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EXISTENCE AND UNIQUENESS OF THE ENTROPY
SOLUTION TO A NONLINEAR HYPERBOLIC EQUATION

R. EYMARD* T. GALLOUET** R. HERBIN***

Abstract

This work is concerned with the proof of the existence and uniqueness of the entropy weak
solution to the following nonlinear hyperbolic equation: u; +div(vf(u)) = 0 inIRN x [0, T, with
initial data u(-,0) = uo(-) inIRN, where ug € L>®([RY) is a given function, v is a divergence-free
bounded function of class C' from IRYN x [0, 7] toIRN, and f is a function of class C' from IR
toIR. It also gives a result of convergence of a numerical scheme for the discretization of this
equation. The authors first show the existence of a “process” solution (which generalizes the
concept of entropy weak solutions, and can be obtained by passing to the limit of solutions of
the numerical scheme). The uniqueness of this entropy process solution is then proven; it is
also proven that the entropy process solution is in fact an entropy weak solution. Hence the
existence and uniqueness of the entropy weak solution are proven.

Keywords Nonlinear hyperbolic equation, Process solution, Existence and uniqueness,
Convergence of finite volume scheme.
1991 MR Subject Classification 35A05, 35A40, 35L60, 65M12.

§1. Introduction

The present work is concerned with the existence of an entropy weak solution u €
L®(RN x]0,T]) to the following nonlinear hyperbolic equation with initial data:

ug(z,t) + div(vf(u(z, 1) =0, zeRN, tec[0,T], (1.1)

u(z,0) = ug(z), = €IRN, (1.2)

where T > 0, u; denotes the partial derivative of u with respect to time variable ¢, div
denotes the divergence operator with respect to the space variable x = (a1, -+ ,2y), and
under the following assumptions on the data T, v, f, ug:

v=(vy-,vn) € CLIRN x [0, T],IRY), (1.3)

sup [v(z,t)] =V < +o0, (1.4)
(z,t)elRN x[0,T]
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N

divv(z, ) Z@Ilvl x,t) =0, forall (x,t) RN x [0,T], (1.5)
i=1

f € CHRIR), ug € L=([RN). (1.6)

Remark 1.1. Note that assumption (1.4) is crucial in the sequel: it ensures the property
of “propagation in finite time” which is needed for the uniqueness of the solution. The
assumption (1.5), on the other hand, is only considered for the sake of simplicity. The result
of existence and uniqueness presented below is easily extendable to the case divv # 0.

A function u € L>®([R" x]0, T) is said to be an entropy weak solution to Problem (1.1)-
(1.2) if it satisfies

/ / u(x,t))p(x, t) + @(u(z,t))v(z,t) ~gradap(x,t))dtdm

AN (o (@) (@, 0)de > 0, Vi € CLRN x [0, TLIR.), (1.7)

for any convex function n € C(IR,IR), and ® € C' (R, IR) such that ® = f'n/ (where
CL(E, F) denotes the set of functions C! from E to F, with compact support in E).

Note that existence and uniqueness results are aleardy known for the entropy weak so-
lution of problem (1.1), under different assumptions than assumptions (1.3)-(1.6) (see e.g.
[11, 15]). In particular, these results were obtained with a nonlinearity F' (in our case
F = vf) of class C3. The methods which were used in [11] require a regularization of the
function wug, in order to take advantadge of compactness properties in spaces smaller than
L>(RN x]0,T]) (the “BV space” of functions having locally bounded variation in the sense
of Tonelli-Cesaro; indeed bounded sets of L> N BV are compact in Li. ).

The existence of solutions to problem similar to (1.1)-(1.2) was already proven by passing
to the limit on solutions of an appropriate numerical scheme. This was done in the work of
[12] in the case of a single space variable, which was generalized to several space dimensions!4/.
The work of [4] uses a finite difference scheme on a uniform rectagular grid, and requires that
the initial condition ug (and thus, the solution to Problem (1.1)-(1.2)) have locally bounded
variation in the sense of Tonelli-Cesaro. Here we only assume ug € L= (R x]0,T[) and we
may also work with more general meshes, for instance triangular mesh in the case N = 2.
For each of these reasons, the BV framework may not be used. The lack of compactness
forces us to work with the weak star convergence in L> of a family of approximate solutions.
Passing to the limit with the solutions given by a finite volume scheme gives the existence
of a so-called “process solution” (which is defined below) to Problem (1.1)-(1.2). For an
introduction to finite volume schemes, see e.g. [10, 7] and [1, 2, 14] for convergence results
and error estimates.

Uniqueness results have recently been proven[>'39  The proofs of these results rely
on one hand on the concept of measure valued solutions and on the other hand on the
existence of an entropy weak solution. The direct proof of the uniqueness of a measure
valued solution (i.e., without assuming any existence result of entropy weak solutions) leads
to a difficult problem involving the application of the theorem of continuity in means. This
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difficulty is overcome by the introduction of this new concept of solution (namely entropy
process solution), which generalizes the concept of measure valued-solution. The proof of the
uniqueness of the entropy process solution which is given here strongly uses the properties
related to the weak star convergence in the space L (IRY x]0, T).

Let us now define the entropy process solutions.

Definition 1.1. A function p € L= (RN x]0,T[x]0, T[IR) is an entropy process solution
of problem (1.1) if p satisfies

/ / / wlx,t,a))pe(x, t) + O(u(x, t, a))v(z, t) -gradgo(x,t))dozdtdx

sz (o (@) o (e, 0)da > 0, Vi € CLRN x [0, T[IR,), (1.8)

for any convex function n € C*(IR,IR), and ® € C*(IR,IR), a function such that ® = f'n’.

Remark 1.2. From an entropy weak solution wu(z,t) to problem (1.1)-(1.2), one may
easily construct an entropy process solution to problem (1.1)-(1.2) by setting u(x,t, ) =
u(x,t) for any a € [0,1]. Reciprocally, if p is an entropy process solution to problem
(1.1)-(1.2) such that there exists u € L*(R"x]0,T]) such that p(z,t, a) = u(z,t), for a.e.
(z,t,a) €IRN x]0, T[x]0, T[x]0, 1], then u is an entropy weak solution to problem (1.1)-(1.2).

The name “entropy process solution” was derived from the notion of bounded measurable
process, that is a measurable mapping from a probability space into a space of bounded
measurable functions.

Here, the probability space consists in the interval ]0, 1[, with the borelian o-algebra and

the Lebesgue measure, and the set of bounded measurable functions is the bounded subset
of L*¥(RN x]0,T|) defined by

{u(sa), a€l0,1f; fut, - a)le < O},
where C' > 0 is independent of «.
The first aim of this work is to prove the following result of existence and uniqueness
of the entropy process solution to problem (1.1)-(1.2). We then also obtain existence and

uniqueness of the entropy weak solution and also L strong convergence for any finite p of

loc
the finite volume scheme.

Theorem 1.1. Under the assumptions (1.3)-(1.6), there exists a unique entropy pro-
cess solution p of problem (1.1)-(1.2), as defined by relation (1.8). Moreover, there exists
a function u € L¥([RNx]0,T[) such that u(x,t) = p(z,t, ), for almost any (v,t,a) €
IRN x]0,T[x]0,1[. The function u is thus the unique entropy weak solution to Problem (1.1)-
(1.2).

The existence of an entropy process solution will be proven by the study of numerical
schemes of finite volume type in section 2. The uniqueness of such a solution is proven in
section 3, and a by-product of this proof is that the values of the entropy process solution
w(z,t,a) do not depend on «, so that finally the entropy process solution is therefore an
entropy weak solution to problem (1.1)-(1.2).

Let us conclude this introduction by a characterization of an entropy process solution
(which is an adaptation of the wellknown Kruzkov entropies to process solutions):
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Proposition 1.1. A function p € L= (RN x]0, T[x]0, 1[,IR) is an entropy process solution
of problem (1.1)-(1.2) if and only if for any k €IR one has

T 1
/ / / (Ju(z, t, @) — k|lo(z,t) + Fu(x, t,a), k)v(z, t) - grade(z, t))dadtdx
m~ Jo Jo
—|—/ luo(x) — klo(z,0)dz >0, Ve CHRN x [0,T[,R,), Vk,|€IR, (1.9)
IR N

where F(k,1) = sign(l — k)(f(1) — f(k)).

This is a well known result for the classical entropy weak solutions. The characterization
(1.9) can be obtained from (1.8), by using regularizations of the function |- —k|. Reciprocally,
(1.8) may be obtained from (1.9) by approximating any convex function € C1(IR,IR) by
function of the form: 7,(-) = > al(-n)| . —k‘gn)|, with agn) > 0.

i=1

This characterization will be essential for the proof the uniqueness of the entropy process
solution of Problem (1.1)-(1.2).

§2. Existence of an Entropy Process Solution

This section is devoted to the proof of the existence of an entropy process solution of
problem (1.1)-(1.2), i.e., of a function u € L®@RY x]0,T[x]0,1[,IR) satisfying (1.8). In
order to construct such a solution, we use a property of probability measures and a passage
to the limit on the solutions given by a numerical scheme: indeed, passing to the limit for
approximate solutions which are obtained by a numerical scheme yields the existence of
measure valued solutions. This method is described in recent articles [1,2,14]. For the prob-
lem obtained here, one may for instance adapt the proof given in [1], using a decomposition
f(u) = fi(u) + fa(u), with f{(u) > 0 and f}(u) < 0. We omit the proof here (for a detailed
proof, one should notice that the key estimate in [1] which is called “weak BV estimate”
can be obtained here by multiplying the equation by ). One could also use the methods of
[2] or [14]. Using a property of probability measures, we shall deduce below the existence of
an entropy process solution of Problem (1.1)-(1.2).

2.1. A Property of Probability Measures

Let m be a probability measure on IR and define, for any function g € Cy(R,IR),

m(g) = L g(K)dm(k)

(where Cy(R,IR) is the space of bounded continuous function from IR toIR). Let F,, :IR —
[0, 1] be the repartition function of the measure m, defined for any = €IR by

Fm(x) = Sup{m(g)ag € Cb(lRalR)7 g < 1]700701:[}' (21)
(Recall that 1j_o ((t) = 1 if t €] — 00, 2], 1)_s »[(t) = 0 otherwise).
Let M,, :]0,1[—IR be the function defined by

M, () = inf{z €IR, F,,(z) > a}, for any a €]0,1]. (2.2)

We may then state the following result:
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Propoition 2.1. Let m be a probability measure on IR and M, defined by (2.1) and
(2.2). One has

1
mlg) = | g0n@)da, ¥ < CLRIR) (23)
0
Proof. Since the function F}, is non-decreasing and left-continuous, it is easily seen that
sup{a €]0,1[, M (a) < 2} = F,(x), for any x €IR such that F,,(x) > 0. (2.4)

Hence the function M, is non-decreasing, right-continuous, and it is the reciprocal of the
function F;, if it is continuous. Hence

| 1 bn(a))da = Fo (o) (25)

for any « € IRsuch that F,,(z) > 0. Therefore, the repartition function of the measure defined
by g — fol g(M,,(«))de is also the function F,,. Hence, the measure g — fol g(M,())da
is identical to the measure m, which ends the proof of relation (2.3).

2.2. A Property of Bounded Sequence of L®(IRN x]0,T)

Proposition 2.2. Let (u,)nen be a bounded sequence of L°(R™ x]0,T[). There exists
a subsequence of (up)nen (which will be denoted by (un)nen) such that, for any function
g € C(IR,IR), the sequence (g(un))nen converges in L= (RN x]0,T) for the weak star topology
towards a function Uy, € L= (RN x]0,T7).

Furthermore, there exists i € L®(R™ x]0,T[x]0,1[) such that for any function g €
CR.IR),

/ g(p(z, t,a))do = Ug(x, t),
10,1
for almost any (x,t) €IRN x]0,T[, which is equivalent to
lim g(un(z,t))o(x, t)dxdt :/ g(un(x,t)e(x, t)dzedtda,  (2.6)
no0 JIRN x]0,T[ IR N x]0,T[x]0,1]
for any function ¢ € L*(IRN x]0,TY).

Proof. Let (uy)nen be a bounded sequence of L®([R™N x]0,T[) and 7 > 0 such that
|tn]loo <7, Vn € N.

Step 1. Thanks to the separability of the set of continuous functions defined from [—r, r]
intoIR (endowed with the uniform norm) and the sequential weak star relative compactness of
the bounded sets of L (RN x]0,TY[), there exists (using a diagonal process) a subsequence
(which will still be denoted by (un)nen) such that, for any function ¢ € C(R,IR), the
sequence (g(un))nen converges in L®(IR™N x]0,T[) for the weak star topology towards a
function U, € L>® (RN x]0, T7).

Step 2. In this step, we prove the existence of a family of probabilities

(M (2,8)) (2,6) RN x]0,T]
defined on IR with support in [—r, 7], such that for any g € C(R,IR),

m(a:,t)(g) = /gdm(x,t) = Ug(l‘,t)
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for a.e. (z,t) €IRN x]0,T[. This is a classical result on Young measures and we only sketch
the proof for the sake of completeness. Let y = (z,t) € IR x]0, T[ and
Fy={g € C([-r,r],R); lim [/ Ug(z)dz exists in IR}.
h—0 B(y,h)
If g € Fyy, we set

U, = li .
U, Lim /B(yﬁh)Ug(z)dz

We define T, from F, in IR by T,(g) = Uy(y). It is easily seen that F, is a vector space
which contains the constants and T, is a linear positive form over F),. Hence using a modified
version of Hahn-Banach’s theorem, one can prolonge T}, into a positive linear form T', defined
over C([—r,r],IR). By Riesz’ theorem, there exists a (positive) measure v, on the borelian
sets of [—r,r] such that

T,(0) =Ty = | odv, Y9 € Cll-rrl0). (27)
The function g = 1 is in Fy, and for g = 1,U4(y) = 1. Hence, from (2.7) v, is a probability
over [—r, 7], and therefore a probability over IR by prolonging it by 0 outside of [—r,7]. In
order to complete this step, one should remark that if ¢ € C{R,IR), then for a.e. y €
BNX]O’ T[’ Ug(y) = Ug(y)-

Step 3. From relation (2.3), one has

1
ey (9) = / (M, (a))da, Vg € CORIR).

Defining p by p(x,t,a) = My, (a) for (z,t,a) € RN x [0,T] x [0,1], we obtain u €

L®(RN x]0,T[x]0, 1) and for any function g € C(R,IR),
/ g(,LL(Z‘,t, Oé))dO( = U!](x7t)a
10,11

for almost any (z,t) € IRN x]0, T7.

2.3. Existence of an Entropy Process Solution

We now prove the following existence result:

Theorem 2.1. Under assumptions (1.3)-(1.6), there exists an entropy process solution
to problem (1.1)-(1.2).

Proof. Under assumptions (1.3)-(1.6), the results presented in [2,3,4,---] allow, by
means of finite volume schemes, the construction of a sequence (uy)neny C L (IRYN x]0,T)
such that

— there exists r > 0, such that
lunlloo <7, Vn €N;

— for any function g € C(IR,IR), the sequence (g(u,))nen converges in L (RN x]0,T) for
the weak star topology towards a function U, € L>([R™ x]0, T');

— for any convex function 7 of class C' from IR to IR, and ® such that ® = f'n/, and for
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any function ¢ € CLIRN x]0, T[,IR,.), one has
/ / (x,t)pe(x,t) + Us (2, t)v(z, )-gradcp(x,t))dtdac
+ [ ntuo()e(e, 0o > o (2.8)
IRN

Hence, from the results of the above section, a function p € L (RN x]0, T[x]0, 1[) satisfying
(2.6) may be constructed. From (2.6) and (2.8) one can deduce

/ / / pz,t,a))ps(x,t) + O(pu(z, t,a))v(a,t) - gradgp(x,t))dtdxda
/ (o ()0 (@, 0)da > 0, (2.9)
IR~

for any convex function 7 of class C! from IR toIR, and ® such that ® = f'n/, and for any
function ¢ € CH(IRN x [0, +00[,IR. ). The function p is therefore an entropy process solution,
in the sense of relation (1.8) and (1.9).

§3. Uniqueness of the Entropy Process Solution

In this section, the uniqueness of the entropy process solution to problem (1.1)-(1.2) is
proven, under asumptions (H1). Here we follow the method which was introduced in [9].
Note, however, that in [9], the existence of an entropy weak solution was assumed; hence
stronger assumptions were needed in order to use previous results of existence of an entropy
weak solution, such as [11].

Let us now give the uniqueness result:

Theorem 3.1. Under the assumptions (1.3)-(1.6), the entropy process solution u of
problem (1.1)-(1.2), as defined by relation (1.8), is unique. Moreover, there exists a function
u € L (RN x]0, T) such that u(x,t) = pu(x,t, ), for almost any (z,t,a) € IRN x]0, T[x]0, 1].
Hence, with Theorem 2.1 and Remark 1.2, there exists a unique entropy weak solution to
problem (1.1)-(1.2).

Proof. The proof can be decomposed into four steps. Denote by p and v two entropy
process solutions to problem (1.1)-(1.2), and 7,7, their respective LR x]0,T[x]0,1])
norms.

In step 1, the initial condition is proven to be satisfied in the following sense:

lim — / / / lp(z,t, ) — ug(z)|dadzdt =0, Va >0, (3.1
BN,a

=0 T

where B, , = {z €IRP, |z| <r} for any r > 0 and any p € N.
The same property is clearly also verified if y is replaced with v.
In step 2, it is shown that

/AN// (lu(z,t, @) = v(z,, B)lee(z, )

F(u(z,t,a),v(z,t,pB))v(z,t) - gradp(z, t))dadfdrdt
>0, Ve CHRYNX]0,T[IR,). (3.2)
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Then, for a given a > 0, define A(t) for 0 < t < 1nf( ) by

/ / / lp(z,t,0) — v(z,t, B)|dadBdx, (3.3)
BNa, wt
where w = V. My, with My = sup \f s)| and b = sup(ry,7,).
s€[—b,b
It is shown in step 3 that A is a. e non-increasing, i.e.,
A(t) < A(ts) for ae. t1,ts € [o,inf(T, %)} t > . (3.4)

In step 4, it is deduced from (3.4) and (3.1) that

1 .1
/0 /0 |p(z,t, 0) — v(x,t, B)|dadB = 0,

for a.e. (z,t) €IRN x]0,T], and we prove that one may define u(z,t), such that
wlx,t,a) = vz, t,a) = u(z,t)
for a.e. (z,t) €IRN x]0,T], and («, ) €]0,1[x]0, 1].
Step 1. Proof of Relation (3.1)
In order to prove relation (3.1), a sequence of mollifiers is now introduced for the space

dimension. This technique will also be used for step 2 below.
For p € N, define p, € C°(R? IR) satisfying the following properties:

supp(pp) = {x €IR?, pp(z) # 0} C Bp1 = {x €IRP;|z| < 1}; (3.5)
pp = 0 (3.6)
pp(—2) = pp(x), Va € Bpi; (3.7)
[ mbaae=1. (38)
By

For n € N, n > 1 define pp, ,, = nPp,(nx). In the present step, the value of p will be p = N.
In the following step, the values p =1 and p = N will be used.
Let 7 € N such that 0 < 7 < T and p be defined by
=t fo<t<rT,

plt) = {OT ift>7. (3.9)
Let a > 0 and ¢ € C(@RY IR ) such that ¢(z) = 1, Vo € Bn,, and let y € IRYN. Take
o(x,t) = Y(z)pnn(x —y)p(t) (this is possible by means of regularizations of the function p)
and k = ug(y) in (1.9); integrating the resulting relation over IRY with respect to y yields
the following relation:

TlnT + T2n7- + T3n Z 07 (310)
with

T 1
Tir = 1 / L ) 4 ) / (.1, 0) — wo(p)| () pwnle — y)dadadydt,  (3.11)

- /T/ / / F(u(z,t,a),uo(y))p(t)v(z,t) - grad(¢(z)pnn(z — y))dadrdydt,
v (3.12)
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and
T = [ ] o) =l @on.o @ - ey (3.13)

Using the change of variables: z = a/,y = 2’ — % in (3.11) and denoting again by (z,y) the
new variables (z’,y') yield

Tinr = —% /OT /IRN /RN /Ol‘p(x,t,a) — ug (m - %) }1/J(x)pN71(y)dadxdydt, (3.14)

and therefore, denoting by K, the support of v, one has

‘Tlm + % /OT [RN /01 lp(z,t, ) — ug(z) |t (z)dadxdt

<[ fuot=5 = w0, o Il (3.15)

Bn,1

The same upper bound, independent of 7, also applies to T3,.
Let € > 0; by the theorem of continuity in mean, there exists ng such that

[ (= 2) -t

Since the integrand of the right-hand-side of (3.12) is bounded (for fixed n = ng), one may

e
< —.
Ll(Kw)llwlloopN,l(y) <3

choose 79 > 0, such that for any 7 < 79 one has [T5(7,n0)| < 5.
Hence, from relations (3.10) and (3.15),

0< = / / / |u(z, t, ) — ug(z)|t(z)dadadt < e, V7 < 19.

Since ¢(z) =1, VYa € By q, the relation (3.1) is proven.

Step 2. Proof of Relation (3.2)

Taking regularizations of ¢, it is sufficient to prove (3.2) for ¢ € C(RN x]0, T[IR ;).
The sequence of mollifiers (pp n)neny Which was introduced in step 1 will be now used with
p=1and p= N.

Let ¢ € C(RN x]0,T[,JR4) and ¢ > 0, such that for any ¢ €]0, c[U]T — ¢, T, and for
any z € RN, one has 1(z,t) = 0. Let n € N such that 1/n < ¢ (n is chosen such that the
support of the test functions does not require the use of the initial condition).

Define, for (z,t) € IR x]0,T[ and (y, s) €IRN x]0,T],

p(a,t,y,5) = w(”“" ; vt ; s)pzv,n(w —Y)pralt —s). (3.16)
The function ¢ hence defined satisfies ¢(-,-,y,s) € CX(RN x]0, T[IR,) and (x,t,-,-) €
CSO(IRNX]O,T[,IR_;,_).

Let v be an entropy process solution; hence v satisfies

T 1
/]RN /0 /0 (|V(x,t,a) — kD |pi(x,t) + F(v(x, t, a), k)v(z,t) 'gradSO(w,t))dadtdm

+/ lug(x) — k|o(x,0)dz >0, Ve € CLHRN x]0,T[IR,). (3.17)
mN

Let (y,s) € IRV x]0,T[ and 8 €]0,1[. Taking ¢ = ©(-,-,y,s) where ¢(x,t,y,s) is defined
in (3.16) and k = u(y,s,3) in (3.17) and integrating over & = IR™ x]0, T[x]0, 1| for the



10 CHIN. ANN. OF MATH. Vol.16 Ser.B

Lebesgue measure dydsdf (note that the integrand is integrable for this measure) yield
[ Ieto) ~ s Bliedtstv.s)
53 X£3
+ F(v(z,t,a), 1y, s, B))v(z,t) - grad,o(z, t,y, s)|dedtdadydsdp > 0.

(3.18)
One may then swap p with v and (z,t) with (y, s) in (3,18). Hence
[ Iveta) = ntw.s e (o )
53 ><53
+ F(v(x,t,a), uly, s, 6))v(y, s) - grad, p(z,t,y, s)|dedtdadydsdp > 0.
(3.19)

Let us now compute the derivatives of the function ¢. For any (z,t) € IR™ x]0,T and
(y,s) €IRN x]0,T], one has

T 4+ y t+s
got(x,t,y7 )_pNn - ( ¢t( 2 )pl,n(t_s)
r+y t+s
( = pmt—s) (3.20)
1 T+ y t+s
805(1‘7t,y, ) - pNn - (*M( 2 )pl,n(t - S)
T + y t+s
—o(55E )t - s>), (3.21)
1 T+ y t+s
gradx@(x7 ta Y, 8) = pl,n(t - S) <2grad¢< 9 )pN,n(J; - y)
r+y t+s
+ 77/1( y )gradeyn(x - y)), (3.22)
and
T+ y t+s
grad,o(z,t,y,s) = p1n(t — s )( gradw( 5 )pN,n(m*y)
r+y t+s
—o(5 5 )grade,nu ). (3.23)
Using these relations and summing (3.18) and (3.19), one has
Xln + X2n + X?m Z 07 (324)
with
T+ y t+s
Y= [ letia) -l e (T L)
E3xE3
- pN (T — Y)p1.n(t — s)dxdtdadydsdp, (3.25)

Xoo= [ P00, 000 B) v 0) (03]

t
Tt y —~2— S)pN,n(x —Y)p1.n(t — s)dzdtdadydsdp, (3.26)

- grady (

Xgn = / F(u(t, ), u(y, 5, 8)) V(@ 1) — v(y, 9)
E3xE3

r+y t+s
(50

)grade (@ — Y)p1.n(t — s)dzdtdadydsdp. (3.27)



No.1 R. Eymard, T. Gallouét et al. SOLUTION TO NONLINEAR HYPERBOLIC EQUATION 11

Perform in (3.25)-(3.27) the change of variables

/

1 1
z :Q(ery), Y =n(z —y), t'zi(tJrs) and s =n(t — s);
denote the new variable z’.t', vy, s’ by x,t,y, s and

& =IRY x]0,T[x]0,1[x Bx1 x B11x]0,1].

Then
S T R
Ue(, 1) piv (y)p1(s)dadtdodydsdp, (3.28)
Xop, /SGF(V(x+§1,t+;1,a>,u(x %7,5, %,ﬂ))
sl (ot gt g ) (e —gne-3)]
-grady(z,t)pn (v)p1(s)dxdtdadydsdp, (3.29)
X, :/EGF(y(x+zzjl,t+2i,a),u(x— %,t— %,5))
P(z,t) [V(.%-F %,t—k %) - V(x - %,t - %)}
-ngradpy (y)p1(s)dzdtdadydsdp. (3.30)
From (3.28)

‘Xln — / lv(z,t, o) — u(x,t,ﬁ)wt(%t)dxdtdadﬁ‘
IRN x]0,T[%]0,1[x]0,1]

< / [
BN,1XB1,1 X]O,l[X]O,l[

= L= )~ )

Ly 5 >_ .. ‘
(4 o ) ot

L1 (Ky)

[¥ellocprv () p1(s)dydsdad3,

LI(KW} (3.31)

where Ky is the (compact) support of ¢. Applying the theorem of continuity in mean to
the measurable bounded (and therefore integrable on bounded sets) functions v(, -, ) and
:u('a " ﬁ) ylelds

Xin — / lv(z,t, @) — p(x, t, B) | (z, t)dedtdadf as n — +oo.  (3.32)
IRN IR x]0,1[x]0,1[

Let us now turn to Xs,, defined in (3.26). From (3.29), using the fact that

v € CYRN x]0, T[,IRN)
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and is therefore Lipschitz over the compact K, one has
‘in — / Fv(x,t,a), p(z,t, B))v(z,t) - grady(z, t)dedtdads
IRN x]0,T[x]0,1[x]0,1]

<V | o+ gt 5re) =)
Bn,1xB1,1x]0,1[x]0,1[ 2n 2n

L1 (Ky)

Yo 5 8 .
+ H,u( om’ 27176) u(s 7/3)’ Ll(Kw)} llgrady||ccpn (y)p1(s)dydsdadf
1
+ Ec(vvvafaTVﬂﬁ/L% (333)

where C(v,, My,r,,r,) depends only on v,, My, r,,r,. Hence, by the theorem of conti-
nuity in mean,
Xop F(u(w,t, 0), (e, 1, B)v (2, 1) - gradi(z, t)dadtdads
IRN x]0,T[x]0,1[x]0,1[
as n — +oo. (3.34)
Let us now study Xs,, defined in (3.27). First note that, thanks to the properties of the
support of py, and since divv = 0, one has

Y Y
vie+ =—,t -gradeydy:/ vie—=,t) gradpy(y
~/BN,1 ( 2n ) ) B ( 2n ) )

=0, fora.e. (z,t) €IRNx]0,T]. (3.35)

Hence

X4n—/£6 Fv(z,t,a), u(x, t, B)) {V($+%,t+%>

y s
- v(m - %,t - %)} -ngradpy (y)p1(s)dzdtdadydsds

=0. (3.36)

Next, since v is Lipschitz over the support of the test functions, the expression
Y S Y S
nlv(atgptrgn) vl gnt=3,)]

is bounded uniformly w.r.t. y € By,1 and s € By ;. Hence, by the theorem of continuity in
mean, X3, — X4, — 0 as n — +oo. Therefore X3, — 0, as n — oo.

Passing to the limit in (3.24) yields (3.2), which concludes the proof of step 2.

Step 3. Proof of Relation (3.4)

The aim here is to prove that the function A defined in (3.3) is almost everywhere non-
decreasing. Let a > 0 and recall that w = V My, let

a a
0<ti <ty < min(T,—)7 O<e< min(thmin T,—) —tg),
w w

and § > 0. Let ¢ € CLIRY,[0,1]) such that ¥(r) = 1, V[0,a], ¥(r) =0, Vr € [a + §, +o0],
and ¢’ < 0. Define r. by

if 0 S t S tl — &,

t=hize) iy —e <t <ty

it 4, <t <ty (3.37)
(ate)=t i ¢, 4 e <t < +oo,

if to <t < +o0.

+ O

—

re(t) =

o
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Let |z| denote the Euclidean norm of z in IRY; one can take in (3.2) the test function
o(x,t) = U(|z] + wt)r.(t). Indeed, this is easily seen by considering regularizations of the
functions r.. This yields

1 ty 1 1
E/tlejpw/o /0 (lv(z,t, ) — plz, t, B)|¢(|z] + wt)dadBdzdl

1 to+e 1 1
_€/t2 ZRN/O /0 (W@, t, ) — p(,t, B)|0(|2] + wt)dadBdadt
> F

(3.38)
with
- — ! ' ' wiV\x o) — X v\x « X m
E== [ [ ][ [elvtato) = ot 00+ Fotatoa) it o)
' (|| + wt)redadBdxdt. (3.39)
From
[Fe o) et ) < MVt < et B a0

and since MV = w and ¢’ <0, we deduce that £ > 0. Letting 6 — 0 (and noting that the
mapping

1 1
(2,8) / / (@, t, ) — p(z, t, B)|dads

is in L (RN x]0, TY)), (3.38) yields

1 t1 1 1
7/ / / / lv(z,t, @) — u(x,t, B)|dadBdxdt
€ Jt1—e JBNa—wi; JO JO

1 tote 1 1
e / / / / v(z,t, ) — u(z,t, B)|dadBdrdt

€ Jtoy BN,a—wiy 10 J0
=" (3.41)

that is,

1 t1 1 tote
LI awa -1 / A(t)dt > 0. (3.42)
€ tl—E € t2

Note that
A€ L0, T]) (0 < A(t) < (ry, + rp)meas(Bya—wi));
let t; and to be Lebesgue points of the function A such that
0 <ty <ty < min(T, g),

one deduces from (3.42), letting ¢ tend to 0, A(t1) > A(tz). This concludes the proof of
Relation (3.4).

Step 4. Conclusion of the Proof
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First remark that

/BN,a /01 /01 (2.t ) — (@, t, B)|dadBd

1 1
< / / lv(z,t, @) — uo(x)|dadx —|—/ / |u(z,t, B) — uo(z)|dadz.
Bn,a /0 By, J0 (3.43)
Then, from (3.1) and (3.43),

)
1T ot _
hmf/o /BN/O /0 v(x,t, 0) — p(x, t, B)|dadpdzdt = 0, (3.44)

7—=0 T

and therefore,
1 T
f/ A(t)dt -0 as 7 — 0.
T Jo

Thus, since A is a.e. non-increasing on ]0,7[, and A(t) > 0 for a.e. ¢ €]0, min(7, £)[, one
has A(t) =0 for a.e. ¢ E]O,min(T, )[, since a is arbitrary,

11
/ / lv(z,t,a) — p(x,t, B)|dadB =0 for a.e. (z,t) €IRYN x]0,T]. (3.45)
o Jo

Therefore
e there exists u(x,t) such that u(z,t,a) = v(z,t, 8) = u(x,t), for a.e. @ and 3,
e the function u is the weak entropy solution to problem (1.1)-(1.2).

This concludes the proof of the theorem.
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