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AN INVARIANCE OF CDF EQUATION**
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Abstract

This paper presents a new invariance for the CDF equation. Using this invariance, the
author obtains some new solutions of CDF equation.
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CDF equation®4?]

(n is an arbitrary constant) is related to the MKdV equation
There is a transformation
q = —(¢z +1sin2¢) (3)

between (1) and (2).In fact,subtituting (3) into (2), we have
Gt = (Quwa +64°4s) = — (0 + 20105 20) (31 — (Suwa + 203 + 61°¢, sin® 20)).

Since (1) is invariant when we change (¢, n) into (—¢, —n), there are two transformations
between (1) and (2):

¢ — q = —(da +1sin2¢),
P2 ¢ — q = ¢y —nsin2e.
In the following, [ fdz (or [ fdt) means an arbitrary primitive function of f and it is

taken definitely.
Lemma. If ¢ is a solution of (1), then

1
c= —3 (/ cos 2¢dm) — QP Sin2¢ + (;Si cos2¢ + 3772 cos 2¢ — n? cos® 2¢
t
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and

h =2n (/ sin 2¢e*2’7fcos 2¢dzdaz> — 8nc/sin 2¢e*27’fcos 20d@ gy
t
— A Pap 08 2¢ + G2 in 20 + 2y + 20 sin 26 + n? sin® 2¢p)e 27 S cos20dx
are the functions of t only (i.e., ¢, =0=h,).
Proof. When ¢ satisfies (1),
Co = SIN 20 — Prpy 5N 20 — 203 sin 20
— 6172¢1 sin2¢ + 6772@0 cos? 2¢ sin 2¢
= Sin 2¢(¢t - ¢1LL - 2¢i - 6772¢1, Sin2 2¢) - 0

he = — 41)(rpz €08 20 + 263 €05 2¢ + 2N¢ 4
+ 402 ¢, c0s 26 + 61> p, sin® 2¢ cos 2¢)e ™2 J cos2¢dz
— 21 €08 2¢(— 4N Py cOS 2 — 412 sin 26
— 8¢, — 81 sin 20 — 41 sin® 2¢)e 21/ cos 2¢dz
o 8772csin 2¢)672n J cos2¢dx + 477¢t CoS 2(,2567277 [ cos2¢dx
— 4n? (/ cos 2¢dm) sin 2¢e 2" J cos 2¢dz
t
=41 c08 20(Pr — Puwe — 205 — 61>, sin® 2¢)e " J cos2¢da
— 8n%sin2¢ (c + Pre 8N 20 — B2 cOs 20

1
— 2% cos 2¢ — n* cos 2¢ sin? 2¢ + 3 (/ cos 2¢dm> )e—2nf005 2pdz _ 9,
t

Theorem. If ¢ is a solution of (1), then

¢ = arctan(tan ¢ + y) (4)
is a solution of (1) as well,where
y = 8602 ¢e—277fc052<z$dac/Q7 (5)
Q = —tan ge 2" Jcos2¢ds _ 277/sin 2pe 2 J cos2¢dz g 4 €, (6)
€= e4nfc(t)dt (/ h(t)efélnfc(t)dtdt + Oé), (7)

a is an arbitrary constant (i.e., € = dnc(t)e + h(t)).

Proof. We check
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directly. From (4)-(6),
b0 § = ¢y sec® ¢+ yu,
Yo = (2(¢o +15in20) tan ¢ — 2n)y + (¢g +1sin2¢)y,
sec® @(¢, +nsin2¢) = (tan @), + 21 tan ¢,
(tan @)e + yo + 2n(tan ¢ + y)
(
(

tan ¢), + 2 tan ¢ + 2 tan ¢(¢, + 1sin 20)y + (¢x + nsin 2¢)y>
= (1 +tan® ¢ + 2y tan ¢ + y?) (¢, + nsin 2¢)

= (1 + tan® §)(¢, + 7sin 2¢)

= sec” ¢(¢x + nsin 2¢);

we have
¢, = by +nsin2¢ — 1 sin 24, (9)

G =baa + 210z €08 20 — 21, cOs 29,
$m =@ppy + 2NPyq cOS 20 — 477(;53 sin 2¢
— 20 + 210 €03 26 — 206, €05 26) cos 26 + 41, sin 25,

2@, + 3%, sin 20)
=2(8% + 30262 sin? 2¢) + 6162 sin 26 + 2% sin® 2 — 69 sin 2 — 2n° sin® 25.
Then

Gun + 2By + 3076, 5% 20) = 6, + R,
where
R =210 (c0s 2¢) — cos 2¢) + 2n(p2 sin 2¢ — ai sin 2¢)
— 412 (¢ €08 2¢ — @, cOs 2¢) cos 2¢ + 21> (sin® 2¢ — sin® 24)
=205 (cOS 26 — €08 2¢) + 2n5in 2¢(p2 + n? sin? 2¢)
— 2nsin 25(530 + 1% sin? 2¢) — 4% (¢, cos 26 — ¢, cos 2¢) cos 2¢
=21 (COS 20 — €08 26) + 21 5in 2¢(H2 4 1? sin? 2¢)
— 2n5in 2¢(¢2 + n? sin? 2¢ + 2, sin 2¢ — 20, sin 25)
— 4n* (¢4 co8 26 — ¢, cos 2¢) cos 2¢
=20 (COS 260 — 08 26) + 2n(2 + 1 sin? 26) (sin 26 — sin 26)
+ 4n%p, — 41 P, (sin 2¢sin 2¢ + cos 2¢ cos 25)
=21)(Ppa + 210 cos 2¢)(cos 2¢ — cos 2¢)
+ 21($2 + 21, 5in 26 + 1 sin? 2¢ + 2n?) (sin 2¢ — sin 26).
Therefore, we only need to prove

¢, = ¢+ R. (10)
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Since

&, = ¢y sec® ¢/ sec® ¢+ yy [ sec’ @,

sec’p =1+ (tan ¢ + y)* = sec’p + 2y tan ¢ + y>,
(10) is established if and only if
drsec ¢+ yp = by sec? ¢ + Rsec? o,

ie.,

—(2ytan ¢ + y*)p; + yr = Rsec” ¢.
From (4)-(6),
Y = 20y tan g sec? g 21 <5294 1 oy (/ cos 2¢d$)t —yQt/Q

= 2y¢s tan ¢ — 2ny (/ cos 2¢dm)t —yQ:/Q,

Q= (—qbt sec? ¢ + 2ntan ¢ (/ cos 2¢dx) )eon J cos 2¢dz
t
t

we have

yr =2y¢y tan ¢ — 21y ( / cos 2¢dx)t + 4201
— 2ny tan ¢ (/ cos 2¢dx) te_g’7 Jcos 2edz /()
: —2n cos 2¢dx _ /
+2ny(/sm2¢e i dx)t/Q ye'/Q
=¢:(2ytan ¢ + %) — 2ny (/ cos 2¢>da:> — ny?sin2¢ (/ coqude)
t t
+ 2ny (/ sin 2¢pe 21 J co3 2¢dmdm)t/Q —ye'/Q.

Then (11) is reduced to

— Qny(/ cos 2¢dx)t — ny?sin2¢ (/ oS 2¢dx>t
+ 2ny (/ sin 2¢e 2 J cos 2¢d”3dx>t/Q —y€'/Q = Rsec? ¢.

Substituting
08 2¢ — cos 2¢ = 2cos? ¢ — 2cos® ¢ = 2y(2tan ¢ + y)/ sec? psec? @,

sin 2¢ — sin 24 = 2tan ¢/ sec? ¢ — 2(tan ¢ + y)/ sec? ¢
= 2y(tan® ¢ + ytan ¢ — 1)/ sec? psec® ¢

(11)
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into R, (12) is reduced to

— 277(/ cos 2¢dm)t — nysin 2¢(/ cos 2¢dm>t
+ 277(/ sin 2¢e 21/ sin 2¢dzdx>t/Q —€/Q
=41 cos® ¢((¢2 + 20, sin 2¢ + n? sin” 26 + 21?) (tan® ¢ + ytan ¢ — 1)

+ (Pzw + 2nPg c0s2¢)(2tan ¢ + y))

and

—2n (/ cos 2cz5d:c)t — 81 ¢0s? P(Gpa + 210, cOs 2¢) tan ¢

— 4ncos® G(d2 + 2n¢, sin 26 + n? sin? 2¢ + 2n?) (tan? ¢ — 1)
=47 (e 51N 20 — P2 08 2¢ — 3% cos 2¢ + n? cos® 2¢ + ¢(t))

— ANy SIN 2 — 812 by cOS 2¢8in 26 + 417(;% cos 2¢

+ 81 by sin 26 cos 2¢ + 4n° sin® 26 cos 2¢ + 8n° cos 26
=c(t),

— nsin2¢ (/ cos 2¢)dx>t — 41 ¢c0s? P(Gpa + 210, cos 20)
— 4ncos? ptan ¢(¢2 + 20, sin 2¢ + n* sin® 2¢ + 2n?)
=211 2(Pye SIN 20 — B2 cos 2¢ — 312 cos 2¢ + 1? cos® cos 2p + ¢(t))
— 2n8in 2¢(¢2 + 20, sin 2¢ + 1% sin? 2¢ + 2n?)
— 41 ¢08” (¢ + 21 OS5 20))
— 052 G~ ANy €05 26 — AngZ sin 26 — 80’6,
— 41 tan (2 + 3 cos 2¢) + sin® 2¢) — 3 cos? 2¢) + 4nc(t) tan ¢)
=H cos?® ¢,
where
H = — 4y, cos 26 — d5¢? sin 26 — 81,
— 4n3(25in 2¢ + sin® 2¢) + 4nc(t) tan .
Therefore, (13) is reduced to

4ne(t) 4+ yH cos® ¢ + 217(/ sin 2¢e_2"f‘3032¢d’”dx)t/@ —-€/Q =0,

ie.,

dne(t) + He2nJ cos 2‘75‘1’”/@ + 27 (/ sin 2¢e_277fc°S 2¢d£da?)t/Q —€/Q.

Substituting (6) into (14), we have

(H _ 47]C(t) tan ¢)e—2nfcos 2¢dxr _ 8nc(t) / sin 2¢€_2n cos 2¢dmd.’1}

+ 4dne(t)e + 29 (/ sin 2¢e 2108 2d’d“”da:) —€ =o,
t

(13)
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i.e., € —4nc(t)e + h(t) = 0. The theorem is proved.

According to this theorem, we can obtain the new solution ¢ from a known solution ¢ by
quadrature for the CDF equation.

Example 1. We take the trivial solution ¢ = 0 and

/cos 2¢dx = :C,/sin 2(;56_2’”“’5 29dw 12 = 0.

Then ¢ = 212, h =0, €= aed’t = 815y — = (@ne+81°t=8) (o and § are arbitrary
constants), and we obtain the solution ¢ = arctane™% (0; = 2nx + 8%t — ) and the
corresponding solutions of MKdV equation (2):
7 = £(¢, +15in20) =0, G = (¢, — 7sin2¢) = F2nsho.
Example 2. We take the solution ¢ = arctane?, § = 2nz + 8yt + 6 (n,§ are arbitrary
constants), and

/cos 2¢dx = —% log chf, /sin 2¢e_2"fcos 20dw o — .
Then
c=0h=—-24n3 e=—-24t4+0a, Q= e fchf + w
(w = —2nz — 2473t + a, « is an arbitrary constant), and we obtain the solution

chf + w )
—efchf +w/’

s

Example 3. We take the trivial solution ¢ = 7 and

5 = arctan(

/COS 2¢dx = O,/sin 2(;55_2”f°°S 20de g — g,

Then ¢ =0, h = —1273. We obtain the solution ¢ = arctan(l — 1) (w =z + 69t +6, §
is an arbitrary constant) and the corresponding solutions of MKdV equation
_ — . o _ — .o 1
0 = £(¢y +15in29) = £n, Gy = (¢, +1sin2¢) = £(1 - )
(H=w?—-w+3).
Example 4. We take ¢ = ¢ (¢ (# nm £ 7/4) is an arbitrary constant) and

/cos 2¢,dx = x cos 2¢y,

/ sin 2¢,e 217 €08 200y — L tan 2¢,e 21 €08 20
2n

Then ¢ = n?(2cos 2¢y — cos? 2¢y), h = 0 and

€ :a€4773(3 cos 2¢0—cos® 2¢0)t _ 64773 (3 cos 2¢o —cos® 2¢0)t+6’

1
Q =3 sec? ¢g tan 2pge 218 o820 4 ¢

1
y :1/(5 tan 2¢g + 69)
(0 = 21z cos 2¢¢ + 813 (3 cos 2¢¢ — cos® 2¢g)t + ). Therefore, we obtain the solution

o= arctan(tan oo + 1/(% tan 2¢g + ee))
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and the corresponding solutions of MKdV equation:
7, = £(¢, + nsin 2¢) = nsin 2¢y,
Ty = £(, — nsin2¢)
F(nsin 2¢ + 41 cos 2¢pe?)
(2 tan ¢ + sec 2¢g + sec? ¢g (% tan 2¢g + 69>2> .
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