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CLIFFORD MARTINGALES $-EQUIVALENCE
BETWEEN S(f) AND f* %%
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Abstract

Required by the application in the investigation of the Cauchy integral operators on Lipschitz
surfaces, the classical martingales are generalized to ones defined with respect to Clifford algebra
valued measures. Meanwhile, very general ®-equivalences between S(f) and f*, the same as in
the classical case, are established too.
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§1. Introduction

As well known, martingale theory plays a remarkable role in analysis, especially in har-
monic analysis: the former was a source from which many ideas and methods in analysis come
out. Recently, R. Coifman, P. Jones and S. Semmes!!! gave a simple proof of L2-boundedness
of the Cauchy integral operator on Lipschitz curves by making use of martingale theory that
presents a typical example of this role. In [1], the martingales are not the classical ones, but
ones with respect to complex measures. Since the Cauchy integral operators on surfaces are
defined by Clifford valued integrals, this leads to the investigations of Clifford martingales.
This is the motivation of this paper. For the sake of completeness, the results given in this
paper are not restricted to the usage in investigating the Cauchy integral operators, but also
in some more aspects: the equivalences between S(f) and f* should be the same as in the
classical case, but not only L?-equivalence.

Let (2, F,v) be a nonnegative o-finite measure space, ¥ be a bounded Clifford valued
measurable function. Consider the Clifford valued measure dy = 1dv. The martingales
we now consider are with respect to the measure du and a family {F,}T%° of sub-o-fields
satisfying

{F.} T2 nondecreasing, F = V.F,, N,F, = trivial one, (L)
(Q, Fn,v) complete, o -finite, Vn. '
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And the estimates we will do will be in terms of the integrals with respect to v. Before we
proceed, some basic facts of Clifford algebra should be recalled.

Let eq,-- , e, be the basis vectors of IR". For each subset A of {1,2,--- ,n} (ordered
increasingly) we correspond a vector e4 to it, with identification ey = e,t=1,2,--- n.
Denote eg = eg = 1. Then the Clifford algebra A, shall be the algebra consisting of the
real linear spaces generated by {e4} with the mulitiplication subject to the relations

eie; = —ejei,ef =-1,4,5=1,---,n.
ea en, = (—1)" A (ypAndee, (1.2)
)\u:Z/\AuBeABB, for )\:Z)\AeA,u:ZuBeB, (1.3)
A.B A B

where n(A) denotes the element number of A, and

P(A1, Ag) = Y n({i € Ay i > j}),
JEA2
and A is the symmetric difference of sets. Obviously A, is an associative but not commu-
tative algebra, called Clifford algebra. A conjugate operation is defined in A,):

o= (_1>,L<A><"2£A>+1>6A7 Ac{l,---,n}, (1.4)

XZZ/\AEA, for /\ZZ)\AeA. (1.5)
A A

For this operation, we have
€g = eo, éi:_eivi:17"'7n7

€AEp = €4 €B, €A€4 = €p€p = €g.

For the simplicity we will use the following norm in A,:

1
Al = (Z )\31) Yoa= Z A4g€A. (1.6)
A A
For it, we have
Here k is a constant depending only on n. When at least one of A, u, say A, is of form

n
A= Z Aie;, (it is just the element of IR"*!, usually it is called Clifford number) we have

=0
E7Y || < [Apl, oneof A\, isin R™L. (1.8)
4 4
In what follows we often use the fact that for a = [] ai, a; € R" ™! we have |a| =~ [] |a;|.
i=1 i=1

§2. Clifford Conditional Expectations, Clifford Martingales

We begin with the definition of conditional expectations. (£, F,v) is a o-finite measure
space, dp = 1dv is an IR"*! valued measure the domain of which is not F when |Q|, = oo,
but a subring of F. This does not bring us any trouble for the definition of conditional
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expectations. Let J be a sub-o-field of F such that (2, 7,v) is o-finite and complete.
Denote the conditional expectations with respect to v and u by E and E respectively. The
definition of E is standard and E has all the good properties as in the classical case. Assume
that 1) is bounded. Then

BE(|T) = ZE#)AJGZ, with 1) = Zi/)zez

1=0 =0

Furthermore, assume E(|J) # 0, a.e. Then for Clifford valued (or say Any valued)
functions, define

E(f|T) = BE@|T) ' E@f|T), YA valued f € LL (v), (2.1)

E(f17) = E(fY|E@IT) ™", YAp) valued f € Lig(v). (2.1)'

Obviously, F has the following properties (a)—(f).
(a) | E is right Clifford linear, left and right real linear, and

1E(fg|T) =1E(f|J)g, provided g is J-measurable Clifford valued.

And similarly for ,.FE.
(b)EQT) =1=,E(1[T).
(c¢) Both ;E(f|J) and ,.E(f|J) are J-measurable, and

/lE(f|J)dl,u:/fdm, VAe JVfe L' (Av), (2.2)
A A

/ VBT ) dogs = / Fdou, VA€ JTNf e LNA), (2.2)
A A

/ fp = / o fdv, / fdopt = / fpd. (2.3)

(d) When J; C Jo, we have (denoting ;F or . E by E)

where

E(E(f|7)|0h) = E(f|7)- (2.4)
As a result of (2.4), we have (E = F or .E)
E(E(f|7%2) — E(f|7)|0h) = 0. (2.5)

Now assume that we have a nondecreasing family {F,,}°° . In the classical case, as an
important result of (2.4), the martingale difference operator A,,, A, = E,, — E,_1,E, =
E(-|F,,) are orthorgonal:

E(A,fAnglFr) =0, n#m, n,m>k,¥f,ge L% (2.6)

In Clifford algebra case, because of the noncommutability, only the following substitution
holds. Let (,) denote the following “inner-product”

g) = / fibgdv, VA, valued nice f,g. (2.7)
Q

Then we have
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(e) Let {F,,}> be nondecreasing and (£, F,,, v) be complete and o-finite, and E(i)|F,) #
0, a.e. Vn. With .A,,;A,, naturally defined, we have
E(TAnfwlAmm}"k) =0, n#m,nm>k, (2.8)
especially
(ARSI ARGy =0,V # m. (2.8)

The typical case of 1 is the case where v is complex valued and du is absolutely continuous
with respect to dv. In this case, |[¢)| = 1, a.e. So in this paper, we assume the condition
Cal < || < Cy, a.e. Thus we have

(f) Let 1 < p < oo and J be any sub-o-field we consider. Then E(= ,E(-|J) or .E(:|J))
is LP-bounded, if and only if

CTICyt < |E@|T)] < CCo, ace.

Now we turn to the inverstigation of Clifford martingales. Let (Q, F,v) be a o-finite (but
not finite ) space endowed with a nondecreasing family {7, }>°, satisfying (1.1). From the
property (f), it is natural to assume

Cyt < |E@|Fo)| < Co, ae. Vn. (2.9)
The definitions of martingales and the related operators are similar to ones in the classical

case. Let f = (fn)>, be an A,y valued process. It is said to be an [- or r-martingale, if
for E = F or . FE respectively

fn = E(fn+1]Fn), ae. Vn. (2.10)
For martingale f = (f,,)>, (I-, or -), the maximal and square functions are defined respec-
tively by
fa=suplfil, =1, (2.11)
k<n
Su(f) = (ool + Y 1AKFD)E, S(F) = Swclf), (212)

where f_o, = lim f, pointwise. f = (f,)> . is called LP-bounded, 1 < p < oo, if
n——oo

£l = sup | fullp < oo (2.13)

All arguments in what follows are the same for /— and r— martingales, so we omit the
subscript. We want to show that * is of type (p,p) for 1 < p < oo, and weak type (1,1).
And for 1 < p < o0, each LP-bounded martingale f = (f,,)°, is generated by some function
ferr(v),ie,

fn = E(f|Fn),Vn. (2.14)
And for 1 < p < o0, all LP-bounded martingales have pointwise limits lim f, and lim f,.
n—oo n——oo

We state these as propositions.

Proposition 2.1. Let 1 < p < co. Then * is of type (p,p) and weak type (1, 1). And for
1 < p < o0, each LP-bounded martingale f = (f,),, is generated by some f € LP(v), with
1Fllp 2 sup [ fallp-
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Proof. Let f = (f,)>°, be a martingale, say a left one. Then

Fo = E(fas1|Fa) = E@|F) " B faga|Fn), V0,
fn = E(fn+2|]:’ﬂ) = E(w|fn)_1E(E(¢fn+2‘fn+1)|fn)aan
and hence
E(¢fn+1|}—n) = E(E(iﬁfwzlfnﬂ)\fn),m
which means that (E(¢)f,41]Fn )%, is a martingale (with respect to the measure v) and it
is LP-bounded, since
E@W fus1lFn) = EQIF) f-

Now the type (p, p) and weak type (1,1) of * follows from the corresponding assertions in the
classical case. Now for 1 < p < oo, for any M > 0, decompose = UQg, Q. € F_pr, |Qul, <
oo. Since Yk, (E(¢ fn+1|Fn)Xa, )n>—m are classical (although Clifford algebra valued) LP-
bounded martingales, we can get some 9 f € LP (€, v), such that on Qy
E(bfuii|Fa) = EWf|Fy), n=-M.
Thus
fo = BWIF) T E@ fur| Fa)

= E(@|Fa) " E(bf|Fn)

= E(f|Fn),n > —M.
Let M — oo, then (2.14) follows. In addition, we have obviously || f||, =~ sup ||f.||, (and
hence the two meanings of ||f||, are essentially the same). The proof of the Tf)roposition is
finished.

Proposition 2.2. Let 1 < p < oo, f = (fn)>, be LP-bounded martingale. Then the
following hold a.e.

lim f, =f, forl<p<oo, and lim f, exists, forp=1, (2.15)
n—oo n—00
lim f, =0, forl1<p< 0. (2.15)
n——oo

Proof. Let Q = UQy, Q. € Fo, || < oo, for all k. Then both of (E(w|fn)xgk)n20 and
(E(Yfnt1]Fn) X0 )n>0 are LP-bounded martingales with respect to
(e, F N Qs vy, {Fn N Qi Fnxo),
and have their limits respectively

lim E(|F,) =1, a.e.on each Qy,
n—oo
lim E(wfn+1\fn) =1)g, a.e.on each ,
n—oo

where g = f, when 1 < p < co. Thus
lim fn = lim E‘(w‘]:n)_lﬁ(wfn+1|]:n)

n—o0 n—o0

g7 fOI' p:17
L f, for 1<p<oo.
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Now prove (2.15)". Denote f(w) = @ |fnl. Then f(w) < f*(w), and O(w) is NF,
n —0oQ

measurable, and hence 6(w) = a > 0, a.e. By the weak type (p,p) of x, for 1 < p < oo, we

have

10) > Ao < 107 > Mo < (SIF0) " 92 > 0

So, a = 0. This proves the assertion (2.15)’. The proposition is proved.

Remark. In the classical case, for 1 < p < oo, the assertion lim f, = 0, a.e, was
n——oo

proved in Edward-Gaudry!®.

§3. L2-Equivalence Between f and S(f) for Clifford Martingales

Now we have (2, F, v, {F,}>,) as our underlying space, ¢ an IR"*! valued measurable
function satisfying
Cyt < |E@W|Fa)| < Co, ae. Vn, (3.1)
and f = (fn)>, an A(,) valued martingale with respect to du = dv (we call such a
martingale as Clifford martingale in what follows). In this section, we want to establish
[fllz2w) = IS 2y, V= (fa) T
At first, we do the argument on the underlying space (Q, F,v, {F,}n>0). We want to show
that all the related inequalities and the assertions only depend on the Cj in (3.1), but not on
{Fn}n>0, neither the martingales under consideration. Once it is shown to be the case, then
for {F,}n>_n, we have the same inequalities and assertions with the involved coefficients
independent of M. Then a limint argument goes to the case {F,,}>.
The following is the conditioned L?-equivalence between S(f) and f.
Theorem 3.1. Let (Q, F,v,{F,}n>0) and an R valued ¢ be as above, and f =
(fn)n>o be a Clifford - or r-martingale. Then we have
CE(S(f)*Fo)
< E(|f[*|%o)
< CE(S(f)’|Fo), (3.2)
with C' depending only on Co (and the dimension n of Ay, but we ignore this dependence

in what follows).
Proof. Consider the [-martingale case. Let f = (f.)n>0 be L>-bounded. We have

Anf = (E@|F) " = E@|Far) VEWF|Fn 1)
+ E@|F) HE®@f|1Fn) — EQ f|IFar)),

|Anf? < CIAL)? + CLE@ FIF0-1)P|An(@)]?, Y > 0. (3.3)
Here the facts
al=bt=atb—a)p!
=b Y b—a)at,

larazasas| < k*|as||az||as||asl
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have been used. So,
E(Y 1anfPI170)
n=0
< CE(Y_ 1Ba(h)PIFo) + CE(D 1B S1F01) PIAn (@)1 Fo)
n=0 n=1

< CE(|f*|Fo) + C,

T=E(S By whH (Y Bevl — S [Auof) i)
n=1 k=n k=n+1

= E(f_ojl E(gj Bt PIFn ) (B s (W) = Ei (1)) Fo)

< IR E (Y (B (f)? - By o(wf))1Fo0)

n=1
< Ol 1% E(1f P Fo)-
Thus, we have proved that for [-, or r-martingale f,
E(S(f)?Fo) < CE(|f]*|Fo), (34)
with desired C'. Now prove the reciprocal of (3.4). We have
B(|fP|Fo)* < CE(f*1Fo)*
—C s |E(gbfIF)
9:E(|g]?|Fo)<1
= Csup [E(Y rAngti A, fIF0))|
g 0
< Csup B(:S(9)’| Fo) 2 EGS(f)|Fo)?
g

< CEGS(f)°|F0)*,
where the orthogonality (2.8) and the inequality (3.4) have been used. The theorem is

proved.
Remark. [1] obtained the result in the case Ay = €.

§4. ®-Equivalence Between S(f) and f*

Let ® be a function from IR* to IRT, which is nondecreasing, continuous, and of moderate

growth in the sense
O(2u) < C1P(u), Vu >0, (4.1)
and ®(0) = 0. In what follows, we will call such ® general ones. At first, we want to establish

a general ®-inequality between S(f) and f* for those martingales f which are predictably
dominated in the sense

|Anf| S Dn—l; vn; (42)
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where D = (D,,) is a nonnegative nondecreasing and adapted process. Still, we need only
to consider the case {F, }n>0. (In this case for any process A = (A, )n>0, we define A\_; =0,
so any f which fits (4.2) must satisfy fo = 0. This is not an essential restriction, of course).

Theorem 4.1. Let f = (fn)n>0 be an l- or r-martingale which satisfies (4.2), ® be
general one. Then

/ O(S(f))dv < 0/ O(f* + Doo)dv, (4.3)
Q

Q
/ B(f*)dv < C | B(S(f)+ D), (4.3)
Q Q

with the implied constants depending only on Cy, C1.

Proof. We will use the stopping time argument and the good A-inequality method as in
[4]. Let « be an arbitrary real number that is bigger than 1 and 8 > 0 to be determined
later and A > 0 be any level. Notice that

[fnl < | foal +1Anfl < fri 4+ Dnt = pn1, Y 20.
Define a stopping time by
T =1inf{n : p, > BN},
and the associated stopped martingale
P = (f7)nzo0 = (farr)nzo.
Then we have
{r<ook ={pw > BAY, f17" =sup|fane| < f7 < proy < B
Now consider the adapted process (Sy,(f (T)))nzo, and define another stopping time
T =inf{n: S,(fT) > A}
Then we have
{T < oo} ={S(f7) > A}, Sr(f7) <A
Thus, we have
{S(f) > aA} € {1 < oo} U{S(fT)? = Sr_1(f7)? > (® = )N}, (4.4)
and
E(X{S(f(T)PfSTfl(f(r))2>(a2,1)>\2}|J—"T)

1 ~
< mE(S(f(T))2 — Sp_1(f7)?| Fr).

Now consider a new underlying space (Q, F, v, {J }n>0) with J,, = Frin, and a new Clifford

(4.5)

martingale

9= (gn)nzo with g, = q(“T_zn_ j(:r_)l'

Then we have

Ang = f'gzn - ’}721 - (f'_gjzn—l - ’}T—)l) = AT-H’Lf(T)v Vn > 0,
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and

S(9)? =Y 1Angl =D [ArnfTP
n=0 n=0

=D 1A ST =S = Spoa(f7)2.
k=T

By making use of (3.4), we get
E(S(f7)? = Sr_1(f7)*| Fr)
= E(S(9)*|%) < CE(|9]*|%)
= CE(f'") — ;74P Fr) < CB*X*.
Now, since {S(f(7) > a\} C {T < oo}, we have

{S(f) > ar}], < /{T }E(X{S(ﬂﬂ)?fsq«,l(f(T))2>(a271)/\2}‘]:T)dy
<oo

Cp?
“a?-1
Cp?
a?—1

{S(F) > A}

IN

{S(F) > A,

and hence
2
[£S() > aXHo < Hpoe > BN + O {S(7) > A},
which is the desired good A-inequality of the couple (S(f), f*+ D). The one for (f*,S(f)+
D) is similar. From them, we get (4.3) and (4.3)’. The theorem is proved.

Now we want to get rid of Dy, in (4.3) and (4.3)’ in the following two cases: one is the
case when @ is convex, the other is the case when (Q,F, v, {F,}>,) is regular in some
sense. For the simplicity, we consider only the simplest regularity, i.e., the dyadic type one:
each F,, is atomic with its atom I(") = If"‘H) U I§n+1) satisfying HI{"H)M ~ ||Iz("+1)|#| ~
|| 10 ul,  Vn, although a little more generality as in Long! will also do. We have
Theorem 4.2. Let (Q, F,v,{Fn}>,) and du = 1pdv be as above, and ®(u) be moderately

convex. Then we have

/ O(S(f))dv =~ / O(f*)dv, V Clifford martingales f. (4.6)
Q Q
For the dyadic type case, we have, for general ®,
/ O(S(f))dv ~ / O(f*)dv, VY Clifford martingales f. (4.7)
Q Q

Here all the equivalence constants depend only on Cy, Ch.

Proof. Only consider the dyadic type case. We claim that in such case (4.2) is always
true for every mantingale f = (f,,)>° (with some suitably defined D = (D,)*, ). In fact,
for any f = (fn)%%,

anl

101 = SUD max(|Axfl ) [Axfl ) (4.8)
<n

is a nonnegative, nondecreasing, and adapted process s.t.

|Anf| S Dn—la
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and
Dy < Cmin(f*,S(f)).
Only the last inequality should be verified. This is because of

/ Apfdp=0= / Afdp = — / Apfdu
[(k—1) I{k) Ié’“)

k k
::ﬁlﬁkfhyﬂf{)Mii**Akagﬁfé)M
k
Aefllzer 1§21l
1Akl Il

and hence, on J*:—1)

max(|Axf|l o, [Axfll0) < ClARS],

S0,
Do < Csup|Ag f| < Cmin(S(f), 7).
k

Thus, the theorem has been proved.
Remark. In the case of A(y), the result for ®(u) = uP,1 < p < oo, has been obtained in
Cowling-Gaudry-Qian!?.
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