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PRIMITIVITY OF SMASH PRODUCT Cq#Bgq

Lu DIMING*

Abstract

It is proved that the Smash product Cq# By is a primitive algebra, where By is the Hopf-
algebra corresponding to the compact quantum group SqU(2) and Cy is a Hopf-subalgebra of
the topological dual B{z.
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60. Introduction

The quantum Lorentz group S,L(2,C) was introduced by Podlés and Woronowicz in
1990. This quantum group is combined with the double group S,U(2) through the Iwasawa
decomposition!®!. Recently, Takeuchi developed a *-Hopf algebraic version of their work
and described explicitly all finite dimensional representations of the quantum Lorentz group
S,L(2,C)H.

In Takeuchi’s work, the *-Hopf algebra B, which is corresponding to the compact quan-
tum group S,U(2), was defined as the C-algebra generated by a,b, ¢,d with the following
relations:

(0.1)

ba=gqab, ca=qac, db=qbd, dc=qcd,
cb=bec, ad—q 'be=da—qbe,

where ¢ is a real parameter # 0,%1. The algebra B, has the following *-Hopf algebra
a b (a®l b®1 1®a 1®Db
A(c d)_(c®1 d®1>'(1®c 1®d>’ (0.2)
a b 1 0
g(c d>_(0 1), 0.3)
a b\ _ (a* ¢\ _ d —qb
S(c d><b* d*)<—qlc a > (0-4)

Let B; =Homg¢(B,, C), the topological dual of B,. [4] defined C; to be a *-subalgebra of By,
generated by the following three elements p, p~' and n, where p was defined as an algebra

structure:
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a b N q% 0
c d 0 q— ’
1

p~+ was the inverse of p in the sense of the convolution product, and n was induced by an

map B, — C decided by

Nl

opposite algebra map 7 : B, — M>(C) :

1
¢ 0 00
(5 ) e (60):

0 q*(1-¢7?) gz 0
cr—><0 0 , d — 0 4 .

_ (p(@) n(x)
m(x) = ( 0 p‘l(x)) , for any x € B,. (0.5)

Then n € B; (but not an algebra map). It was proved that p, p~

N|=

N

In general,

1 and n satisfy the following

relations:
_ N 1, e (0.6)
[n*,n] = (1= ¢)(pp" —p~ ' (071)").
Moveover, [4] showed that C, is a *-Hopf subalgebra of By .
In this paper, we first prove that C; is dense in B:I. Next, we give a representation of a

p'p=pp*, np=qpn, np*=qp*n,}

Smash product; the result may be viewed as a development of Xu’s theory of the complete

ring of linear transformations!” 8. Finally, we use this technique to show that the Smash

product Cy#B, is primitive.
§1 g-Binomial Coefficient and the Density of Cy

We start with a definition of g-binomial coefficient.
Let s and t be two non-negative integers. We define inductively so-called “g-binomial

coefficient” <i) as follows:
q

(0),= (),
(sil)q:(t:)fc)q‘q%’ for 0 <t <s. (1.1)

It is well-defined, and we agree on (:) = 0 for any s < t. Note that our ¢-binomial

coeflicient is just usual one when ¢ = 1. It is easy to check that

G>q N (s i 1>q - gq%' (1.2)

In the following, we always let e, f, g, h and i, j, k,l be non-negative integers with 0 < i <
e, 0<j<f,0<k<yg, 0<I<h and denote

(5 81),-0), (), (), (),
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For the sake of convenience, we omit the lower index ¢ in the sequal.

Proposition 1.1. For any positive integers e, f, g, h, we have
e

A(ae) _ Z <j> alpet ® aicefi’

i=0
oS (D b o

ATy = (> Wi @udl I,
2.5
g

A(9) = Z <g> a9 @ aF ik,
k=0 k
" (h

Ay =>" (l>cldhl @bl

Proof. We prove only the first statement by induction, the others can be proved similarly.
If e = 1, the result is clear from (0.2). Now let e > 1 and assume that the statement for

e is correct. Then

A(a™) = Aa) - Ala)

=(a®a+b®c) (Z (j) a'b i ® aice—i)

=0

e+1 e
e 1) aibe Tt @ gieetl—i 4 Z <e> qziaz‘beﬂﬂ‘ ® alcetl—i
i—0 \!
7

+ 1M

i —

I

e+ 1) aibeH Lt @ gicetli

Here we have used (1.1). The statement follows by induction.
From the proposition above, one can compute easily

Aab ddm) = A(a®) AW ) A(H) A(d™)

_ Z e f g h e DHg=R)+(f =G =k) (9= h+D)
i ok

1,5,k,1
@it et F=imd kel gath—k=1 g yipi+l etg—i—kgf =i kgh—1

[}

Denote

>

e fg hj_(e f h DGR+ (F == k) (g—k-+])
ik i ! '

We need to notice that

e f g h
L_ i l};ﬁo. (1.3)
Proposition 1.2. For any non-negative integers e, f, g, h, we have
A(acbf Id")
_ Z {6 f g h} ai+jbe+f—i—jck+ldg+h—k—l®aibj-f—lce-i-g—i—kdf—jakdh—l.
v j k1 (1.4)

.3,k
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Proposition 1.3. For any positive integer s, we have
n*(abf Id") #£0 iff f=0andg=s.
n**(ab’ Id") #£0 iff f=sandg=0.

Proof. We use induction for s to show the first statement. In the case of s = 1, from
(0.5), we have

(o 0N (0 ra—g ) (0 o) (¢ 0\
L0 g2 0 0 00 0 q¢2
_ ([ p(ablc9d)  n(abfcId)

a 0 p~t(ablc9d) )

which implies that n(a®b/c9d") # 0 iff f = 0 and g = 1. If s > 1 and the result for s is
correct, then
nstt (aebfcgdh)
= (n® - n)(a®b’ cvd")

_ Z e f g h n® (@i eI i3 et goth—h=),
— i 7 k
Z’j’ t

X n(aibj-‘rlce-‘rg—i—kdf—jakdh—l) )

The non-zero term (i, 7, k, 1) in the summation above occurs only when (i, j, k, [) satisfies the
following equations:

e+f—i—7=0, k+1l=s,
Jj+1=0, e+g—i—k=1.

Noting that 0 < i < e, we get a unique solution (i, j, k,1) = (e,0,s,0) and f =0, g =s+ 1.
Hence, n*t1(a®bf c9d") # 0iff f = 0,9 = s+1. The first statement then follows by induction.

Next, note that (x0S) (Ccl Z) = (2 2) from (0.4), and the definition of *-structure

on By is
o (z) = a(S(z)*), ze€B,; acBy;
the second statement follows immediately.

Remark. It is easy to see that whether n’(a®b/c?d"a*dt) equals zero or not has nothing
to do with s and .

Proposition 1.4. Suppose that s < f ort < g. Then we have

(n** -0 (ab’Id") £ 0iff f=sandg=t.
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Proof.
(n*® - n)(a®b Id")

_ Z ? f g h n*s(ai+jbeJrfijckHngrhfkfl).
i 7 k1
i3,k
. nt (aibj+lce+gfifkdffjakdh7l) )
The non-zero term (i, , k, 1) in the summation above occurs only when (i, j, k, 1) satisfies the

following equations:
e+ f—i1—j=s, k+1=0,
etg—i—k=t, 7+1=0.
Noting that ¢ < e and s < f or t < g, we get a unique solution (¢, j,k,1) = (e,0,0,0) and
f=s 9=t
Proposition 1.5. Suppose that s < f ort < g. Then
(™ - n** ) (abF IdM) £ 0 iff f = s and g = t.
Proof.
(p™ - n** - nt)(ab Id")
_ e [ g N my itipetf—i—j k+tl jgth—k—Iy
‘Z[ijkl]p(ab c"td )
©,7,k,l
. (n*s . nt) (aibj+lce+g_k_idf_jakdh_l>.
Since p(a®bfc9d™) # 0 iff f = g = 0, the non-zero term (i, 7, k,1) occurs in the following
case:
et foi—j=0 k+1=0,
j+l=s, e+g—i—k=t.
We get a unique solution (i, 7, k,1) = (e,s,0,0) and f =s, g =*t.
Denote the non-zero element p(efgh) = (n*/ - n9)(a¢bf c9d"). Then the following result

is obtained easily
(™ -n ) (@b d") = plefgh) g% H 9. (1.5)

Theorem 1.1. C, is dense in By.

Proof. We have to prove that for any A\ € B, (A # 0) there exists # € C; such that
z(A) # 0.

From [6], we can write

A= Z aefghaebfcgdh, aefgn € C.

e.f.9,h
eh=0

Take

s =min{f | acsgn #0}, t=min{g| f = s}.
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For any m =1,2,--- |, we have
(P™-n** nh)(\) = Z e panpi(esth)q® (ers—t=h), (1.6)
e,h
eh=0
Take

—N =min{e+s—¢t—h, 0}
We see that the polynomial

Z aesthﬂ(esth) XNJreJrsftfh (17)

e,h
eh=0

is non-zero, since
N+et+s—t—h=N+eée +s—t—hn

forces (e, h) = (¢/, k') in the condition eh = e¢’h’ = 0.

On the other hand, if (1.6) keeps zero for any m, then Equation (1.7) has infinite number
of solutions, since ¢ is not a root of unity. Hence there exist m, s and t such that

(p™ ™" - n')(A) # 0.

This ends the proof.

§2. A Lemma

To prove the main result, we introduce first an isomorphism theorem for Smash products.

Let H be a Hopf-algebra over a field K. Then Endg (H) is the quantum double of H
in the sense of [3] and [4]. Here, the multiplication as quantum double is the convolution

W

product induced by the Hopf-algebra structure of H. In the following, notations and

“x” represent the composite product and the convolution product of linear transformations
of H, respectively. It is easy to see that the dual algebra H' =Homg (H, K) can be embeded
in (Endg(H),*) in a natual way.

We write a linear transformation of H on the right. In particular, we write also zu = (z, u)
for any u € H',x € H.

Let A be a sub-bialgebra of H'. For any x € H,u € A, we define
T u= ZU(1)<$,U(2)>. (2.1)
(u)
Then A becomes an H-module algebra. Therefore, we can form a Smash product A#H.

Let H? be the algebra of all right multiplications of H. Then (2.1) can be expressed as

r—u=2x2°-u.
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In fact, for any h € H,

(> e (@ ue)) = (b ugy @)

(u) (u)
= (b u) (@, um)
(u)

= (hz,u) = (hz)u
= h’(xo ' u)z

which implies

Z uy (T, uz)) = 27 - u.
(u)

Lemma 2.1. Let H be a Hopf-algebra over a field K, A a sub-bialgebra of H'. Then the
Smash product A#H is isomorphic to the subalgebra A+ H? of (Endg (H), ).
Proof. We first prove that

AxH? ={u*xz’ |lue A, x € H}
is a subalgebra of (Endg (H), - ). Because of the identity map on H, and
I=Ex15€ AxH?,
it is enough to show that A H? is closed related to the composite product. Indeed, for any
uxx’ vxy’ € Ax H,
and h € H, we have
h((uxa%) - (v 7))

(h(uxa?))(v*y?)

(D) (haye) ) (w4
()

= (Z <h(1), ’U,>h(2)x> (U * yg)
(h)
= > (hayw)ber, o) (heze)y”

Therefore,

(uxx) - (vxy?) = Z(u * 2y v) * (2 Y7)- (2.2)

Noting that
uxx(yy v €A 10y -y’ = (z2)y)” € H,
we complete the proof that A« H? is a subalgebra of (Endg (H), -).
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Now, set a map ¢ : A#H — A x H? as follows :
pru#rr— uxz®, uecA x€H.

To prove that ¢ is an algebra isomorphism, it is enough to show that ¢ remains the multil-

ication operations.
p((utta) (v#ty)) = (Y (ux (z) = v)#(z@2)Y))
(z)

= @(Z(U * CE(@) : U)#(x(Q)ya))
(z)

= Z(U * 1'?1) ) x (z(2)y7)°
()

= Z(U * 33((71) “v) * (37((72) y7)
()

— (uxa”) - (0 y)
= o(uttz) - p(vi#ty).
Thus, we have proved that (A#H,#) is isomorphic to (A« H?, -) as algebras.

¢3. Main Theorem

Now we are in a position to give our main result.

Theorem 3.1. C #B, is a primitive algebra.

Proof. By Lemma 2.1, (Cy#By,#) is isomorphic to the subalgebra (C, * B, -) of
(Endc(By), - ). Thus, it is equivalent to prove that C, % B7 is primitive for our purpose. The
adventage of such doing is that we get naturally a faithful (right) Cy * Bf-module B,. The
remaining thing is to show that B, is irreducible as Cy x B -module, that is, ACq *Bfl’) = B,
for any non-zero element A € B,.

Firstly, suppose A = 1, the identity of B,. In this case, it is clear that
A =1(ex %)
for any A € By, which shows 1(C, * B7) = By.
Secondly, suppose that A has the following form

A=An =) aab™ ",  a.eC.
e=0

In this case, we shall prove 1 € A(C, * B7) by induction. Then the case is reduced to the

above one.
If m =1, then A = aa + Bb. Taking
E— p(a) gL,
n*(b)
we get

AMp*d? —kn* xb7) = ap(a)l;
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hence 1 € A\(Cy x BY) in the case of a # 0. Otherwise, taking

_n*(b)
p(a)

b

we have

A(n* xa” — kp*c”) = Bn*(b)1;

hence

L e XNCqy* BY).

Suppose m > 1, and

1e )\m_l(Cq * Bg)

Then in the case of A = \,,, take
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Thus,
A(n* %07 —kpxd®)
= Zae{z |:€ m . €:| n*(a1+me—z—g)azbjce—zdm_e_]b
e=0 .7 ¢ J
- € M= €| it pm—i—i gipi =i gm—e—i
K0 el
= ao{ {8 m”z J n* (@™ ) o™ tdb — kp(am)bmd}
- € m-—e *( m—1 epm—e—1
(s i e
e M—€| 4 m1y\ e—1pm—e B mA erm—e
+L_1 m_e]n(a b)a®""b c)b kp(a™)a®b d}
- Z aea61bme{ <m1 6) q*(mfefl)n*(amflb)ad
e=1
+ (i) qm—en* (am_lb)bc _ kp(anb)q—(m—e)ad}
- m—e e
— Zaeaelbme{ |:<< ) )q(mel) + <1) qme+1>n*(am1b)
e=1
_ kp(am)q—(m—e)] ad — (i) qm—e—i-ln*(am—lb)}
= (&
= Z(_ae)qm_e+l (1> n* (am—lb)ae—lbm—e
e=1
() e
= Z(_ae)qm*€+1 (i) n* (amflb)aeflbmfe
e=1
m—1
= O/eaebmflfe
e=0
= /\m—la
where

o = —Qet1q"° (e +1
1
There exists an element 2’ in Cj * Bg such that \,, 1z’ = 1 by the inductive assumption.
Take z = (n* * b7 — kp xd?)z’. Then 1 = Az € \(C, * BY).
Finally, A has the following form in the general case
A= Z aefghaebfcgdh, aefgn € C.

e,.f.9,h
eh=0

>n*(am_1b), e=0,1,---,m—1.
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Take T = max{e + f | aepgn # 0}. If T =0, then

A= Zaghcgdh.
g,h

If T > 0, then
AT % 19)
_ e fog h| T itjpetrfai—j ktl g+h—k—i
—ZaefthL ik z}"* (a™HIpetImimack g )
e,f.g,h i,7,k,l
eh=0
. aiijrlceJrgfifkdffjakdhfl
e+ f=T

eh=0

There is no similar term to be merged in the condition of e + f = T and eh = 0, this shows

that A(n*” % 17) is non-zero. Thus, without loss of the generality we can assume that

A=) agc?d",  ag eC.
g,h

Take T = max{g + h | ag, # 0}. Then

0# A(n' %19)
/
_ Zagh Z {i ];] nT (e goth—k=1) o=k gfe g1
ah Kl

= Z agnn® (cT)blal.
g+h=T

So the case is reduced to the above ones.

This completes the proof of Theorem 3.1.
Remark. We have denoted

e f| _|e f 0 O dgh/_OOgh
i Gl i o5 00 ™Y 0k 1|l Tloo koI

in the proof of Theorem 3.1.
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