/(4k + 1)-periodic solution
(zx(t),yx(t)) and thus xx(t) is a nontrivial 4/(4k + 1)-periodic solution of Equation (1.1).

If 8 = oo, then lim | f(z,y) |= co and hence the conditions of Lemma 4.1 are satisfied. A
Yy—00
similar argument can show that Equation (1.1) has a nontrivial 4/(4k + 1)-periodic solution.

The fact that k > kg is an arbitrary integer implies the expected result.
As to Theorem 3.2, we need only to notice that for a 4/(4k + 1)-periodic solution x*(t)
of Equation (1.1), it holds that
2 2 8k

)= -2 (t— — )= —a (- —— —
v =2t ) = s T T

)= —a*(t —2).
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& (t) = —f(a™(t), 2" (t — 1))
—F(z*(t),z*(t—1),...,(— )"/2 *(t)), for n= even
{ —F(z*(t),z*(t = 1),...,(=1)" Jc*(t) (— l)nz:lx”‘(t—l))7 for n= odd
=—F(z*(t),z"(t = 1),...,2"(t — n)).
That is to say, *(¢) is a nontrivial 4/(4k + 1)-periodic solution of Equation (1.2) under the
conditions of Theorem 3.1.

Remark. With our correction and improvement, the corollaries in [4] will hold. We do
not list them here.

§5. Two Examples

After checking the conditions given in this paper, we know that the conclusions about
those examples in paper [4] are true. We give other two examples here.

Example 5.1. If f(z,y) = (ax?+by?)y, a,b > 0, then Equation (1.1) has infinitely many
nontrivial periodic solutions.

Proof. Since
fly,x)

= i ay® +ba’
[yl @y—(uco)laz? +by? y

lim ’ ’ =0 for u € R,
(2,y) = (u,00)
it is obvious that f(z,y) satisfies hypothesis (Hz) with & = 0 and § = co. Our conclusion
comes from Corollary 3.1.

Example 5.2. If

2 2
flx,y) = %(W +9%),

then Equation (1.1) has infinitely many nontrivial periodic solutions.

Proof. It is easy to see that

| flzy) IS h(y) =2 y"* +4* |

and
1/3

> + 3.
‘ y ‘_Q\ylly vl

Therefore | f(x,y)/y | = oo both as y — 0 and as y — oco. After verifying the conditions of
(Hy), we reach the conclusion in view of Corollary 3.1.
Those theorems and corollaries in [4] can not give the above results even if they were

correct.
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