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ON THE MULTIPLE TIME SET OF BROWNIAN MOTIONS**

ZHOU XIANYIN*

Abstract

Let Sg be the p-multiple time set of the Brownian motion in d dimensions. In this paper, the

Hausdorff measure function for S2 is proved to be gog2) = t1/2(log | log t|)3/2, and the Hausdorff
measuure problem for Sg is also discussed. As a result, a conjecture suggested by J. Rosen is
partially proved.
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¢1. Introduction

Let BY = {B{};>0 be the Brownian motion in R? starting at the origin, whose probability

measure is denoted by p. It is well known that the sample path of B? has points of p-

multiplicity for any p > 2, and that of B2 has only double points. For convenience, we

let

Db ={zeR: Bfl:~~':pr:xforsome()§t1<~~<tp<oo},

SP={(t1,"-,t,) € RL: Btdl:---:pr for some 0 <t < --- <tp < 00}

There are already a lot of works on the study of the Hausdorff measure problem or Hausdorff

dimension problem for DY and S%. More precisely, Le Galll?! proved that the Hausdorff

measure function of DY is h,(x) and ks(z) respectively for d =2, p > 2 and d =3, p = 2,

where
hy(x) = z*(logx~logloglogx™ )P, Vp > 2, Vr € (0,1671),
ka(x) = x(loglogx_l)z, z € (0,1/4).
J. Rosen®" proved that for p > 2
dimS; = %; dimS? =1, a.e. —p,
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where dim A denotes the Hausdorff dimension of the set A. However, the Hausdorff measure

problem is still open for the set S%. in [6], J. Rosen conjectured that the Hausdorff measure

function of S% is @&2), where

o) =17 (log | log )"~ V/2, p > 2.

The aim of this paper is to investigate the Hausdorff measure problem for S%. To state
the main theorem, we let a(x, A) be the p—multiple intersection local time which satisfies

/]gd(p—l) f(@)al(z, A)dx = /.../f(Bf2 — B, Bl =Bl )dty---dt,
A

for any bounded Borel function f on R“?~1 where
ACRE ={(s1,-++,8) 1 0< 51 <+ <sp <o} and p>2.

It is well known that ag(az, A) exists only for d =2, p > 2 and d = 3, p = 2. Usually, one
denotes

ap(xaA) = ‘//(s(:zc)(Bitti2 *Bfl,-~- ,Bglp 7ng_1)dt1...dtp
A

for A C Rip, p>2, and z € R4UP—D),
The main result of this paper is as follows.

Theorem 1.1. There are constants cg,c1 € (0,00) such that
coas(0, A) < gogm —m(S2NA) <c1a3(0,4), u—ae. (1.1)

for any A € RE*N[0,t]? and t > 0, where ¢ — m(B) denotes the Hausdorff-p-measure of
the set B C R2.

This paper is organized as follows. In Section 2, the lower bound in (1.1) is proved, and
the upper bound in (1.1) is proved in Section 3. Our idea to prove Theorem 1.1 is basically
from [2]. In Section 4, we make an argument for the Hausdorff measure problem for Sy with
p > 2. Unfortunately, we are unable to solve completely this problem for d = 2.

§2. Lower Bound
The aim of this section is to show that for some constant ¢; € (0, 00)
€103(0, 85 N [ar, bi] % [a2,2]) < @ —m(S5 N [ar, ba] X [an,ba)), p—ae.  (21)

where a1 < b; < as < by. We begin with a lemma.
Lemms 2.1. There is a constant c2 € (0,00) such that for any s € (0,00)

a@+ (ng)(a))flag’(O, [s —a,s] X [s,s+a]) <coy ae. —p. (2.2)
Proof. It is easy to see that for any s € (a, 1)
a@3(0,[s — a, s] x [s,s + a]) @ d2a3(0,10,1] x [1,2]).
Thus, by [4, Lemma 2.2] we know that for ome constant c3 € (0, 00)

E, [ag(O, [s —a,s] x[s,s+ a])} < ka2 (k)32 WE>1, Vae(0,s),
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where E,, is the expectation with respect to p. Hence, there are constant cs,c5 € (0, 00)
such that
2/3
E, [(exp(q(ag(o, [s —a,s] x [s,s+ a]))/a1/2> )} <c¢s5, Vae(0,s). (2.3)
Fix s € (0,00) and let
anp = e V18" > 9
and for € € (0,00)
Fule) = {03(0,[s — an, ] x [5,5 + aal) > (e + ) al/2 (log | log ana)*/* .
By (2.3) we have
W(Fa()) <n{03(0. s — an, 5] x 5,5+ a]) > (e +2)*/%al* (g | logan )/}
<csexp(—a(cy " +¢/2)log|loga,l)
<cs(n/logn) ™12,

which implies

Note that a3(0, [s — an, s] x [s,s + a,]) is increasing as a function of a € (0, s), and 4,0;2) is

also an increasing function. Then, by means of the Borel-Cantelli lemma we can easily show
that (2.2) holds.

Now we can prove (2.1).

Proof of (2.1). For any process {X (t)}¢>0 and 0 < u < v, let

X(u+t)—X(#), t<v-—u,
wXolt) = {X(U)X(u), t>v—u,

X(w—1t)—X(u), t<v-—u,
'uXu( ) =
X(u) — X (v), t>v—u.
Let {X'(t)}:>0 and {X?(¢)};>0 be independent Brownian motion in R? starting at the
origin, and (s, s,)(0, A) be the intersection local time of OXbllfs1 and 0X§2752 for any fixed
a1 < 81 < b1 < as < 89 < by. It is clear that

Gy 0 (0,10, x [0,a]) @ 63(0,[1 —a, 1] x [1,1+a]), Va € (0,1).

Thus, by Lemma 2.1 we know that
T (¢87(a)) ™ @ (ar.00)(0,0,a] x [0,a]) < ca, 1 —ae, (2.4)

a—0t
By setting up a product measure in [a1,b;1] X [a2,b2] and using Fubini’s theorem, we can
prove that (2.4) holds for a.e.-m(s1, $2) € [a1, b1] X [az, ba], where m is the Lebesgue measure

in R?. Thus, we can easily get the following from [5, Theorem 2.2]

o3 (0, {(sl, EE a@+ (gogz)(a))flag(O, [s1,82+a] X [s2,82+a]) < 02}> =0, ae.—pu. (2.5)
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By (2.5) and [2, Proposition 2.6] one can show that for some constant cg € (0, 00)
o5 — ({(81,82) € [a1, 1] x [az, ba] : B?(s1) = B3(82)}>
> —m({(s1,52) € a1, ba) x [az,ba) 2 B(s1) = B*(sa),
lim (<p§2)(a))_1oz§’(0, [s1,82 + a] x [s2,82 +a]) < 02}>
>eqcytad (0, {(31,52) € [ar, b1] X [as, ba] : B3(s1) = B3(s0),
lim ((pgf)(a)) a3 (0, [s1,82 + a] X [s2, 89 4+ a]) < @})
=cocy tad (07 {(51,52) € [ar,bi] % [az, bo] : B3(s1) = 33(32)})

:6662_10‘3(0’ [ah bl] X [a27 bQ]) (26)

Note that the constants co and cg do not depend on the choices of a; < by < as < by. Hence
(2.6) also holds if [a1,b1] X [ag, bo] is replaced by any set A € RE? N[0, with ¢t < cc. In
other words,

o) —m(S2NA) > cge; 103 (0, A)

for any A C R¥? N [0,1]? with ¢ < oo, which proves (2.1).

§3. Upper Bound
The aim of this section is to prove that for some constant ¢; € (0, 00)
0 —m(S2 0 [a1, b1] x [az, ba]) < c103(0,52 N [ar, bi] x [az,bo)), ace. — p. (3.1)

We also begin with a lemma
Lemms 3.1. There is a constant C., € (0,00) for any v € (0,1/2) such that

M(Iag(xa [1 - t7 1] X [1’ 1+ t]) - ag(:% [1 - ta 1] X [1’ 1+ t])|
S22 — t_1/2|7) <exp(—c,n?), ¥n>1 (3.3)

for any |z| <1, |y <1 and t € (0,1).
Proof. As in §2, let {X'(¢)};>0 and {X?(t)}+>0 be independent Brownian motions in
R3, starting at the origin, and £2(z, A) be the intersection local time of them, i.e.,

(z, A) //5 XQ(U))dudv.

3@, [ — 1,1 x [1,1+1) € Ba(a, 0,4 x [0,4]).
By the scaling property of Brownian motion, one easily shows that

B2(x,[0,t] x [0,t]) — B2(y, [0,t] x [0,t])

(D)

= [62(t1/2'r7 [07 t] X [07 t]) - 62(75_1/2?% [07 t} X [07 t])]

It is clear that
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As in [1], we can show for any given v € (0, %)
EplBa(t™22,0,] x [0,4]) — Ba(t/2y,[0,2] x [0, )"
<CEERN V2 (@ —y)|*, VE>1,
where C, € (0,00). Hence,

Eulai(z,[1—,1] x [1,1+1)) —ad(y, [1 —¢,1] x [1,1+¢])|*
=t"2 B, Ba(t™ %2, [0, 4] % [0,1]) — B2(t™"/y, [0,2] x [0, )"
<CEERN?|E 2 (@ — )P Vi > 1

Thus, there is a constant C' — 2 € (0, c0) such that
Eu{exp[ 505 03w, 1 — 1,1 % [1,1 ) — oy, 1~ £,1] x [1,1 4 1))

22 12,0 o0 wee (01 <1
t | T y| > Gg, 6( ) )a |!L‘|, |y| = =

By the Chebyshev inequality, one can easily get the desired result from the above estimate.
We are now in a position to prove (3.1).
Proof of (3.1). Let a, = 27" for some § € (0,1), ¥n > 1, and Q,, denote the
collection of the following type set in [0, 1] x [1,2]

2
E= H [Kian, (ki + Day],
i=1
where k1 and ko are integers satisfying

14

0<k <2, 2" <y <.,

Let N,, denote the number of the set E belonging to €2, which intersects with S3, and such
that for large enought ng > 1
a3(0,[sg — ap, sp +ax] X [tg — a, tp + ag]) < r<p§)2)(ak), VE € [ng,n],

where r is a sufficient small positive constant, and (sg,tg) is the center of E. From the
argument in [8, §6] one can see that it suffices to prove the following for proving (3.1)

lim ¢ (a,)N, =0, ae.— p. (3.3)

n—oo

Now we let €,, be the collection of the following type set in R3
3
o~ Tl b o]
i=1

where [; is an integer number and satisfies

+

1, 1468 1, 1468 i
—n22m " < <p22n i =1,2,3.

Let N/ be the number of the cubes in @,, to which the point B3(s) = B3(t) belongs for
some (s,t) € S7. Denote

B YI)={s€[0,2]: B*s) eI}, ICR?
and let S be the number of k’s such that £ < 2[2“1+6] and there is a cubed I of length
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PREL satisfying

1+6]

BN k2 (k+ 127 ] £ 0.
As in the proof of [9, Lemma 2.4], one can prove that
w(S>nt) <273 yns 1 (3.4)
Let N,, denote the number of E belonging to €2, which intersects with S2. Then
N, <272 wyp > 1.

Note that for some constant ¢3 € (0, 00)

“(01252(2 |B3(t)| > n) <e o< 27 yp s 1

Thus, by (3.4) we can show that
E,N, <n*E,N..
By [3, Corollary 1.2] we know that for some constant ¢4 € (0, c0)
E,N, < cg2:" "’
Therefore,
E,L]\~/n < C4n42%"1+5, Vn < 1. (3.5)
For any E € Q, let Jg = {E N S? # 0}. Then

BN = 3 u(7s) - (682 (1)) " 0d(0, 55 — a5+
EcQ,

X [ts — ar, tp +ap)) <, Yk € [no,n]/JE>. (3.6)
Note that there is a point (7,0) € E such that

B®(r) = B*(0),

and
a§(07 [SE — a,Sg + ak] X [tE —ag,tg + ak])
sg+ag te+ag
:/ §(B2 — B — (B} — B))dsdt, (3.7)
SE—ag tg—ag
where we have assumed sg < tg. Since (7,0) € E, we have
,u(|B§—B§‘E| > 2’%”1+5n) < ,u( sup |B3| > a,lL/Zn) < 272”1”, Y>> 1, (3.8)1
0<s<an
u<|Bf’; -B?|> 2—%"“%) <272 wns 1 (3.8)s

Without loss of the generality, we may assume 7 € [sg — ay, sg| and o € [tg — ag, tg]. Then
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(3.7) and Lemma 3.1 can imply that

sptag tgtag

§(B2 — B2 — (B} — B2))dsdt

3E+Cbk tE"!‘ak 1/2
/ / 5(B*— B}, — (B} —B3) dsdt( > Zal/?,
te

|B: - Bl <Koy, 1B - B < ka)?)

sptag tp+ak

<i(

0(B; = B, + (BS, = BY) = (BY — By,) — (Bf, — By))dsdt

te

sptag tgtag 1/2
—/ / 5(B*— B} — (B} —B3) dsdt( > ~al/?,
t

E
‘ 1/2 1/2
[BS = B3| < Ka)?, |BY - B}, | < K'a)/”)

k1+5

<277 Vk € [ng,n — 1], (3.9)

where we have used the strong Markov property of B3 and the following fact
In <27 Vke[ng,n—1], n>ng+1. (3.10)

ag

By (3.7), (3.8) and (3.9) we can show that

rhs. of (3.6) <27+ 3 u( ( Pan)
EeQ,
sg+ag tEJra;C
/ / ~ BY(sp) — (BY(t) — BY(tr)) )dsdt <,
Vk € [ng,n — 1]/JE>
—2=" 4 B, (e a0) / / X2(8)dsdt <1,
Vk € [ng,n — 1]). (3.11)

We now estimate the following quantity

/ / — X3(0)dsdt < o (an ) )

<1 — exp(2¢57[(1 4 0) logn + loglog 2]). (3.12)

By (3.10), Lemma 3.12 and [4, Lemma 2.2] we can show that for some constant cg, ¢z €
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(0,00)
(2) N A ! )
u((ws (ak))™ / / (X' (s)— X (t))dsdtgr)
ak+1 Y k41
<exp(—cok?) + u(\Xl(ak+1)| <ka)?, 1X2(ar1)] < kaplly,

A [ f BN (s) = X (arsn) = (X3(6) — 2*(ar4))

+ X apy1) — X% (agq1))dsdt < r)

ag

k+1

A —Qk+1 Ak —Qk+1 9
<exp(—cek?) + u(/ / S(Xt(s) — X2(t))dsdt < 2r<,0§ )(ak))
0 0
<1 — exp(—c7r((1 + 0) log k + loglog 2)).
By the Markov property we can show that

n—1

(3.12) = H {1 —exp(—crr((1+ 6) logk + log log 2))}
k‘:’rbo
n—1
< H (1 _ k—c77‘(1—i-6/2))7
k?:’rlo

if ng > 1 is large enough. We now choose » > 0 to be small ehough. Then, there is a
constant cg € (0,00) for any given K > 1 such that
(3.12) < cgn™ X, ¥n > 1.
By (3.5) and (3.11) we know that for some constant cg € (0, 00)
E,N, < CQn_kn42%"H6, Vn > 1.
Thus we have, if K > 4,
wéQ(an)EuNn < con~ 9| loglog 2_"1+5| — 0, n— oo,
which implies (3.3).
To sum up, we complete the proof of Theorem 1.2.
§4. Remark

In this section, we give some remarks on the Hausdorff measure problem for the multiple
time set of the Brownian motions in R%. Let 64, -- , 6, be p independent Brownian motion
in R? and 8, be the multiple intersection local time of them, which is defined formally by

B,(y, A) = / / 50 (01(51) — 02(52), -+, Op1(5p1) — Op(5,)) s - s,
A

for any y € R?, A C (RI)P, and p > 2. Denote the p multiple intersection local time of
B? by a,(y, A), ie.,

@p(y,A):/~--/5(y)(32(81)—32(82),--- B (1) — B2(s))dsy - ds,
A



No.2 Zhou, X. Y. MULTIPLE TIME SET OF BROWNIAN MOTIONS 233

for any A C (RE)P, y € R*, and p > 2.
By [4, Lemma 2.2] thee are constants c1, ¢z € (0,00) such that
GNP < E, [ﬁp(o, [0,1] x -+ x [0,1]) = c5 (k1P (log k)P. (4.1)
By a similar argument in §3, we know that there is a constant ¢z € (0, 00) such that
e3a2(0, 82 M [ay, bi] % [az, ba]) > 0 — m(S2 N [a1,b1] x [as, ba]), ace. — p,
where S7 and <p§2) were defined in §1. One can easily generalize the corresponding result to
d =2 and p > 3. In order words, there is a constant C, € (0, c0) such that
ap(0, 8 Nag, br] x -+ x [ap, by])
>Coipd” = m(SE N far, bi] x -+ x [ap, by)). (4.2)
Note that (see [5]) the distribution of
{B%*(ay + s1), B*(ag + s2), -+ , B*(a, +8p) : (51,7 ,8p) € [0,b1 —a1] x --- x [0,b, — ap]}
is absolutely continuous with respect to that of
{01(s1),02(52), -+ . 0p(sp) € [0,b1 —ar] x -+ x[0,b, — ap]}

and vice versa, where 0 < a; < by < az < by <--- < a, < b,. Then, by a similar argument
in [2, §4] we can show that it suffices to prove the following for proving (4.2)

8,(0,85 N1 [0,a1,b1] x - x [0,a,,by])
>CroP) —m(ShN[0,a1,01] x - % [0,a,,by)) (4.3)
for some constant C), € (0,00), where
gg ={(s1,+,8p) 1 01(s1) =+ =0p(sp)} C (Ri)p~
By a similar argument in §3, one can also show that (4.3) is actually a result of the lower

bound in (4.1). Hence (4.2) is correct.

We now consider the estimate for the lower bound of
O — (S8 N a1, by] x -+ x [agbs]).
For any € € (0,1), let
o) (t) = t(log |logt|)P~1te, vt e (0,1/4).
By (4.1) one can show that for some constant c4(e) € (0, 00)
By exp(ca(€)8,(0,[0,a] x [0,a]) /)77 | < 00, Va € (0,1), ¢ € (0,1).
By a similar argument in the proof of Lemma 2.1 we can show
Tim (¢%P(a)) " B,(0.[0,a) x [0,a]) =0, ae.— .
Then, as in §2 one can show that for any ¢; € (0, 00)

dp (07 {(81, U ’SP) € (R1_>p : a@+ (‘ng) (a))_l

~ap(0,[s1,81+a] X -+ X [sp, s, +a]) > 5}) =0.
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By the density theorem (see [2, Proposition 5 and Proposition 6]) we know that
<p£1’> —m(S —2PNJa1,b1] x - X [ap, b))
>resap(0, [ar, bi] X -+ X [ap, bp]), a.e. —p.

From the above argument one can see that the estimate (4.1) plays an important role in
studying the Hausdorff measure problem for the set S5. Unfortunately, we are so far unable
to improve the estimate (4.1).
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