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CHAOS FOR MIXING TRANSFORMATIONS**
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Abstract

For a class of mixing transformations of a compact metric space it is proved that each chaotic
subset is “small” but the possibility for any finite subset to display chaotic behavior is “large”.
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§1. Introduction

In recent years, many authors pay their attention to the existence of chaotic subsets (cf.
[1-6] and [8-10]). Some of them mentioned the Lebesgue measure of chaotic subsets (cf. [1],
[4-6] and [9]). In this paper for a class of mixing transformations of compact metric space,
we investigate the possibility for any finite subset to display chaotic behavior instead of the
existence of some chaotic subsets. And the invariant measures of chaotic subsets will be
disscussed. We will use the following definition drawn in [9].

Definition 1.1. Suppose that f : X — X is a map, where X is a topological space.
A subset Y of X is said to be chaotic with respect to a given increasing sequence {n;} of
positive integers if for any continuous map g :' Y — X there is a subsequence {p;} of the
sequence {n;} such that

lim fPi(z) = g(x) for each x €Y.
1—> 00

Throughout this paper we use X™ to denote the product set of m X’s. If X is a metric
space or a probability space, then X™ will denote the product metric space or the product
probability space respectively, whose definitions are as usual (cf. [7]). We use f,, to denote
the product map of m f’s.

The following results will be proved.

Theorem 1.1. Let f : X — X be a continuous map, where X is a compact metric space
containing infinitely many points, let {n;} be an increasing sequence of positive integers and
let Y be a chaotic Borel subset of X with respect to the sequence {n;}. ThenY has invariant
measure zero, i.e., if 1 is an invariant measure on the Borel subsets of X, then u(Y') = 0.

Manuscript received April 23, 1992. Revised June 2, 1993.
*Department of Mathematics, Jilin University, Changchun 130023, China.
**Project supported by the National Natural Science Foundation of China



502 CHIN. ANN. OF MATH. Vol.15 Ser.B

Theorem 1.2. Let f be a continuous map of the compact metric space X into itself.
Then

(1) f is weakly topologically mizing iff for any m > 0 there is a dense G5 subset Y of X™
such that m coordinates of each point of Y form a chaotic subset of X with respect to the
sequence 1,2, ---.

(2) f is topologically mizing iff for any m > 0 and any increasing sequence of positive
integers there is a dense G5 subset Y of X™ such that m coordinates of each point of Y
form a chaotic subset of X with respect to this sequence.

Theorem 1.3. Let f be a continuous map of the compact metric space X into itself and
let f has an invariant probability measure on the Borel subsets of X giving non-zero measure
to every mnon-empty open set. Then

(1) if f is weak-mizing, then for any m > 0, the m coordinates of almost each point of
X™ form a chaotic subset of X with respect to the sequence 1,2,3,---;

(2) if [ is mizing, then for any m > 0 and any increasing sequence of positive integers,
the m coordinates of almost each point of X™ form a chaotic subset of X with respect to
this sequence.

For a topologically mixing map of a compact metric space containing infinitely many
points, Xiong and Yang!® proved that each chaotic subset must be F,, i.e., it could not be
very “large” from the topological viewpoint. Theorem 1.1 supports this conclusion from the
viewpoint of invariant measure. Theorems 1.2 and 1.3 say that although each chaotic subset
is “small”, if we take a finite subset at random then the possibility for this subset to display
chaotic behavior must be very “large”.

We put the proofs of Theorems 1.1, 1.2 and 1.3 in §2, §3 and §4 respectively.

§2. Proof of Theorem 1.1

Under the hypotheses of Theorem 1.1, we first prove two claims.

Claim 2.1. No periodic points of f are in'Y .

Proof. Assume that Y contains a periodic point p of f. Let ¢ € X be any point. Define
the continuous map g : Y — X by g(y) = ¢ for each y € Y. Then there exists a subsequence
{pi} of the sequence {n;} such that f?(p) - ¢ as i — oo, which implies that ¢ € Os(p)
(the orbit of p under f), and consequently, X C Os(p). This contradicts the infiniteness of
f-

Claim 2.2. For anyn >0, Y N f~"(Y) = 0.

Proof. Assume that for somen >0, YN f~"(Y) # (. Then there exists p € Y such that
g = f"(p) € Y. Define the continuous map g : Y — X by g(y) = p for each y € Y. Then
there exists a subsequence {p;} of the sequence {n;} such that for i — oo,

fri(p) = p (2.1)
and

fPi(q) = p. (2.2)
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By (2.1), for i — oo, f™fPi(p) = f™(p) =g, i.e.,
(@) = q (2.3)
By combining (2.3) with (2.2) we have p = ¢ and hence p € Y is a periodic point of f. This
contradicts Claim 2.1.
Proof of Theorem 1.1. Suppose that Y is a chaotic Borel subset of X. Then by Claim

2.2, Y, f~HY), f72(Y),- - are pairwise disjoint. Therefore if ;1 is an invariant measure of
f, then pu(Y) =0.

§3. Proof of Theorem 1.2

Definition 3.1. Let f be a continuous self-map of the topological space X and let {n;}
be an increasing sequence of positive integers. f is said to be transitive with respect to the
sequence {n;} if for any non-empty open sets U and V of X there is an integer i > 0 such
that f"(U)NV #£ (0. A map transitive with respect to the sequence 1,2,3,--- is briefly said
to be transitive.

Definition 3.2. Let f be a continuous self-map of the topological space X. f is said to
be weakly topologically mizing if fo = f X f is transitive, i.e., for any non-empty open sets
Ui,Us, Vi and Va there is an integer n > 0 such that

frUNNVL £ and  fM(Uy) N Vy # 0.

f is said to be topologically mizing if for any non-empty open sets U and V of X there is
an integer N > 0 such that f*(U)NV #0  for each n > N.

It is easy to see that each topologically mixing map is weakly topologically mixing and
each weakly topologically mixing map is transitive.

Lemma 3.1. Let f be a continuous self-map of the compact metric space X and let {n;}
be an increasing sequence of positive integers. Then the following are equivalent.

(1) f is transitive with respect to the sequence {n;}.

(2) The set of points x with {f™ (x);i > 1} dense in X is a dense Gs.

Proof. (1)=-(2). If {U,}$° is a base for the topology, then

{a; {f™ (2)}32, s dense} = () |J f7™(Un).

n=1i=1
By (1) we know that ;Lj)lf_"i (U,,) is dense. So the result follows.

(2)=(1). Suppose &,V are non-empty open sets. By (2), there exists € U such that
{f™(xz);¢ > 1} is dense in X, which implies f™(U) NV # § for some ¢ > 0. Hence f is
transitive with respect to the sequence {n;}.

Lemma 3.2. Let f be a continuous self-map of the topological space X. Then the
following are equivalent.

(1) f is weakly topologically mizing.

(2) fo is transitive.

(3) For any m > 2, fn, is transitive.

(4) For any m > 0, fn, is weakly topologically mixing.
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Proof. (1)=-(2) is clear.

(4)=(1) is trivial.

Noting that fo,, = fm X fm, by Definition 3.2 we have (3)=-(4).

It remains to show (2)=-(3). We have known that f; is transitive. Now assume that for
some k > 2, fi is transitive. We want to prove that fx,q is transitive. Let Uy, Us,--- Uk,
Uks1, V1, Vo, -+, Vi, and Vi1 be non-empty open sets of X. There is [ > 0 such that
Uk+1 N fl(Uk) # 0 and Vi1 N fl(Vk) # (. Set

U=UxNf Us1), V=Venf ' (Vig1).

Then U,V are non-empty open sets. Since fi is transitive, there is m > 0 such that
Vinf™U;) #0 foreach i=1,2,--- k—1and VN f™(U) # (. Noting that
Ve N f"(Uk) DV f™(U) #0
and
Vierr 0 f™(Ui1) D f(V) 0 [ (FHU0)) D SV 0 f™(U) # 0,

we see that fr41 is transitive. By induction, the result holds.

Lemma 3.3. Let f be a continuous self-map of the topological space X, m > 0 an integer.
Then f is topologically mixing iff so is fm,.

Proof. The sufficiency is clear, we prove the necessity. Suppose f is topologically mixing

and let U,V be any members of topological base of X™. Then there are non-empty open
sets Uy, Us, -+« ,Up, V1, Vo, -+, V,, of X such that

U=U; xU; x---xUp,,, V=VixVyx- --xV,.
For each 4 = 1,2,--- ,m, there is N; > 0 such that for any n > N;, f*(U;) N V; # 0. Set
N:maX{Nl,Ng,-~~ ,Nm}

Then for any n > N,
(fa)"(U)NV
= (f"(U) NV1) x (f*(U2) N Va) x - x (f"(Up) N Vin) # 0.
This proves that f,, is topologically mixing.

Lemma 3.4. Let f be a continuous self-map of the topological space X. Then the
following are equivalent.

(1) f is topologically mixing.

(2) For any increasing sequence of positive integers, [ is transitive with respect to this
sequence.

Proof. (1)=(2). Suppose {n;} is any increasing sequence of positive integers. Suppose
U,V are non-empty open sets. Since f is topologically mixing, there exists N > 0 such that
foreachn > N, f*(U)NV # (. Choose i large enough so that n; > N. Then f™ (U)NV # (.
The result then follows.

(2)=(1). Assume that f is not topologically mixing. Then there are two non-empty
open sets U and V such that f™(U) NV = for some increasing sequence {n;} of positive
integers. This is a contradiction.
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Proof of Theorem 1.2. Clearly f,, is a continuous map of the compact metric space
X™ into itself. By a simple analysis we know that x1,xs, -+ ,z,, form a chaotic subset of
X with respect to {n;} iff for z = (z1,22, -+ ,2m), {(fm)™(x);¢ > 1} is dense in X™. So
(1) holds by Lemmas 3.1 and 3.2, (2) by Lemmas 3.1, 3.3 and 3.4.

¢4. Proof of Theorem 1.3

Throughout this section we use (X, B, u) to denote a probability space, where X is a
non-empty set, B a o-algebra, p a measure.

Definition 4.1. Let f : X — X be a measure-preserving transformation of the probability
space (X, B, ) and let {n;} be an increasing sequence of positive integers. f is said to be
ergodic with respect to the sequence {n;} if for any A, B € B

1
lim — AN (B)) = u(A)u(B).
Jim. kZ;M( F7(B)) = p(A)u(B)
A transformation ergodic with respect to the sequence 1,2,3,--- is briefly said to be ergodic.

Definition 4.2. Let f : X — X be a measure-preserving transformation of the probability
space (X, B, ). f is said to be weak-mizing if for any A, B € B

R .
Jim D (AN f7H(B)) = w(A)u(B)| = 0.
i=1
f is said to be mizing if for any A,B € B
lim (AN J(B)) = p(A)u(B).

It is easily seen that a mixing transformation is weak-mixing and a weak-mixing trans-
formation is ergodic.

Lemma 4.1. Let f : X — X be a measure-preserving transformation of the probability
space (X, B, ). Then for any m >0,

(1) if f is weak-mizing then so is f,, and therefore f,, is ergodic.

(2) if f is mizing then so is fp,.

For the proof see [7].

Lemma 4.2. Let f : X — X be a measure-preserving transformation of the probability
space (X,B,pn). Then f is mizing iff for any increasing sequence of positive integers f is
ergodic with respect to this sequence.

Proof. Suppose f is mixing. Then for any increasing sequence {n;} of positive integers
and any A, B € B

This implies

i.e., f is ergodic with respect to the sequence {n;}.
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We now show the converse. Suppose f is not mixing. Then there exist A, B € B, an e > 0
and an increasing sequence {n;} of positive integers such that for all ¢ > 0

(AN f7(B)) = (A)(B)| = e.
So either for some subsequence {p;} of the sequence {n;}

(AN f7P4(B)) =z p(A)u(B) + €,
or for some subsequence {¢;} of the sequence {n;}

(AN f7%(B)) < p(A)u(B) — €

The former implies

k
1
3 1 _ —Di > .
lim inf ;:1 u(AN f7P(B)) = p(A)u(B) + e
The latter implies

k
timsup 3 (AN f(B)) < p(A)u(B) — e
koo M5y
Whatever happens, there exists an increasing sequence of positive integers such that f fails
to be ergodic with respect to this sequence. The sufficiency then follows.
Lemma 4.3. Let f : X — X be a measure-preserving transformation of the probability
space (X, B, 1) and let | be ergodic with respect to the sequence {n;}. Then for every A € B

with (A) > 0 we have
p(Ur @) =1
i=1

Proof. Suppose A € B with pu(4) > 0. Let A = |J f™™(A) and B = X — A. If

i=1
w(A) # 1, then u(B) > 0. Noting that for each i > 0, BN f~"(A) = (), we have

since u(B)u(A) > 0. This contradicts the ergodicity of f.

Proof of Theorem 1.3. Since f,, is a continuous map of the compact metric space X
into itself, it follows that if {n;} is an increasing sequence of positive integers and {U, }3° a
base for the topology of X" then

{w: {(fm)" (@)}32y is dense} = () (J(fn) ™" (Un)-

n=11i=1
As stated in the proof of Theorem 1.2, 1,2, - , T, form a chaotic subset of X with respect
to the sequence {n;} iff for z = (21,22, -, Zm), {(fm)™ (x);7 > 1} is dense in X™. So (1)
holds by Lemma 4.1-(1) and Lemma 4.3, (2) by Lemma 4.1-(2), Lemmas 4.2 and 4.3.

REFERENCES

[1] Bruckner, A. M. & Hu T., On scrambled sets for chaotic functions, Trans. A. M. S., 301(1987), 289-297.



No.4 Liao, G. F. CHAOS FOR MIXING TRANSFORMATIONS 507

[2] Li T. Y. & Yorke, J. A., Period three implies chaos, A. Math. Monthly, 82(1975), 985-992.

[3] Liao G. F., w-limit sets and chaos for maps of the interval, Northeastern Math. J., 6(1990), 127-135.

[4] Misiurewicz, M., Chaos almost everywhere, Lecture Notes in Math., 1163, 125-130.

[5] Smital, J., A chaotic function with some extremal properties, Proc. A. M. S., 87(1983), 54-56.

[6] Smital, J., A chaotic function with a scrambled set of positive Lebesgue measure, Proc. A. M. S.,
92(1984), 50-54.

[7] Walters, P., An introduction to ergodic theory, Springer-Verlag, 1982.

[8] Xiong J. C., Erratic time dependence of orbits of topologically mixing maps, J. of China Univ. of Sci.
and Tech., 21(1991), 387-396.

[9] Xiong J. C. & Yang Z. G., Chaos caused by a topologically mixing map, dynamical systems and related
topics, World Scientific, 1991, 550-572.

[10] Zhou Z. L., Chaotic behavior of the one sided shift (in Chinese), Acta Math. Sinica, 30(1987), 284-288.



