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THE UNIQUENESS OF BIFURCATION TO
SEPARATRIX LOOPS IN SUPERCRITICAL CASES

SUN JIANHUA*
Abstract

In paper [4] the existence of bifurcation to separatrix loops in supercritical cases on the plane
is studied. This note is a continuation of [4]. The author proves the uniqueness of limit cycles
in a neighborhood of the separatrix loop, and the results strengthen the relevant conclusions in
[1-6].
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§1. Introduction

In this paper we consider the two-dimensional system in the general vector form
X = F(X) + aG(X, ), (1.1)
or, in coordinates,
T = Fl(xvy) + OZGl(I,y, 6)7
QZF2($7Q)+CYG2($7Z/75)7 (11)/
where |a| << 1, F and G are sufficiently smooth, and F(0) = G(0,9) = 0, the parameter
5 € R™, m € N*. We make the following hypothesis on the unperturbed system.
(A) 09 = divF(0) = 0, and, for & = 0, (1.1) possesses a separatrix loop Ly passing
through the hyperbolic saddle point 0. Set Ly = {Xo(¢)| — co < t < c0}.
In our preceding paper [4] we studied the existence of the bifurcation to the separatrix
loop Ly for the system (1.1) in the supercritical case. In the present paper we will study the
uniqueness of the bifurcation to separatrix loop Lo in the supercritical case. The analogous

issues were considered by [5] for the critical case.
Let

o= / divF(Xot)dt,

— 00

M;(5) = / h exp(— /O t divF(Xo(s))ds)F(Xo(t)) A G(Xo(t), 8)dt,

— 00

Mi(5) = /_ Ooexp(— /O divF(Xo()ds) F(Xo(t)) A DG(Xo(t),8) X1 (1)t (kzz()m)
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in which
— Xli—l(t% te [0,00),
Xk—l(t) - {X;jl(t)y te (700,0] (1'3)
and X;_,, X}, (t) satisfy the following equations:
Xj; = DF(Xo(t))X;; + DG(Xo(t), ) X1,
X7 = DF(Xo(6) X} + G(Xo(t),6) (k> 2), (1.4)

where ¢ € [0,00) as * = s and ¢ € (—00,0] as * = u (see [4]).

We obtain the following main results.

Theorem 1.1. In addition to the hypothesis (A), suppose that o9 = 0, o # 0, Lg
is counter-clockwise and there exists a 69 € R™ such that My(dp) = 0, k = 1,--- ,n —
1, M,(8) # 0. Then for 0 < |a| << 1, ||0 — dol| << 1, the system (1.1) has a unique limit
cycle if ca™ M, (6) < 0 and no limit cycle if ca™M,(6) > 0 near Lo. And the limit cycle is
stable as o < 0 and unstable as o > 0.

The paper is organized as follows: the preliminaries are given in Section 2; Section 3 is
devoted to the proof of our main results and corollary; finally, in Section 4 we show how our
results are applied to an example.

§2. Preliminaries

Under our assumptions, the origin is still a hyperbolic saddle point of (1.1) for a near
zero. Up to a linear change of coordinates, the system (1.1) can be written in the form

T = )\1(E + f1($7y) + aj\l(d)x + agl(‘rv:% 6)7
y: _/\2y+f2(x7y) _045\2(5)94‘0492(33’%5)7 (21)
in which A\; = Ag > 0, X\;(6) > 0 for ||| small, f; and g; vanish at the origin together with
their first derivatives, i = 1, 2.
Moreover, according to the results of [7], we have the following
Lemma 2.1. There exists a C3-transformation in a neighborhood of the origin such that
the system (1.1) can be changed into the form
=Mz + ol (0)z + 2%yh (2, y) + az’y Ry (x,y,0) = 2P(x,y, o, ),
y = 7)\23/ - 045\2(6)y + nyhQ(xa y) + Ol(ﬂyzRQ(l’, Y, 5) - yQ(:L'a Y, Q, 6)7 (22)
where h; and R; are continuous functions, i = 1,2, near the origin.
Suppose that T(X) is the transformation changing (1.1) into (2.2) in a neighborhood of
the origin. We have
T(X) = To(X) + T1(X),
where Ty is an invertible linear transformation and 7T} satisfies
T,(0) =0, DTy(0)=0.
Let 1 : R? — [0,1] be a C*-function defined by
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and
« To(X) +Th (Xu(X ;1 X L e,
T(X):{Tg(xg’ (X p(X/e) HXHz
S(X) =T*(X) — To(X).

It follows that | DS(X)|| can be arbitrarily small when ¢ is sufficiently small, for all X € R2.
Thus, T* is a C3-diffeomorphism in R2, provided ¢ is small enough. Therefore, we have

Lemma 2.2. There exists a coordinate transformation of R? which is linear outside a
neighborhood of the origin such that the system (1.1) can be changed into system (x) which
has the form (2.2) near the origin.

Consequently, in what follows we suppose that the system (1.1) has the property of the
system ().

It is clear that the local stable manifold of the origin is W} . = {(z,y)|z = 0, |y| < e}.
The unstable manifold of the origin is W, = {(z,y)||z| < &, y = 0} which is included in the
stable manifold of the origin ultimately for the unperturbed system (1.1)a=o. Let W 5(0)
and W ;(0) be respectively the stable and unstable maniflods of the origin for (1.1) when
« near zero. It is easy to see that € > 0 can be chosen sufficiently small so that x = ¢ and
y = ¢ are cross-sections of the vector field (1.1). We can take ¢ = 1, by scaling X = ¢X;.

Let d(a, §) be the separation of the manifolds W 5(0), W 5(0) on the cross-section z = 1.
Then from our paper [4] we have

Lemma 2.3.

1 — nt1
d(a, 6) = TEOT kZ:la My(8) + o(a™th), (2.3)
where My (8) (k=1,2,---,) satisfy the formula (1.2).

We define the Poincaré map P: | — [, where [ = {(z,y)|x = 1, 0 < y << 1} is a cross-
section as above. Let A; = yes + Ao, A2 = B(y, @, d)ea + Ag, y > 0, where eo = (0,1); A
is the point (1,0) if d(«, d) > 0, and Ay is the first intersection point of the stable manifold

5.6(0) with [ if d(a, ) < 0. Ay is the first intersection point of the orbit passing through
A; with [. Note that the stable manifold lies inside (outside) of the unstable manifold if
d(a, §) < 0(>0).

For the Poincaré map P : (1,y) — (1,8(y, @,9)), we have

Lemma 2.4. If og = 0, then for |a| sufficiently small and any fized § € R™ we have

1) B(0,,0) = d(ev,0), if d(a, ) < 0;

2) 8(0,a,96) = Kd(a, d) + o(a) > 0, if d(«v, ) > 0;
where K = [[F(1,0)||/|[F(0, )]

Proof. 1) It is trivial.

2) Consider the Poincaré map P : (1,0) — (1, 5(0, ,d)), which can be decomposed to

1 (1,0) = (d,1) and o : (d,1) — (1,8(0,a,6)),

where

d' =" a*M(6)/|IF(0,1)]| + (™) = Kd(a, ).
k=1
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In order to study the map my, we consider the flow defined by the linearization of (1.1)
about the origin, which is given by

z(t) = d exp(A\ + a)t,
y(t) = exp(— (A2 + ada)t). (2.4)
The time of flight, Ty, needed from the point (d’,1) to (1, 3(0,«, d)), is given by

1
Ty=———  Ind.
O TN o

Thus, the linear part 7§ of 7o is defined by
Ao +aX
7T(J)L 2 (d1) — ( (d/)ﬁ)
So,
L L Jztary
Pl =zlom :(1,0) = (1, (Kd) e )
According to the continuity of the solutions with respect to the functions on the right hand

side and the parameter « for the system (1.1), we can take the map P’ as the approximate
of the Poincaré map P. Therefore, we have

Agtadg
B(0,,8) = (Kd) i+t + o(a) = Kd + o(a),

for a near zero, because op = A1 — Ay = 0. Also, clearly, 5(0,«,d) > 0. This prove the
lemma.

§3. Proof of the Main Theorem and Corollary

The existence and nonexistence of the limit cycle can be obtained from our paper [4].

We begin on the proof of the uniqueness of the limit cycle. In order to be specific in the
following discussion, we assume that o < 0, a"My(dp) > 0. Let L, s be any limit cycles
generated by the separatrix loop Lg for the system (1.1) when 0 < |a| << 1, ||6 —do|| << 1.

Los— Lo as a—0, § = do.

The characteristic exponent of the limit cycle L s is
Ya,5 = f divF (X)dt + a?{ divG(X,d)dt = I + I. (3.1)
a s

We claim that
Va5 — 0 as a— 0, 0 — dg. (3.2)
If the above claim holds, we yield
Ya,5 =0 +o(la] + || — dol]) for 0 < |al << 1, ||6 — | << 1,

so any limit cycles L, s generated by the separatrix loop Lo must have the same stability as
L. Hence, the system (1.1) has a unique limit cycle near Ly, which is stable and unstable
as 0 < 0 and o > 0, respectively.

To prove the above claim, we first prove
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Lemma 3.1.

L= j{ divF(X)dt >0 as a—0, 6 — do. (3.3)

Proof. As shown in Fig. 1, let

l=A{(z,y)lz =1, y> 0}

as before, I’ = {(z,y)lz > 0, y = 1}.
Ao = (1,0) € INWF4(0), By = (0,1) €
' " W2 5(0). The points A, Ay, By and Cy
are taken on the limit cycle Lo s, A1 €
INLq,5, B1 € 'NLy,s. Without loss of gen-
erality, we can assume that A — 0, A; —
Ay, By > Bpand Cy —» Cpasa — 0, § —
0.

101+ClB1 B1 AA1

From the normal form (2.2), we have Fig. 1

divF(X) = zyh(z,y), heC (3.4)
in a neigborhood of the origin. Suppose that the parameter representation of the trajectory
segments B?A and A/;ll are, respectively.

BiA: x=p(y), ya<y<l
and

A/;ll: y=v¢(x), za<z<l.

Clearly, ¢ =+ 0, v > 0as a — 0, 6 — Jp.
It follows that

1
eh(e,y)
= zyh(z,y)dt = —— = dy—0, as a—0, § — do;
/31 /BIA (z.9) va Qo y,0a,9) ’

A

1
/A :/A xyh(z,y)dt = deﬁo, as a—0, § = dg.
AA, AAy =

A P(xa ¢a a, 6)
Therefore,
L - [ _ _ :% divF(X)dt = o.
ApCo+CoBg Lo
Secondly, we have
Lemma 3.2.
I, = aj{ divG(X,0)dt -0 as a— 0, § — dp. (3.5)
a,d

Proof. From the normal form (2.2), in a neighborhood of the origin divG(X,d) takes
the following form:

divG(X,0) = A\ — A + 2yR(z,y,0), ReC. (3.6)
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It is easy to show that
—Ir = a/ _ divG(X, 6)dt + a/A _ divG(X, d)dt.
A1 By B1C1+C1 Ay
Clearly, the second integral can be reduced to a definite integral with respect to the variable
y, which is a bounded continuous function of all its arguments. Moreover, for the first
integral, we have

/ _divG(X, 8)dt
AlBl

= /,\ [(A\1 — X2) + zyR]dt
A

1B1

) o o -
A1 — A AL — A A1 — A
:/ [_ 1= Ao 1= A2 1= Ao }dy—k/ﬁ ryRdt
ua, b et ar)y  yQ(z,y,a,0) (A2 +ad)y A1By
A=A =)\ A A=A
=2 flnyAnL/ o= 20)0e 4 0%+ 2)Qdy+/ﬁ zyRdt
Az + ado Ya, (A2 + aX2)yQ ALBy
A — Ao / A= Ao /
=———1In + ——|zyho + Ro|dt + zyRdt.
N Fang Mt [ o AQJFMZ[ yha + axyRs] o
Set
- A=A
R(z,y,a,0) = ——(h R R
(z,y,0,0) )\2+a>\2(2+0‘ 2) +
It follows that
A=A —
/ AG(X, )t = Ay /  ayRdt. (3.7)
Ar1B; A2 + ady AB

Similarly to the proof of Lemma 3.1, we can show that
/h zyRdt =0, as a— 0, § = dp.
A1By

Clearly,
A1(6) — Xa(0) R A1 (80) — Xa(d)
No + ara(0) A2 ’
By Lemma 2.4, we have y4, > 8(0,a, ) > 0. Without loss of generality, suppose that a > 0.
Then aln 3(0,,d) < alnys, < 0. By Lemmas 2.3 and 2.4 we get

as a—0 § — dp.

1 - n+1
alnp(0,a,6) = aln[wgakMk(é) + o(a™* )}

~ aln[a® M (6)] =0, as a— 0, § — .

Soalnya, - 0,asa—0, 0 — do.
Hence we have proved that
_ A1) — M (9)

—Iy = ————"alnya, +o¢/ﬁ xdet—i—oz/A _ divG(X,0)dt
2 A2 + aXg(9) A1B B1C1+C1 A ()

—0, as a—0, §— .

The proof of this lemma is finished.
Similar to Theorem 1.1, we have
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Theorem 3.1. In addition to the hypothesis (A), suppose that o9 = 0, o # 0, Lg is
clockwise and there exists a 09 € R™ such that My(dp) =0, k=1,---,n—1, M,(d) # 0.
Then for 0 < |a| << 1, ||6 — do|l << 1, the system (1.1) has a unique limit cycle if
oMy, (8) > 0 and no limit cycle if ca™ M, (0) < 0 near Ly. And the limit cycle is stable
as 0 < 0 and unstable as o > 0.

From the proof of Theorem 1.1, we have

Theorem 3.2. Suppose that, in addition to the hypothesis (A), o9 = 0, o # 0, and
there exists a 5o € R™ such that 04(50) = adivG(0,dg) = 0. Then at most one limit cycle is
generated by the separatriz loop Lo in the system (1.1) for 0 < |a| << 1, ||§d — || << 1.

Remark. Our results strengthen the relevant theorems in [1-6].

§¢4. An Example

In this section, we apply the above theorems to the following system:
i =2y — u(y? — 2% 4+ 2%) (22 — 32?),
y =2z — 322 + u(y? — 2% + 2°)(2y) + ay?,
ie.,
X = Fi(X) + pFy(X) + aG(X) = F(X, 1) + aG(X), (4.1)
where X = (z,y)7 € R?, i and « are real parameters.

For o = 0, the system (4.1) has a hyperbolic saddle 0 and a separatrix loop Lg oriented
clockwise, given by

Xo(t) = (sech®t, —sech?ttht). (4.2)
In [4], we studied the existence of bifurcation to separatrix loop Lo. We determine the

uniqueness of the bifurcation near Lg here.
Clearly, for the system (4.1), 0g =0, 0, = 0. And we can obtain easily

o= [ T divE(Xo(t), )t

- /Oo (22 — 32%)? + (2y)]| xo (0 dt

-0
= ay, (4.3)
where a is a positive constant. Thus, from Theorem 3.2, we get
Theorem 4.1. If u # 0, the system (4.1) has at most one limit cycle generated by
separatriz loop Ly for a mear zero.
By [4], we have

My =0+ O(/J’)v

My = / 4sech®t - th?t - y(t)dt + o(p) = b+ o(p)

— 0o

in which

y(t) = @(t)p2(t) + (t)qa(t)
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and
21 1 1
p(t) = 3 + % — 3cht + gshtcht + %secht - gsecth + %sech?’t
1 1 1
+ étsechg’ttht - étsechttht _b arcsin e’,
16 32 16
¥ (t) = secht - th3t — sech®t - tht 4 arcsin tht,
po(t) = 2sech®t — 3sech™t,
! 45, 15 5 o, 15
q2(t) = 4shtcht 16sech ttht + 3 tsech“tth?¢ 16tsech t.
Hence,
d= 20 | o(at o(u)a® + o(ua®) (1.4
[1F1((Xo(0))]] ' '

Thus, we obtain the following result, which is more precise than Theorem 4.1.

Theorem 4.2. For 0 < |u| << |a| << 1, the system (4.1) has a unique limit cycle near
Lo if pb > 0 and no limit cycle if ub < 0. Moreover, the limit cycle is stable (unstable) as
w<0(>0).
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