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Abstract

A Fourier pseudospectral-finite difference sheme is proposed for solving two-dimensional
vorticity equations. The generalized stability and the convergence are proved. The numerical

results are given.
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§1. Introduction

In the past twenty years, spectral and pseudospectral methods developed rapidly. Since

both of them have the accuracy of “infinite” order, they have been widely applied to compu-

tational fluid dynamics (see [1-6]). On the other hand, some authors used various filtering

techniques to weaken the nonlinear instability in computation (see [5,7-10]).

In studying the flow in tub and other related problems we meet unilaterally periodical

boundary conditons (see [11-15]). Such problems could be solved numerically by spectral-

finite difference method or Fourier-Chebyshev spectral method as in [11-13, 16-18], provided

that the domain is rectangular. Otherwise it is better to use spectral-finite element method

(see [19-21]).

As we know, pseudospectral approximation can be performed more easily than spectral

one. In particular, it is easier to deal with nonlinear terms. Clearly, if the domain is

rectangular and the boundary condition is unilaterally periodical, then it is natural to apply

pseudospectral-finite difference method. But when the viscosity is small, the computation is

less stable than spectral-finite difference method. Thus it is reasonable to adopt the filtering

technique as in [22].

Now, let ξ(x1, x2, t) and ψ(x1, x2, t) be the vorticity function and the stream function

respectively. ν > 0 is the coefficient of viscosity. f1(x1, x2, t) and ξ0(x1, x2) are given. Let

I = {x1|0 < x1 < 1}, Ĩ = {x2|0 < x2 < 2π}, Ω = I × Ĩ .
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We consider the two-dimensional vorticity equation
∂ξ
∂t +

∂ψ
∂x2

∂ξ
∂x1

− ∂ψ
∂x1

∂ξ
∂x2

− ν( ∂
2ξ
∂x2

1
+ ∂2ξ

∂x2
2
) = f1, in Ω× (0, T ],

−∂2ψ
∂x2

1
− ∂2ψ

∂x2
2
= ξ, in Ω× [0, T ],

ξ(x1, x2, 0) = ξ0(x1, x2), in Ω.

(1.1)

Suppose that all funcitons have the period 2π for the variable x2, but they are not

periodical for the variable x1. We propose a Fourier pseudospectral-finite difference scheme

with the filtering technique in Section 2. The key point is the use of skew symmetric

decomposition of nonlinear convection terms. In this case, the numerical solution keeps

the semi-discrete energy unchanged. This is a reasonable analogy of the conservation in

continuous model. Moreover such decomposition assures that the main nonlinear error terms

vanish. In Section 3, we present the numerical results. We list some lemmas in Section 4

and then prove the error estimations in Sections 5-6. In particular, all estimations include

the errors on the boundary, which effect the accuracy seriously in practical problems. But

most of papers in this field neglected this factor. In the final section, we consider the steady

problem.

§2. The Scheme and the Conservations

Hereafter all functions have the period 2π for the variable x2. Let h = 1
M be the mesh

spacing, M being a positive integer and

Ih = {x1 = jh|1 ≤ j ≤M − 1}, Ωh = Ih × Ĩ .

Let τ be the mesh spacing of t, and

Sτ = {t = kτ |k = 0, 1, 2, · · · .}.

Define

ux1(x1, x2, t) =
1

h
(u(x1 + h, x2, t)− u(x1, x2, t)),

ux1(x1, x2, t) = ux1(x1 − h, x2, t),

ux̂1(x1, x2, t) =
1

2
(ux1(x1, x2, t) + ux1(x1, x2, t)),

∆u(x1, x2, t) = ux1x1(x1, x2, t) +
∂2u

∂x22
(x1, x2, t),

ut(x1, x2, t) =
1

τ
(u(x1, x2, t+ τ)− u(x1, x2, t)).

Let

VN = span{einx2
∣∣|n| ≤ N}

and PN be the orthogonal projection from L2(Ĩ) onto VN , i.e., for any u ∈ H1(Ĩ),∫
Ĩ

(PNu− u)vdx2 = 0, ∀v ∈ VN .

For the pseudospectral approximation, we consider the nodes

x
(j)
2 =

2πj

2N + 1
, 0 ≤ j ≤ 2N
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and let P̃c be an interpolation operator such that for u ∈ C(Ĩ),

P̃cu(x
(j)
2 ) = u(x

(j)
2 ), 0 ≤ j ≤ 2N.

Define Pc = PN P̃c. We also use the filtering operator Rr with r ≥ 1 (see [5]). If u(x2) ∈ VN
has the Fourier coefficients {un}, then

Rru(x2) =
∑

|n|≤N

(
1−

∣∣ n
N

∣∣r)uneinx2 . (2.1)

The key point for constructing the scheme is to simulate the conservations. Indeed the

solution of (1.1) possesses several conservations (see [17]). To simulate them, let α =

(α1, α2, α3), αl ≥ 0, α1 + α2 + α3 = 1 and define

J1,c(u,w) = Pc

( ∂w
∂x2

ux̂1 − wx̂1

∂u

∂x2

)
,

J2,c(u,w) =
[
Pc

( ∂w
∂x2

u
)]

x̂1

− ∂

∂x2

[
Pc

(
wx̂1u

)]
,

J3,c(u,w) =
∂

∂x2
[Pc(wux̂1

)]−
[
Pc

(
w
∂u

∂x2

)]
x̂1

,

and

J (α)
c (u,w) =

3∑
l=1

αlJl,c(u,w). (2.2)

Now, let η(N) and φ(N) be the approximations to ξ and ψ respectively,

η(N)(x1, x2, t) =
∑

|n|≤N

η(N)
n (x1, t)e

inx2 , φ(N)(x1, x2, t) =
∑

|n|≤N

φ(N)
n (x1, t)e

inx2 .

The pseudospectral-finite difference scheme for solving (1.1) is the following


η
(N)
t +RrJ

(α)
c (Rr(η

(N) + δτη
(N)
t ), Rrφ

(N))

−ν∆(η(N) + στη
(N)
t ) = Pcf1,

−∆φ(N) = η(N),
η(N)(0) = Pcξ0,

(2.3)

where δ and σ are parameters and 0 ≤ δ, σ ≤ 1. When δ = σ = 0, this is an explicit scheme.

But even if δ = 0 and σ ̸= 0, the coefficients of η(N)(x, t) and φ(N)(x, t) are still separated

from the others. Thus we only have to solve linear algebraic equations with three diagonal

matrix.
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We next check the conservations. We introduce the following scalar products and norms

(u(x1, t), v(x1, t)) =
1

2π

∫
Ĩ

u(x1, x2, t)v(x1, x2, t)dx2,

∥u(x1, t)∥2Ĩ = (u(x1, t), u(x1, t))Ĩ ,

(u(x2, t), v(x2, t))Ih = h
∑
x1∈Ih

u(x1, x2, t)v(x1, x2, t),

∥u(x2, t)∥2Ih = (u(x2, t), u(x2, t))Ih ,

(u(t), v(t)) = h
∑
x1∈Ih

(u(x1, t), v(x1, t))Ĩ , ∥u(t)∥2 = (u(t), u(t)),

|u(t)|21 =
1

2
∥ux1(t)∥2 +

1

2
∥ux1(t)∥2 + ∥ ∂u

∂x2
(t)∥2,

|u(t)|22 =
1

2
∥ux1x1(t)∥2 + ∥ ∂

∂x2
ux1(t)∥2 + ∥ ∂

∂x2
ux1(t)∥2 + ∥ ∂2u

∂x22(t)
∥2

+
h

4

∑
h≤x1≤1−2h

∥ux1x1(x1, t)∥2Ĩ +
h

4

∑
2h≤x1≤1−h

∥ux1x1(x1, t)∥2Ĩ .

We have

(ux̂1 , v) + (vx̂1 , u) = Ã1(u, v) (2.4)

where

Ã1(u, v) =
1

2
[(u(1), v(1− h))Ĩ + (u(1− h), v(1))Ĩ − (u(h), v(0))Ĩ − (u(0), v(h))Ĩ ].

Assume that u, v, w ∈ VN . Then (see [7])

(Pc(uv)(t), w(t)) = (u(t), Pc(vw)(t)). (2.5)

By (2.4) and (2.5), we obtain

(J1,c(u,w), 1) =
( ∂w
∂x2

, ux̂1

)
+
(( ∂w

∂x2

)
x̂1

, u
)
= A1(u,w), (2.6)

where A1(u,w) = Ã1(u,
∂w
∂x2

). Similarly, we have

(J2,c(u,w), 1) =
(
Pc

( ∂w
∂x2

u
)
x̂1

, 1
)
= A2(u,w) (2.7)

with

A2(u,w)

=
1

2

[(
u(1),

∂w

∂x2
(1)

)
Ĩ
+

(
u(1− h),

∂w

∂x2
(1− h)

)
Ĩ
−

(
u(h),

∂w

∂x2
(h)

)
Ĩ
−
(
u(0),

∂w

∂x2
(0)

)
Ĩ

]
.

Also

(J3,c(u,w), 1) = −Ã1

(
w
∂u

∂x2
, 1
)
= −A2(w, u) = A2(u,w). (2.8)

Therefore

(J (α)(u,w), 1) = α1A1(u,w) + (α2 + α3)A2(u,w). (2.9)

On the other hand, (2.4) and (2.5) lead to(
Pc

( ∂w
∂x2

ux̂1

)
, v
)
+
((
Pc

( ∂w
∂x2

v
))

x̂1

, u
)
= A3(u, v, w),
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where A3(u, v, w) = Ã1(u, Pc(
∂w
∂x2

v)). Thus

(J1,c(u,w), v) + (J2,c(v, w), u) = A3(u, v, w). (2.10)

Similarly, from (2.4) and (2.5) we have

−
(
Pc

(
w
∂u

∂x2

)
x̂1

, v
)
−
( ∂u

∂x2
, Pc(wux̂1)

)
= A4(u, v, w),

where

A4(u, v, w) = −Ã1

(
Pc

( ∂u

∂x2
w
)
, v
)
. (2.11)

Hence

(J3,c(u,w), v) +
( ∂v

∂x2
, Pc(wux̂1)

)
−
( ∂u

∂x2
, Pc(wux̂1)

)
= A4(u, v, w). (2.12)

The combination of (2.10) with (2.12) tells us that for α1 = α2,

(J (α)
c (u,w), v) + (J (α)

c (v, w), u)

= α1A3(u, v, w) + α1A3(v, u, w) + α3A4(u, v, w) + α3A4(v, u, w). (2.13)

In particular, for α1 = α2,

(J (α)
c (u,w), u) = α1A3(u, u, w) + α3A4(u, u, w). (2.14)

It is easy to show that

(u,∆v) +
1

2
(ux1 , vx1) +

1

2
(ux1 , vx1) +

( ∂u

∂x2
,
∂v

∂x2

)
= B(u, v) (2.15)

where

B(u, v) =
1

2
(u(1) + u(1− h), vx1(1))Ĩ −

1

2
(u(h) + u(0), vx1(0))Ĩ .

In particular,

(u,∆u) + |u|21 = B(u, u). (2.16)

We now check the conservations. Firstly, from (2.9) and (2.15) we have

(η(N)(t), 1) + τ
∑
y∈Sτ
y≤t−τ

[
α1A1(Rr(η

(N)(y) + δτη
(N)
t (y)), Rrφ

(N)(y))

+ (α2 + α3)A2(Rr(η
(N)(y) + δτη

(N)
t (y), Rrφ

(N)(y))− νB(1, η(N)(y) + στη
(N)
t (y))

]
= (η(N)(0), 1) + τ

∑
y∈Sτ
y≤t−τ

(Pcf1(t), 1).

Secondly by putting δ = σ = 1
2 , α1 = α2 and η̂(N)(t) = 1

2 (η
(N)(t)+η(N)(t+ τ)), we get from

(2.14) and (2.15)

∥η(N)(t)∥2 + 2τ
∑
y∈Sτ
y≤t−τ

[
ν|η̂(N)(y)|21 + α1A3(Rrη̂

(N)(y), Rrη̂
(N)(y), Rrφ

(N)(y))

+ α3A4(Rrη̂
(N)(y), Rrη̂

(N)(y), Rrφ
(N)(y))− νB(η̂(N)(y), η̂(N)(y))

]
= ∥η(N)(0)∥2 + 2τ

∑
y∈Sτ
y≤t−τ

(Pcf1(y), η̂
(N)(y)).
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The above two equalities are reasonable analogies of the corresponding conservations in

continuous model.

§3. Numerical Results

In this section, we present numerical results. For describing the errors, we introduce

Ĩh = {x2|x2 =
2πj

2N + 1
, 0 ≤ j ≤ 2N},

E(t) =
( h

2N + 1

∑
(x1,x2)∈Ih×Ĩh

|ξ(x1, x2, t)− η(x1, x2, t)|2
) 1

2

where η is the PS-D (pseudospectral-finite difference) or difference approximation to ξ. All

computations are carried out by explicit scheme, i.e., δ = σ = 0. In practical problems,

we only know the values of ψ and ∂ψ
∂n for x1 = 0, 1. Thus we have to use some methods to

calculate the approximate values of ξ for x1 = 0, 1. They induce the errors. But for simplicity

of mathematical analysis, some authors considered the model with the given values of ξ on

the boundary (see problem 6.3 of [23]). Here we follow this approximate model.

Example 3.1. Let

ξ(x1, x2, t) = A exp{B sin(Cx1 + x2) + ωt},
ψ(x1, x2, t) = A exp{ωt} sinCx1 sinx2.

Table 3.1 shows the results of scheme (2.3) with A = B = ω = 0.1, C = 3.0, ν = 10−3, τ =

0.05, h = 0.1, N = 4 and r = 1. Obviously, the choice α1 = α2 gives better numerical

results.

Table 3.1. Errors of Scheme (2.3)

(α1, α2, α3) ( 12 ,
1
2 , 0) ( 13 ,

1
3 ,

1
3 ) (1,0,0)

E(1) 0.9098E-02 0.9084E-02 0.9184E-02
E(3) 0.2990E-01 0.2979E-01 0.3041E-01
E(5) 0.4891E-01 0.4845E-01 0.5133E-01

Table 3.2 is for the numerical results of scheme (2.3) with A = B = ω = 0.1, C = 0.5,

ν = 10−6, τ = 10−3, h = 0.1, N = 4 and α1 = α2 = 1
2 . Clearly the filtering technique

provides better numerical results.

Table 3.2. Errors for PS-D Scheme (2.3)

r = 1 r = 5 r = ∞
E(0.2) 0.1935E-03 0.3008E-03 0.3199E-03
E(0.6) 0.6046E-03 0.9372E-03 0.9953E-03
E(1.0) 0.1050E-02 0.1617E-02 0.1715E-02



No.4 Guo, B. Y. & Xiong, Y. S. FOURIER PSEUDOSPECTRAL-FINITE DIFFERENCE METHOD 475

Example 3.2. Let

ξ(x1, x2, t) = A exp{B sin(Cx1 + x2) + ωt},
ψ(x1, x2, t) = A exp{ωt}(Cx1 + sinx2).

For comparison of pseudospectral-finite difference scheme with full finite difference scheme,

let h = 2π
2N+1 and Ω′

h be the set of mesh points in Ω. We define

ux2(x1, x2, t) =
1

h
(u(x1, x2 + h, t)− u(x1, x2, t)),

ux2(x1, x2, t) = ux2(x1, x2 − h, t),

ux̂2(x1, x2, t) =
1

2
(ux2(x1, x2, t) + ux2(x1, x2, t)),

∆hu(x1, x2, t) = ux1x1(x1, x2, t) + ux2x2(x1, x2, t)

and

J1,h(u,w) = wx̂2ux̂1 − wx̂1ux̂2 ,

J2,h(u,w) = (wx̂2u)x̂1 − (wx̂1u)x̂2 ,

J3,h(u,w) = (wux̂1)x̂2 − (wux̂2)x̂1 ,

J
(α)

h
(u,w) =

3∑
l=1

αlJl,h(u,w).

Let ηh and φh be the finite difference approximations to ξ and ψ respectively. The difference

scheme is (see [24]){
ηht (t) + J

(α)

h
(ηh + δτηht , φ

h)− ν∆h(η
h + στηht ) = fh1 , in Ω′

h × Sτ ,

−∆hφ
h = ηh + fh2 , in Ω′

h × Sτ .
(3.1)

The numerical experiments are for A = B = 0.1, C = 0.2, ω = 0.3, ν = 10−6, τ = 0.005,

h = 0.1, h = 0.25, N = 4, α1 = α2 = 1
2 and r = 1. Table 3.3 shows that scheme (2.3) gives

better numerical results than scheme (3.1).

Table 3.3. Errors of Scheme (2.3) and (3.1)

scheme (2.3) scheme (3.1)

E(1) 0.1755E-02 0.1897E-02
E(3) 0.9015E-02 0.9338E-02
E(5) 0.2713E-01 0.3457E-01

§4. Some Lemmas

In order to estimate the errors, we need some lemmas.

Lemma 4.1. For all u(x1, x2, t), we have

2(u(x1, t), ut(x1, t))Ĩ = (∥u(x1, t)∥2Ĩ)t − τ∥ut(x1, t)∥2Ĩ ,
2(u(t), ut(t)) = ∥u(t)∥2t − τ∥ut(t)∥2.
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Lemma 4.2. If u(x1, x2 + 2π, t) = u(x1, x2, t), then

2(ut(t),∆u(t)) + (|u(t)|21)t − τ |ut(t)|21 = 2B(ut(t), u(t)),

2(u(t),∆ut(t)) + (|u(t)|21)t − τ |ut(t)|21 = 2B(u(t), ut(t)).

Lemma 4.3. If u(x1, x2, t) ∈ VN for all x1 ∈ Ih and t ∈ Sτ , then

∥ ∂u
∂x2

(t)∥2 ≤ N2∥u(t)∥2.

Lemma 4.4. For all u(x1, x2), we have

∥ux1
∥2 ≤ 4

h2
∥u∥2 + h∥ux1

(0)∥2
Ĩ
, ∥ux1

∥2 ≤ 4

h2
∥u∥2 + h∥ux1

(1)∥2
Ĩ
,

and

∥ux1∥2 ≤ 4

h2
∥u∥2 + 2

h
∥u(0)∥2

Ĩ
, ∥ux1∥2 ≤ 4

h2
∥u∥2 + 2

h
∥u(1)∥2

Ĩ
.

Lemma 4.5. If u(x1, x2) ∈ VN for all x1 ∈ Ih and u(0, x2) = u(1, x2) = 0, then

∥u∥2 ≤ C1[|u|21 + S(u)],

where C1 is a positive constant depending only on the domain Ωh, and

S(u) = S(u, u) =
1

2h
(u(h), u(h))Ĩ +

1

2h
(u(1− h), u(1− h))Ĩ .

Lemma 4.6. If u(x1, x2) ∈ VN for all x1 ∈ Ih and u(0, x2) = u(1, x2) = 0, then

∥∆u∥2 = |u|22 +
h

4
(∥ux1x1(0)∥2Ĩ + ∥ux1x1(1)∥2Ĩ) +

1

h

(
∥ ∂u
∂x2

(h)∥2
Ĩ
+ ∥ ∂u

∂x2
(1− h)∥2

Ĩ

)
.

Lemma 4.7. If h < 2ε, then for all x∗1 ∈ Ih,

∥u(x∗1)∥2Ĩ ≤ ε(∥ux1∥2 + ∥ux1∥2) + C0(ε)∥u∥2

where C0(ε) is a positive constant depending only on ε and the domain Ωh.

Lemma 4.8. If u(x1, x2), v(x1, x2) ∈ VN for all x1 ∈ Ih, then

∥u(x1)v(x1)∥2Ĩ ≤ (2N + 1)∥u(x1)∥2Ĩ∥v(x1)∥
2
Ĩ
,

∥u(x2)v(x2)∥2Ih ≤ 1

h
∥u(x2)∥2Ih∥v(x2)∥

2
Ih
,

∥uv∥2 ≤ 2N + 1

h
∥u∥2∥v∥2.

Lemma 4.9. If u(x1, x2) ∈ Hβ(Ĩ) and v(x1, x2) ∈ VN for all x1 ∈ Ih, then

∥PNu(x1)− u(x1)∥Hs(Ĩ) ≤ C2N
s−β∥u(x1)∥Hβ(Ĩ), 0 ≤ s ≤ β,

∥Pcu(x1)− u(x1)∥Hs(Ĩ) ≤ C3N
s−β∥u(x1)∥Hβ(Ĩ), 0 ≤ s ≤ β, β > 1

2 ,

∥Rrv(x1)− v(x1)∥Hs(Ĩ) ≤ C4N
s−β∥u(x1)∥Hβ(Ĩ), 0 ≤ s ≤ β, r ≥ β − s,

where C2 ∼ C4 are positive constants.

The proof of Lemma 4.9 is given in [25,26]. The others could be found in [27].

§5. Error Estimation for Dirichlet Boundary Condition

In this section, we suppose that α1 = α2, h = O( 1
N ) and τ = O( 1

N2 ). Let f̃1 and ξ̃0 be

the errors of f1 and ξ0. The right side of the first formula of (2.3) has the error Pcf̃2. Also
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assume that η(N)(0, x2, t) = Pcξ(0, x2, t) = Pcg0, η
(N)(1, x2, t) = Pcξ(1, x2, t) = Pcg1 and

that g0 and g1 have the errors g̃0 and g̃1. They induce the errors of η(N) and φ(N), denoted

by η̃(N) and φ̃(N). For simplicity, we assume that φ̃(N)(0, x2, t) = φ̃(N)(1, x2, t) = 0. Then

η̃
(N)
t +RrJ

(α)
c (Rr(η̃

(N) + δτ η̃
(N)
t ), Rrφ

(N) +Rrφ̃
(N))

+RrJ
(α)
c (Rr(η

(N) + δτη
(N)
t ), Rrφ̃

(N))− ν∆(η̃(N) + στ η̃
(N)
t ) = Pcf̃1,

−∆φ̃(N) = η̃(N) + Pcf̃2,

η̃(N)(0) = Pcξ̃0.

(5.1)

Let ε > 0 and C denote a positive constant which may be different in different cases. Let

m be an undetermined positive constant. By taking the scalar product of the first formula

of (5.1) with 2η̃(N) +mτη̃
(N)
t (t), we obtain from (2.13)-(2.15) and Lemmas 4.1 and 4.2 that

∥η̃(N)(t)∥2t + τ(m− 1− ε)∥η̃(N)
t (t)∥2 + 2ν|η̃(N)(t)|21 + ντ(σ +

m

2
)(|η̃(N)(t)|21)t

+ ντ2(mσ − σ − m

2
)|η̃(N)

t (t)|21 +
3∑
l=1

Gl(t) +
5∑
l=1

Dl(t) +
4∑
l=1

Bl(t)

≤ ∥η̃(N)(t)∥2 + (1 +
Cm2τ

4ε
)∥f̃1∥2, (5.2)

where

G1(t) = (Rr(2η̃
(N)(t) +mτη̃

(N)
t (t)), J (α)

c (Rr(η
(N)(t) + δτη

(N)
t (t)), Rrφ̃

(N)(t))),

G2(t) = (Rr(2η̃
(N)(t) +mτη̃

(N)
t (t)), J (α)

c (Rr(η̃
(N)(t) + δτ η̃

(N)
t (t)), Rrφ̃

(N)(t))),

G3(t) = τ(m− 2δ)(Rrη̃
(N)
t (t), J (α)

c (Rrη̃
(N)(t), Rrφ̃

(N)(t)),

D1(t) = 2α1A3(Rrη̃
(N)(t), Rrη̃

(N)(t), Rrφ̃
(N)(t)),

D2(t) = 2α3A4(Rrη̃
(N)(t), Rrη̃

(N)(t), Rrφ̃
(N)(t)),

D3(t) = 2α1δτA3(Rrη̃
(N)
t (t), Rrη̃

(N)(t), Rrφ̃
(N)(t))

+ 2α1δτA3(Rrη̃
(N)(t), Rrη̃

(N)
t (t), Rrφ̃

(N)(t)),

D4(t) = 2α3δτA4(Rrη̃
(N)
t (t), Rrη̃

(N)(t), Rrφ̃
(N)(t))

+ 2α3δτA3(Rrη̃
(N)(t), Rrη̃

(N)
t (t), Rrφ̃

(N)(t)),

D5(t) = mδα1τ
2A3(Rrη̃

(N)
t (t), Rrη̃

(N)
t (t), Rrφ̃

(N)(t))

+mδα3τ
2A4(Rrη̃

(N)
t (t), Rrη̃

(N)
t (t), Rrφ̃

(N)(t)),

B1(t) = −2νB(η̃(N)(t), η̃(N)(t)), B2(t) = −2νστB(η̃(N)(t), η̃
(N)
t (t)),

B3(t) = −mνB(η̃
(N)
t (t), η̃(N)(t)), B4(t) = −mνστ2B(η̃

(N)
t (t), η̃

(N)
t (t)).

By taking the scalar product of the second formula of (5.1) with R2
rφ̃

(N)(t), we have from

(2.16) and Lemma 4.5 that

|Rrφ̃(N)(t)|21 + S(Rrφ̃
(N)(t)) ≤ C(∥η̃(N)(t)∥2 + ∥f̃2∥2). (5.3)
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We now estimate |Gl(t)|. We use the following notations

∥g̃(t)∥2
Ĩ
= ∥g0(t)∥2Ĩ + ∥g̃1(t)∥2Ĩ , ∥ ∂g̃

∂x2
(t)∥2

Ĩ
= ∥ ∂g̃0∂x2

(t)∥2
Ĩ
+ ∥ ∂g̃1∂x2

(t)∥2
Ĩ
,

∥g̃t(t)∥2Ĩ = ∥g0t(t)∥2Ĩ + ∥g̃1t(t)∥2Ĩ , |∥u∥|p,q = max
t∈Sτ ,
t≤T

∥u(t)∥Wp,q(Ω).

We have

|G1(t)| ≤ ετ∥η̃(N)
t (t)∥2 + C

(
1 +

(
1 +

τm2

ε

)
∥|Rrη(N)∥|1,∞

)
∥η̃(N)(t)∥2

+ C
(
1 +

τm2

ε

)
|∥Rrη(N)∥|21,∞∥f̃2∥2. (5.4)

The estimation for G2(t) is a little difficult. We have

G2(t) = 2(Rrη̃
(N)(t), J (α)

c (Rrη̃
(N)(t), Rrφ

(N)(t)))

+mδτ2(Rrη̃
(N)
t (t), J (α)

c (Rrη̃
(N)
t (t), Rrφ

(N)(t)))

+ 2δτ(Rrη̃
(N)(t), J (α)

c (Rrη̃
(N)
t (t), Rrφ

(N)(t)))

+mτ(Rrη̃
(N)
t (t), J (α)

c (Rrη̃
(N)(t), Rrφ

(N)(t))).

Furthermore

|(Rrη̃(N)(t), J (α)
c (Rrη̃

(N)(t), Rrφ
(N)(t)))| ≤ εν|η̃(N)(t)|21 +

C

ε
|∥Rrφ(N)∥|22,∞∥η̃(N)(t)∥2.

Let λ = N2 + 1
h2 . By ε-inequality, Lemma 4.4 and Lemma 4.5,

|2δτ(Rrη̃(N)(t), J (α)
c (Rrη̃

(N)
t (t), Rrφ

(N)(t)))|

≤ ετ∥η̃(N)
t (t)∥2 + C

ε
|∥Rrφ(N)∥|22,∞∥η̃(N)(t)∥2 + Cτh∥g̃t(t)∥2Ĩ .

We can estimate the other two terms similarly and so

|G2(t)|

≤
(
3ετ +

cτ2

ε
|∥Rrφ(N)∥|22,∞

)
∥η̃(N)
t (t)∥2 + εν|η̃(N)(t)|21 +

C

ε
∥|Rrφ(N)∥|22,∞∥η̃(N)(t)∥2

+ C
(
1 +

1

ε
∥|Rrφ(N)∥|22,∞

)( τ
h
∥g̃(t)∥2

Ĩ
+ τh∥g̃t(t)∥2Ĩ

)
. (5.5)

By Lemma 4.8,

|G3(t)| ≤ ετ∥η̃(N)
t (t)∥2 + CτN(m− 2δ)2

εh
(∥η̃(N)(t)∥2 + ∥f̃2∥2)|η̃(N)(t)|21. (5.6)

We now estimate |Dl(t)|. Firstly, we have

D1(t) = α1

[(
Rrη̃

(N)(1, t), Pc

(∂Rrφ̃(N)

∂x2
(1− h, t)Rrη̃

(N)(1− h, t)
))

Ĩ

+
(
Rrη̃

(N)(1− h, t), Pc

(∂Rrφ̃(N)

∂x2
(1, t)Rrη̃

(N)(1, t)
))

Ĩ

−
(
Rrη̃

(N)(h, t), Pc

(∂Rrφ̃(N)

∂x2
(0, t)Rrη̃

(N)(0, t)
))

Ĩ

−
(
Rrη̃

(N)(0, t), Pc

(∂Rrφ̃(N)

∂x2
(h, t)Rrη̃

(N)(h, t)
))

Ĩ

]
.
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By Lemma 4.8, ∣∣∣(Rrη̃(N)(1, t), Pc

(∂Rrφ̃(N)

∂x2
(1− h, t)Rrη̃

(N)(1− h, t)
))

Ĩ

∣∣∣
≤ ϵν

2h
∥η̃(N)(1− h, t)∥2

Ĩ
+
ChN

ϵ

∥∥∥∂Rrφ̃(N)

∂x2
(1− h, t)

∥∥∥2
Ĩ
∥g̃1(t)∥2Ĩ .

We can deal with the other terms in D1(t) similarly and thus by Lemma 4.6 and Lemma

4.7,

|D1(t)| ≤ ϵνS(η̃(N)(t)) +
ChN

ϵ
∥g̃(t)∥2

Ĩ
(∥η̃(N)(t)∥2 + ∥f̃2∥2). (5.7)

By an argument similar to the estimation for |D1(t)|, we get

|D2(t)| ≤ ϵνS(η̃(N)(t)) +
ChN

ϵ

(
∥g̃(t)∥2

Ĩ
+ ∥ ∂g̃

∂x2
(t)∥2

Ĩ

)
(∥η̃(N)(t)∥2 + ∥f̃2∥2). (5.8)

|D3(t)| ≤ ϵνS(η̃(N)(t)) + ϵντ2S(η̃
(N)
t (t))

+
ChN

ϵ
(∥g̃(t)∥2

Ĩ
+ τ2∥g̃t(t)∥2Ĩ)(∥η̃

(N)(t)∥2 + ∥f̃2∥2), (5.9)

|D4(t)| ≤ ϵνS(η̃(N)(t)) + ϵντ2S(η̃
(N)
t (t)) +

ChN

ε

(
∥g̃(t)∥2

Ĩ
+ ∥ ∂g̃

∂x2
(t)∥2

Ĩ

+ τ2∥g̃t(t)∥2Ĩ + τ2∥ ∂g̃t
∂x2

(t)∥2
)
(∥η̃(N)(t)∥2 + ∥f̃2∥2), (5.10)

|D5(t)| ≤ ϵντ2S(η̃
(N)
t (t)) +

ChNτ2

ϵ

(
∥g̃t(t)∥2Ĩ + ∥ ∂g̃t

∂x2
(t)∥2

Ĩ

)
(∥η̃(N)(t)∥2 + ∥f̃2∥2). (5.11)

We now estimate Bl(t). It can be verified that

B1(t) ≥ 2νS(η̃(N)(t))− C

ϵh
∥g̃(t)∥2

Ĩ
, (5.12)

B2(t) +B3(t) ≥ ντ
(
σ +

m

2

)
[S(η̃(N)(t))]t − ντ2

(
σ +

m

2

)
S(η̃

(N)
t (t))

− ϵντ2S(η̃
(N)
t (t))− ϵνS(η̃(N)(t))

− C

ϵh
(∥g̃(t)∥2

Ĩ
+ τh2∥g̃t(t)∥2Ĩ), (5.13)

B4(t) ≥ mσντ2S(η̃
(N)
t (t))− Cτh

ϵ
∥g̃t(t)∥2Ĩ . (5.14)

By substituting (5.4)-(5.14) into (5.2), we obtain

∥η̃(N)(t)∥2 + τ
(
m− 1− 6ϵ− Cτ

ϵ
|∥Rrφ(N)∥|22,∞

)
∥η̃(N)
t (t)∥2 + ν|η̃(N)(t)|21

+ ντ
(
σ +

m

2

)
(|η̃(N)(t)|21)t + ντ2

(
mσ − σ − m

2

)
|η̃(N)
t (t)|21 + ν(2− 5ϵ)S(η̃(N)(t))

+ ντ
(
σ +

m

2

)
[S(η̃(N)(t))]t + ντ2

(
mσ − σ − m

2
− 4ϵ

)
S(η̃

(N)
t (t))

≤ H0(t)∥η̃(N)(t)∥2 +H1(t)|η̃(N)(t)|21 +R(t), (5.15)
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where

H0(t) = C
((

1 +
τm2

ϵ

)
|∥Rrη(N)∥|21,∞ +

|∥Rrφ(N)∥|22,∞
ϵ

+
hN

ϵ

(
∥g̃(t)∥2

Ĩ
+ ∥ ∂g̃

∂x2
(t)∥2

Ĩ

+ τ2∥g̃t(t)∥2Ĩ + τ2∥ ∂g̃t
∂x2

(t)∥2
Ĩ

))
,

H1(t) = −ν + ϵν +
CτN(m− 2δ)2

ϵh
(∥η̃(N)(t)∥2 + ∥f̃2(t)∥2),

R(t) = C
[(

1 +
τm2

4ϵ

)
∥f̃1(t)∥2 + |∥Rrη(N)∥|21,∞∥f̃2(t)∥2 +

1

ϵh
(∥g̃(t)∥2

Ĩ
+ τh2∥g̃t(t)∥2Ĩ)

+
(
1 +

|∥Rrφ(N)∥|22,∞
ϵh

)
(∥g̃(t)∥2

Ĩ
+ τh2∥g̃t(t)∥2Ĩ)

+
hN

ϵ

(
∥g̃(t)∥2

Ĩ
+ ∥ ∂g̃

∂x2
(t)∥2

Ĩ
+ τ2∥g̃t(t)∥2Ĩ + τ2∥ ∂g̃t

∂x2
(t)∥2

Ĩ

)
∥f̃2(t)∥2

]
.

Let τ and ϵ be suitably small, and choose the value of m as follows. If σ > 1
2 , then we take

m > m1 = max
(2σ + 8ϵ

2σ − 1
, 1 + p0 + 6ϵ

)
, p0 ≥ 0.

Then (5.15) leads to

∥η̃(N)(t)∥2t + p0τ∥η̃(N)
t (t)∥2 + ν(|η̃(N)(t)|21 + S(η̃(N)(t)))

+ ντ
(
σ +

m

2

)
[|η̃(N)(t)|21 + S(η̃(N)(t))]t

≤ H0(t)∥η̃(N)(t)∥2 +H1(t)|η̃(N)(t)|21 +R(t). (5.16)

If σ = 1
2 , then we take

m > m2 = 1 + p0 +
1

2
ντN2 +

9ντ

4h2
+

2ϵντ

h2
+ 6ϵ.

By Lemma 4.3 and Lemma 4.4,

|η̃(N)
t (t)|21 ≤

(
N2 +

4

h2

)
∥η̃(N)
t (t)∥2 + 2

h
∥g̃t(t)∥2Ĩ , (5.17)

S(η̃
(N)
t (t)) ≤ 1

2h2
∥η̃(N)
t (t)∥2. (5.18)

Thus

τ(m− 1− 6ϵ)∥η̃(N)
t (t)∥2 + ντ2(mσ − σ − m

2
)|η̃(N)

t (t)|21

+ ντ2
(
mσ − σ − m

2
− 4ϵ

)
S(η̃

(N)
t (t))

≥ p0τ∥η̃(N)
t (t)∥2 − Cτ

h
∥g̃t(t)∥2Ĩ . (5.19)

Hence (5.16) holds still. If σ < 1
2 and τ < 4h2

ν(1−2σ)(9+2N2h2) , then we take

m > m3 =
(
1 + p0 + νστN2 +

9νστ

2h2
+

2ϵντ

h2
+ 6ϵ

)(
1 + ντN2

(
σ − 1

2

)
+

9ντ

2h2

(
σ − 1

2

))−1

.

By (5.17)-(5.18), the estimation (5.19) still holds and so (5.16) follows also.
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Now put

E
(N)
1 (t) = ∥η̃(N)(t)∥2 + ντ(|η̃(t)(t)|21 + S(η̃(N)(t)))

+ τ
∑
y∈Sτ
y≤t−τ

(p0τ∥η̃(N)
t (y)∥2 + ν|η̃(N)(y)|21 + νS(η̃(N)(y))),

ρ
(N)
1 (t) = ∥η̃(N)(0)∥2 + τ

∑
y∈Sτ
y≤t−τ

R(y).

By summing (5.16) up for t ∈ Sτ , we get

E
(N)
1 (t) ≤ ρ

(N)
1 (t) + τ

∑
y∈Sτ
y≤t−τ

(H0(y)E
(N)(y) +H1(y)|η̃(N)(y)|21). (5.20)

In particular, if

2δ >


m1, for σ > 1

2 ,

m2, for σ = 1
2 ,

m3, for σ < 1
2 ,

(5.21)

then we take m = 2δ and so H1(t) = −ν + ϵν < 0. Finally we apply Lemma 4.16 of [28] to

(5.20) to get the result.

Theorem 5.1. Assume that the following conditions are satisfied:

(i) h = O
(

1
N

)
, τ = O

(
1
N2

)
and α1 = α2,

(ii) σ ≥ 1
2 or τ < 4h2

ν(1−2σ)(9+2N2h2) ,

(iii) for all t ≤ T ,

∥f̃2(t)∥2 ≤ b1, ∥g̃(t)∥2
Ĩ
+ ∥ ∂g̃

∂x2
(t)∥2

Ĩ
≤ b2, ρ

(N)
1 (t) ≤ b3.

Then for all t ≤ T ,

E
(N)
1 (t) ≤ b4e

b5tρ
(N)
1 (t), (5.22)

where bl are positive constants depending only on |∥Rrη(N)∥|1,∞, |∥Rrφ(N)∥|2,∞ and ν. In

particular, if (5.21) holds, then for all ρ
(N)
1 (t) and t, (5.22) holds.

Remark. If α1 = α2, then the main nonlinear error terms

(Z(t), RrJ
(α)
c (RrZ(t), Rrφ̃

(N)(t))), Z = η̃(N) or η̃
(N)
t

depend only on the boundary errors. If in addition, there is no error on the boundary, then

both of them vanish.

Now, we consider the convergence. Let

ξ(N) = PNξ, ψ(N) = PNψ,

ξ̃(N) = η(N) − ξ(N), ψ̃(N) = φ(N) − ψ(N).

By (1.1) and (2.3),

ξ̃
(N)
t +RrJ

(N)
c (Rr(ξ̃

(N) + δτ ξ̃
(N)
t ), Rr(ψ

(N) + ψ̃(N)))

+RrJ
(α)
c (Rr(ξ

(N) + δτξ
(N)
t ), Rrψ̃

(N))− ν∆(ξ̃(N) + στ ξ̃
(N)
t )

= Pcf1 − PNf1 −
5∑
l=1

Ml,

−∆ψ̃(N) = ξ̃(N) −M6,
ξ̃(N)(0) = Pcξ0 − PNξ0.

(5.23)
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where

M1 = ξ
(N)
t − ∂ξ(N)

∂t
,

M2 = RrJ
(α)
c (Rrξ

(N), Rrψ
(N))− PN

( ∂ψ
∂x2

∂ξ

∂x1
− ∂ψ

∂x1

∂ξ

∂x2

)
,

M3 = δτRrJ
(α)
c (Rrξ

(N)
t , Rrψ

(N)),

M4 = ν
∂2ξ

∂x21
− νξ

(N)
x1x̄1

,

M5 = νστ∆ξ
(N)
t ,

M6 =
∂2ψ(N)

∂x21
− ψ

(N)
x1x̄1

.

Next, we estimate the terms at the right side of (5.23). Firstly

τ
∑
y∈Sτ
y≤t−τ

∥M1(y)∥2 ≤ Cτ
∑
y∈Sτ
y≤t−τ

∥ξt(y)−
∂ξ

∂t
(y)∥2

≤ Cτ2∥∂
2ξ

∂t2
∥2L2(0,T ;L2(Ω)).

We have M2 =
3∑
l=1

αlFl, where

Fl = RrJ
(α)
l,c (Rrξ

(N), Rrψ
(N))− PN

( ∂ψ
∂x2

∂ξ

∂x1
− ∂ψ

∂x1

∂ξ

∂x2

)
.

Obviously

F1 =
6∑
l=1

K6 −RrPc

(
(Rrψ

(N))x̂1

∂Rrξ
(N)

∂x2

)
+ PN

( ∂ψ
∂x1

∂ξ

∂x2

)
, (5.24)

K1 = RrPc

(∂Rrψ(N)

∂x2
(Rrξ

(N))x̂1

)
−RrPc

(∂Rrψ(N)

∂x2

∂Rrξ
(N)

∂x1

)
,

K2 = RrPc

(∂Rrψ(N)

∂x2

∂Rrξ
(N)

∂x1

)
−RrPc

(∂Rrψ(N)

∂x2

∂ξ(N)

∂x1

)
,

K3 = RrPc

(∂Rrψ(N)

∂x2

∂ξ(N)

∂x1

)
−RrPc

(∂ψ(N)

∂x2

∂ξ(N)

∂x1

)
,

K4 = RrPc

(∂ψ(N)

∂x2

∂ξ(N)

∂x1

)
− Pc

(∂ψ(N)

∂x2

∂ξ(N)

∂x1

)
,

K5 = Pc

(∂ψ(N)

∂x2

∂ξ(N)

∂x1

)
− ∂ψ(N)

∂x2

∂ξ(N)

∂x1
,

K6 =
∂ψ(N)

∂x2

∂ξ(N)

∂x1
− PN

( ∂ψ
∂x2

∂ξ

∂x1

)
.
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Let β > 1
2 and µ > 0. By Lemma 4.9 and embedding theory, we have

∥K1∥ ≤ Ch2|∥ψ(N)∥|C1(Ω)|∥ξ(N)(t)∥|C3(I,L2(Ĩ))

≤ Ch2|∥ψ∥|H2+µ(Ω)|∥ξ∥|H 1
2
+µ(I,L2(Ĩ))

,

∥K2∥ ≤ CN−β |∥ψ(N)∥|C1(Ω)|∥ξ(N)∥|C1(I,Hβ(Ĩ))

≤ CN−β |∥ψ∥|H2+µ(Ω)|∥ξ∥|H 3
2
+µ(I,Hβ(Ĩ))

,

∥K3∥ ≤ CN−β |∥ψ(N)∥|C(I,Hβ+1(Ĩ))|∥ξ
(N)∥|C1(I,L2(Ĩ))

≤ CN−β |∥ψ∥|
H

1
2
+µ(I,Hβ+1(Ĩ))

|∥ξ∥|
H

3
2
+µ(I,L2(Ĩ))

,

∥K4∥ ≤ CN−β |∥ψ(N)∥|C1(I,Hβ+1(Ĩ))∥|ξ
(N)∥|C1(I,Hβ(Ĩ))

≤ CN−β |∥ψ∥|
H

1
2
+µ(I,Hβ+1(Ĩ))

|∥ξ∥|
H

3
2
+µ(I,Hβ(Ĩ))

,

∥K5∥ ≤ CN−β |∥ψ∥|
H

1
2
+µ(I,Hβ+1(Ĩ))

|∥ξ∥|
H

3
2
+µ(I,Hβ(Ĩ))

,

∥K6∥ ≤ CN−β |∥ξ∥|
H

1
2
+µ(I,Hβ(Ĩ))

|∥ψ∥|
H

3
2
+µ(I,Hβ+1(Ĩ))

.

We can estimate the last two terms of (5.24) and ∥F2∥, ∥F3∥. Thus

∥M2∥ ≤ C(N−β + h2)
(
|∥ξ∥|H2+µ(Ω) + |∥ξ∥|

H
1
2
+µ(I,Hβ+1(Ĩ))

+ |∥ξ∥|
H

3
2
+µ(I,Hβ(Ĩ))

+ |∥ξ∥|
H

7
2
+µ(I,L2(Ĩ))

)(
|∥ψ∥|H2+µ(Ω) + |∥ψ∥|

H
1
2
+µ(I,Hβ+1(Ĩ))

+ |∥ψ∥|
H

3
2
+µ(I,Hβ(Ĩ))

+ |∥ψ∥|
H

7
2
+µ(I,L2(Ĩ))

)
.

It is easy to verify that

∥M3∥ ≤ Cτ |∥ψ(N)∥|H2+µ(Ω)

(
|∥∂ξ
∂t

∥|
H

3
2
+µ(I,L2(Ĩ))

+ |∥∂ξ
∂t

∥|
H

1
2
+µ(I,H1(Ĩ))

)
,

∥M4∥ ≤ Ch2|∥ξ∥|C4(I,L2(Ĩ)) ≤ Ch2|∥ξ∥|
H

9
2
+µ(I,L2(Ĩ))

,

∥M5∥ ≤ Cτ
(
|∥∂ξ
∂t

∥|
H

5
2
+µ(I,L2(Ĩ))

+ |∥∂ξ
∂t

∥|
H

1
2
+µ(I,H2(Ĩ))

)
,

∥M6∥ ≤ Ch2|∥ψ∥|C4(I,L2(Ĩ)) ≤ Ch2|∥ψ∥|
H

9
2
+µ(I,L2(Ĩ))

.

By an argument as in Theorem 5.1, we come to the following conclusion.

Theorem 5.2. Let the conditions (i) and (ii) of Theorem 5.1 hold. In addition, β > 1
2 ,

µ > 0 and

ξ, ψ ∈ C(0, T ;H2+µ(Ω) ∩H 1
2+µ(I,Hβ+1(Ĩ)) ∩H 3

2+µ(I,Hβ(Ĩ)) ∩H 9
2+µ(I, L2(Ĩ))),

∂ξ

∂t
∈ C(0, T ;H

1
2+µ(I,H2(Ĩ)) ∩H 5

2+µ(I, L2(Ĩ))),
∂2ξ

∂t2
∈ L2(0, T ;L2(Ω)),

f1 ∈ C(0, T ;H
1
2+µ(I,Hβ(Ĩ))), g0, g1 ∈ C(0, T ;Hβ+1(Ĩ)).

Then for all t ≤ T , we have

∥ξ(t)− η(N)(t)∥2 ≤ b∗(τ2 + h4 +N−2β),

where b∗ is a positive constant which depends on the norms mentioned above.
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§6. Error Estimations for Other Unsteady Problems

In this section, let b ≥ 0 and consider the following boundary condition

−η(N)
x1 (0, x2, t) +

b
2 (η

(N)(0, x2, t) + η(N)(h, x2, t))

= Pc(− ∂ξ
∂x1

(0, x2, t) + bξ(0, x2, t))

= Pcg0(x2, t),

η
(N)
x̄1

(1, x2, t) +
b
2 (η

(N)(1, x2, t) + η(N)(1− h, x2, t))

= Pc(
∂ξ
∂x1

(1, x2, t) + bξ(1, x2, t))

= Pcg1(x2, t).

(6.1)

For simplicity, we assume that

α1 = α2 =
1

2
, δ = 0

and

φ̃(N)(0, x2, t) = φ̃(N)(1, x2, t) = 0

as before. By an argument as in Section 5, we have

∥η̃(N)(t)∥2t + τ(m− 1− ϵ)∥η̃(N)
t (t)∥2 + 2ν|η̃(N)(t)|21

+ ντ
(
σ +

m

2

)
(|η̃(N)(t)|21)t + ντ2

(
mσ − σ − m

2

)
|η̃(N)
t (t)|21

+D1(t) +G4(t) +G5(t) +
4∑
l=1

Bl(t)

≤ ∥η̃(N)(t)∥2 +
(
1 +

m2τ

4ϵ

)
∥f̃1∥2 (6.2)

where D1(t), Bl(t) are the same as in the previous section, and

G4(t) = (2η̃(N)(t) +mτη̃
(N)
t (t), RrJ

(α)
c (Rrη

(N)(t), Rrφ̃
(N)(t))

+RrJ
(α)
c (Rrη̃

(N)(t), Rrφ
(N)(t))),

G5(t) = mτ(η̃
(N)
t (t), RrJ

(α)
c (Rrη̃

(N)(t), Rrφ̃
(N)(t))).

We first suppose that b = 0. By Lemma 4.4 and Lemma 4.8,

|G4(t)| ≤ ϵτ∥η̃(N)
t (t)∥2 + ϵν|η̃(N)(t)|21

+
C

ϵ
(1 + |∥Rrη(N)∥|21,∞ + |∥Rrφ(N)∥|22,∞)(∥η̃(N)(t)∥2 + ∥f̃2∥2 + τh∥g̃∥2

Ĩ
),

|G5(t)| ≤ ϵτ∥η̃(N)
t (t)∥2 + CτN

ϵh
|η̃(N)(t)|21(∥η̃(N)(t)∥2 + ∥f̃2∥2).

By Lemma 4.7 and Lemma 4.8, for any x1, x
′
1, x

′′
1 ∈ Īh,

|(u(x1, t), v(x′1, t)w(x′′1 , t))Ĩ |
≤ ∥u(x1, t)∥2Ĩ +N∥v(x′1, t)∥2Ĩ∥w(x

′′
1 , t)∥2

≤ ϵ|u(t)|21 + C∥u(t)∥2 +N(ϵ|v(t)|21 + C∥v(t)∥2)(ϵ|w(t)|21 + ∥w(t)∥2).

Thus Lemma 4.6 and the second formula of (5.1) lead to

|D1(t)| ≤ C(1 +N∥η̃(t)∥2 +N∥f̃2(t)∥2)(ϵν|η̃(t)|21 + ∥η(t)∥2). (6.5)
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Next by Lemma 4.7,

4∑
l=1

|Bl(t)| ≤ ϵν|η̃(N)(t)|21 + ϵντ2|η̃(N)
t (t)|21 +

C

ϵ
(∥η̃(N)(t)∥2

+ τ2∥η̃(N)
t (t)∥2 + ∥g̃(t)∥2

Ĩ
+ τ2∥g̃t(t)∥2Ĩ).

Theorem 6.1. Assume that

(i) b = 0, h = O( 1
N ), τ = O

(
1
N2

)
, σ ≥ 1

2 or τ < 2h2

ν(1−2σ)(4+N2h2) ,

(ii) ∥f̃2(t)∥2 ≤ b6
N and ρ

(N)
2 (t) ≤ b7

N for all t ≤ T .

Then for all t ≤ T ,

E
(N)
2 (t) ≤ b8e

b9tρ
(N)
2 (t),

where

E
(N)
2 (t) = ∥η̃(N)(t)∥2 + ντ |η̃(N)(t)|21 + τ

∑
y∈Sτ
y≤t−τ

(p0τ∥η̃(N)
t (y)∥2 + ν|η̃(N)(y)|21),

ρ
(N)
2 (t) = ∥η̃(N)(0)∥2 +

∑
y∈Sτ
y≤t−τ

(∥f̃1(y)∥2 + ∥g̃(y)∥2
Ĩ
+ τ2∥g̃t(y)∥2Ĩ).

We next consider the case b > 0. Let

S∗(η̃(N)(t)) =
1

2
(∥η̃(N)(0, t) + η̃(N)(h, t)∥2

Ĩ
+ ∥η̃(N)(1− h, t) + η̃(N)(1, t)∥2

Ĩ
).

By (6.1),

∥η̃(N)
x1

(0, t)∥2
Ĩ
+ ∥η̃(N)

x̄1
(1, t)∥2

Ĩ
≤ ϵS∗(η̃(N)(t)) +

C

ϵ
∥g̃(t)∥2

Ĩ
.

As the derivation of (6.3) and (6.4), we have

|G4(t)|+ |G5(t)| ≤ ϵτ∥η̃(N)
t (t)∥2 + ϵν|η̃(N)(t)|21 +

C

ϵ

(
|∥Rrη(N)∥|21,∞

+ |∥Rrφ(N)∥|22,∞ + 1
)
(∥η̃(N)(t)∥2 + ∥f̃2(t)∥2 + τhS∗(η̃(N)(t))

+ τh∥g̃(t)∥2
Ĩ
) +

CτN

ϵh
|η̃(N)(t)|21(∥η̃(N)(t)∥2 + ∥f̃2(t)∥2).

On the other hand,

B1(t) ≥ bν(1− ϵ)S∗(η̃(N)(t))− C

ϵ
∥g̃(t)∥2

Ĩ
,

B2(t) +B3(t) ≥
b(m+ 2σ)

4
S∗
t (η̃

(N)(t))− bντ2(m+ 2σ)

4
(1 + ϵ)S∗(η̃

(N)
t (t))

− C

ϵ
(∥g̃(t)∥2

Ĩ
+ τ2∥g̃t(t)∥2Ĩ),

B4(t) ≥
bνστ2m

2
(1− ϵ)S∗(η̃

(N)
t (t))− Cτ2

ϵ
∥g̃t(t)∥2Ĩ .

By an argument as in Theorem 5.1, we reach the following conclusion.

Theorem 6.2. Assume that

(i) b > 0, h = O
(

1
N

)
, τ = O

(
1
N2

)
, σ ≥ 1

2 or τ < 2h2

ν(1−2σ)(4+N2h2+b) ,

(ii) ∥f̃2(t)∥2 ≤ b10
N and ρ

(N)
3 (t) ≤ b11

N for all t ≤ T .
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Then for all t ≤ T ,

E
(N)
3 (t) ≤ b12e

b13tρ
(N)
3 (t)

where

E
(N)
3 (t) = ∥η̃(N)(t)∥2 + ντ(|η̃(N)(t)|21 + S∗(η̃(N)(t)))

+ τ
∑
y∈Sτ
y≤t−τ

(p0τ∥η̃(N)
t (y)∥2 + ν|η̃(N)(y)|21 + νS∗(η̃(N)(y))),

ρ
(N)
3 (t) = ∥η̃(N)(0)∥2 +

∑
y∈Sτ
y≤t−τ

(∥f̃1(y)∥2 + ∥g̃(y)∥2
Ĩ
+ τ2∥g̃t(y)∥2Ĩ).

We can prove the convergence for b = 0 and b > 0 as in Theorem 5.2.

§7. The Steady Problem

In this section, we consider the steady problem
∂ψ
∂x2

∂ξ
∂x1

− ∂ψ
∂x1

∂ξ
∂x2

− ν
(
∂2ξ
∂x2

1
+ ∂2ξ

∂x2
2

)
= f1, in Ω,

−∂2ψ
∂x2

1
− ∂2ψ

∂x2
2
= ξ, in Ω.

(7.1)

For simplicity, suppose that ξ ≡ ψ ≡ 0 for x1 = 0, 1. Let

H = {u|u(0, x2) = u(1, x2) = 0, u(x1, x2) ∈ VN for x1 ∈ Ih}

with the scalar product and the norm as follows:

⟨u, v⟩ = 1

2
(ux1

, vx1
) +

1

2
(ux̄1

, vx̄1
) +

( ∂u

∂x2
,
∂v

∂x2

)
+

1

2h
(u(h), v(h))Ĩ

+
1

2h
(u(1− h), v(1− h))Ĩ ,

∥u∥2H = |u|21 + S(u).

The Fourier pseudospectral-finite difference scheme for (7.1) is{
RrJ

(α)
c (Rrη

(N), Rrφ
(N))− ν∆η(N) = Pcf1,

−∆φ(N) = η(N).
(7.2)

For any fixed w ∈ H, (w,Pcf1) is a linear functional in H and so there exists F ∈ H such

that

⟨F,w⟩ = (w,Pcf1), |(w,Pcf1)| ≤ ∥F∥H∥w∥H .

Theorem 7.1. Let α1 = α2 and ∥F∥M be bounded uniformly for N and h. Then (7.2)

has at least one solution which is bounded uniformly for N and h.

Proof. From (7.2) and (2.15) we have

ν⟨η(N), w⟩+ (w,RrJ
(α)
c (Rrη

(N), Rrφ
(N))) = (Pcf1, w).

For any fixed η(N) and φ(N), (w,RrJ
(α)
c (Rrη

(N), Rrφ
(N))) is a linear functional in H and

thus there exists Aη(N) ∈ H such that

⟨Aη(N), w⟩ = (w,RrJ
(α)
c (Rrη

(N), Rrφ
(N))). (7.3)
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Hence (7.2) is equivalent to the following operator equation

η(N) + λ(Aη(N) − F ) = 0, λ =
1

ν
.

Assume that the sequence {η(N)
n } satisfies

−∆φ(N)
n = η(N)

n

and

∥η(N)
n − η

(N)
0 ∥H → 0 as n→ ∞.

If n is large enough, then ∥η(N)
n ∥H and ∥φ(N)

n ∥H are uniformly bounded. Let

Zm,n = ⟨Aη(N)
m −Aη(N)

n , w⟩.

Then by (2.13),

|Zm,n| ≤ C∗∥η(N)
m − η(N)

n ∥H∥w∥H ,

and so

∥Aη(N)
m −Aη(N)

n ∥H ≤ C∗∥η(N)
m − η(N)

n ∥H .

Thus A is a continuous operator. On the other hand, from (7.3) and (2.13) it follows that

for λ ∈ (0, 1ν ] the possible solution satisfies

∥η(N)
λ ∥2H ≤ λ∥η(N)

λ ∥H∥F∥H ≤ 1

ν
∥η(N)
λ ∥∥F∥H

and thus ∥η(N)
λ ∥H is bounded. Finally the conclusion follows from Browder’s theorem.

Let

∥u∥4l4 = ∥u2∥2, |u|41,l4 =
1

2
∥ux1∥4l4 +

1

2
∥ux̄1∥4l4 + ∥ ∂u

∂x2
∥4l4 .

We can prove as in [21] that ∥u∥4l4 ≤ C5(∥u∥2 + |u|21).
Theorem 7.2. If α1 = α2 and ν2 > C6∥f1∥, then (7.2) has only one solution where

C6 = C
1
2
5 C

7
4
1 (2 + 2C1)

3
4 , and C1 is the same as in Lemma 4.5.

Proof. Let η(N), φ(N) and η
(N)
1 , φ

(N)
1 be the solutions of (7.2) and

η̃(N) = η
(N)
1 − η(N), φ̃(N) = φ

(N)
1 − φ(N).

Then 
RrJ

(α)
c (Rrη̃

(N), Rrφ̃
(N) +Rrφ

(N))

+RrJ
(α)
c (Rrη

(N), Rrφ̃
(N))− ν∆η̃(N) = 0, in Ω,

−∆φ̃(N) = η̃(N), in Ω,
η̃(N) = φ̃(N) = 0, for x1 = 0, 1.

(7.4)

Since

(η̃(N), RrJ
(α)
c (Rrη

(N), Rrφ̃
(N))) = −(η(N), RrJ

(α)
c (Rrη̃

(N), Rrφ̃
(N))),

from (7.4) we have

ν∥η̃∥2H ≤ ∥η(N)∥l4 |η̃(N)|1|φ̃(N)|1,l4

≤ C
1
2
5 ∥η(N)∥ 1

2 ∥η̃(N)∥H |φ̃(N)|
1
2
1 (∥η(N)∥2

+ |η(N)|21)
1
4 (|φ̃(N)|21 + |φ̃(N)|22)

1
4 . (7.5)
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Therefore by the second formula of (7.4), Lemma 4.5 and Lemma 4.6,

(ν − C
1
2
5 C

3
4
1 (2 + 2C1)

1
4 ∥η(N)∥H)∥η̃(N)∥2H ≤ 0. (7.6)

On the other hand, by (7.2),

ν∥η(N)∥2H ≤ ∥η(N)∥∥f1∥ ≤
√
C1∥η(N)∥H∥f1∥.

By the technique as in [5], we have the following results.

Theorem 7.3. Let f̃1 be the error of f1. If the conditions of Theorem 7.2 are fulfilled,

then ∥η̃(N)∥2H ≤ C∥f̃1∥2.
Theorem 7.4. If the conditions of Theorem 7.2 hold, then the iteration{

η
(N)
n+1 = η(N)

n + τ [ν∆η
(N)
n+1 −RrJ

(α)
c (Rrη

(N)
n+1, Rrφ

(N)) + Pcf1], τ > 0, n ≥ 0,

−∆φ(N)
n = η(N)

n .

is convergent, and there exists a positive constant 0 < θ < 1 such that

∥η(N)
n − η(N)∥2H ≤ θn∥η(N)

0 − η(N)∥2H .
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