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A bstract

It is shown that there exists a J-convex subset C  of a complex Hilbert space X } such that 
the J'-convex hull of the set of all Jensen boundary points of C  is different from C . p
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In the last ten years, several remarkable results have been established in the geometrical 
theory of complex Banach spaces; In [1], A.V.Bukhvalov aad A.A.Danilevich. have intro­
duced the analytic Radon-Nikodym property (see the definition below) in complex Banach 
spaces as the analytic analogue of the well known Radon-Nikodym property concerning the 
geometrical structure of real Banach spaces. Let X  be a complex Banach space; X  is said to 
have the analytic Radon-Nikodym property (see [1]) if, for every uniformly bounded analytic 
function from the open unit disk with values in X, / :  D X r f  has radial limits a.e. on the 
torus T in X, this means that for almost all ^ € T, lim f (red) exists. It is known that every
Banach space with, the Radon-Nikodym property has the analytic Radon-Nikodym property, 
aild the Lebesgue-Bochner integrable functions space Ll has the analytic Radon-Nikodym 
property (see [2]), as well as the predual of Von Neumann algebra (see [3]) and the predual 
of James tree space (see [4]). Let us first recall some basic notions on the geometrical 
structure of complex Banach spaces (see [2] for more detailed discussions).

Let X be a complex Banach space and let /  be a real function on X. /  is plurisubharmonic 
if /  is upper semi-continuous and if for every x,y  e X,

疒 27T
/ (» )<  y〇 f(.x + ye10) — .

Let ^ be a Borel probability measure on X  and x〇 E X .  /i is a Jensen measure on X  with 
barycenter if for every plurisubharmonic function 0 on X we have

(KM 幺 <f>(X)df4x).
J x
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It is easy to see that for every X-valued polynomial

N
P(z) — ^  aiZ% a i E X ,  z € C ,

i=0

the image measure of normalized Lebesgue measure on the torus T = {el°: 0 G [0，2丌]} by 
F is a Jensen measure on X  with barycenter P(0) = a〇. In particular, the Dirac measure 
6X is a Jensen measure on X  with barycenter x for every x e X. Another obvious fact 
about Jensen measures is the following: if /  is a continuous linear functional on X  and ^ is 
a Jensen measure on X with barycenter x〇, then the image measure of ^ by /  is a Jensen 
measure on C with barycenter f ( x〇). We shall use frequently this fact in this paper.

* Let X  be a complex Banach space, C a closed bounded subset of X  and x〇 6 C. x〇 is 
a Jensea boundary point of C, if the Dirac measure 6x〇 is the only Jensen measure on X  
supported on C with barycenter x〇. It is not hard to verify that for every closed bounded 
subset Cj every strongly PSH~exposed point of C is a Jensen boundary point of C, so the 
set of all Jensen boundary points of a nonempty closed bounded subset of a complex Banach 
space with the analytic Radon-Nikodym property is not empty. A closed bounded subset C 
of X  is Jensen convex (J-convex, in short), if the barycenter of any Jensen measure on X  
supported on (7 belongs to (7. If D is a bounded subset of X ， the J-convex hull of D in X 
is defined as the smallest J-convex subset of X  containing D.

As every upper semi-continuous convex function is plurisubharmonic, every closed bounded 
convex subset is J-convex; it is known that every 尸5jff-c〇nvex subset is J-convex (see [4]). 
In [5], we have shown that every closed bounded denumerable subset of a complex Banach 
space is J-convex and every point of such subset is a Jensen boundary point. We also use 
this fact frequently in this paper.

It is known that a Banach space X  has the Radon-Nikodym property if and only if for 
every closed bounded convex subset C o iX ,  C is the closed convex hull of its strongly linear 
exposed points (see [6]). The analoguous result in the analytic setting has been obtained in 
[4]: A complex Banach space X  has the analytic Radon-Nikodym property if and only if for 
every P5i?-convex subset C of X,  C is the PSH-^convex hull of its strongly PSH-exposed 
points. It is natural to ask whether this remains true in the J-convex case, i.e., whether the 
analytic Radon-Nikodym property is equivalent to the following property: every J-convex 
sebset is the J-convex hull of its strongly PSH-exposed points (or more generally, its Jensen 
boundary points). The aim of this paper is to give a negative answer to this question. We 
shall construct a J-convex subset of l2(I) (I is an index set), so that the subset Jr(C) 
consisting of all Jensen boundary points of C is not empty and the J-convex hull of Jr(C) 
is different from C. We shall use an argument used in [7], where in [7] we have constructed 
a J-convex subset C of l1 (I) for some index set /, so that 0 G C is not the barycenter of 
any Jensen measure on l1 (I) supported on the set of all Jensen boundary points of C.

Let co be an abstract element and for each n € N let T n be a copy of T. For different 
values of n, m G N, the elements in T n and the elements in T m will be considered different.
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Let I  =  {〇;} U ( (J T n) and let X  == l2(I) be the complex Hilbert space

i \ i )  = { f ：i - ^ c ： 2 l/(*)l2 < +00}
. iei

with the norm

丨m 卜 ( E 胙 )丨2) 1/2;

J2(J) thus defined has the Radon-Nikodym property (see 间 )• Hence Z2(J) has also the 
analytic Radon-Nikodym property. For every element /  € 2̂(/), the support of /  is defined 
as the subset {i € / ： f(i)  ^  0} of L  Let

00
Cw = | /  e l2(j): |/(o；)| < 1 and for every 0 € (J Tn, f(6) = oj,

n=l
and let

Cn = E l2(I)： the support of /  is contained in {a;, a i, 〇：2? * • • , an}, 

a，i € Ti  for every i = 1 , 2, * • • , n, and

/ (〇;) =  e -S  f ( a i ) =  • • • , / ( a n_!) =  \f(an)\ < ~ }

for n G N. Let• . . . .  ■ - OO
C = a u ( | J C n )

n=l
and let

C[ =  | /  G i2 (/)： the support of /  is contained in

{〇;, QJi, a 2) **' }, Q；n e T n, /(a;) =  etai

and for each n G N, / ( a n) = ^™eia：n+11.
2n J

We shall work with the subset of l2 (I),

C = C丨 UC.

From the definition, it is not hard to see that the subset C of l2 (I) has the following 
elementary properties:

L For each n € N  and for each /  € C, there exists at most one element a  € T n so that 
/ (〇〇# 0,

2. If a  G Tn, ax G T n+i, f  £ C and f(a)  = ^ e ZOil (so there exist no other elements 
^ € Tn , f((3) ^  0), then the only possible element /? in Tn+1 such that /(/?) ^  0 is a i .

3. If a  € T n+i , /  € C and f(a)  ^  0, then there exists a unique element G T n such 
that f((3) ^  0; in this case, we have /(/3) —

4. If for each a  € Tn, |/ (〇：)| < then for each $ e (J we have f(0) = 0.
k>n

The main result in this paper is the following
Theorem. C is a J-convex subset ofl2(I), Jr(C) is different from C and the J-convex 

hull of Jr{C) is contained in Cf.
We shall divide the proof of the theorem above into three steps.
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Lemma 1. C is closed and bounded in i2(/).
Proof. The boundeness of C is trivial since each element in C has a norm less or equal 

to 2. Let / n G <7 be a converging sequence, /  =  lim f ni and suppose that /  ^ C.
n~>oo

If there exists a subsequence f nk of f n so that f nk € for every fc € N, the limit /  
of f Uk belongs also to (7W since is closed in l2 (I) . Without loss of generality, we can 
suppose that the sequence f n belongs to C\CW, and there exists, for each n € N ,a n G T i 
so that

f n(u) = etan, f n(an) ^ 0

and for every $ e Ti, 0 ^  ani f n(〇) — 〇* As |/n(^)| = 1 for G N, and /  =  lim f n , onen—*oo
can find j5\ £ Tx such that f(cu) = e2/?1.

If there exists a subsequence f mk such that for each k G N ramk ^  /?i, and for k ^  
h, amk ^  amfi) then for each 0 e T i, 0 7̂  /?i, as amk converges to /?i, we must have 
amk ^  0 when k is big enough. So f mk (d) = 〇 when k is big enough. This implies that 
f{〇) =  〇. On the other hand, a mfc /?i. Hence fmk(Pi) =  〇 every k e  N. We can 
deduce that f(pi)  = 0. Hence for every 0 e T i, /(0) = 0, there exists iV € N such that for 
every k > N  we have for each ^ G Ti,

\fmkr n  = \ m  -  f mkm  < 11/  -  u w  < 1/ 4.
This means that f mk € C\ when fc > AT by the fourth property disccused just before the 
theorem. We have for each 0 € (J and k > N }f(0) = 0, i.e., the only ^  G /  such that

fc>2
f(/3) 7̂  0 is a;. This implies that f  € Cu C C.

Without loss of generality, we can suppose that the sequence an is a constant sequence, so 
<y-n =  /̂ x for every n € ：N. For each 9 G T i, 0 7̂  ^1, n G N, we have f n(&) =  〇, fn(^) = 
and hence f(0) — 0, f(u)  =

Suppose that for some n G N there exists /?i € T j, 2̂ ^ T 2, • • • , f3n e T n so that for 
every fc G N,

/fe(^) =  /(^ )  =

f M  =  f ( P i )  =  \ e ^ ,

fk(Pn-l) =  f {Pn- l )  = gn-l e礼 ，

\fk(/3n)\ <  2^, \fWn)\ <

and for every 沒 € U Tfc, 0 _  w，U 2，. . • ，卢n , /fc(句 = /(0) = 0 for every fc e N.
fc=l

U sing th e  sam e  a rg u m en t as in  th e  b eg in n in g  o f th e  p ro o f a n d  th e  h y p o th esis  th a t  /  ^  C , 

we can  show  th a t  th e re  ex is ts  a  u n iq |ie /? n + i €  T n+ i so th a t  fo r every A; G N ,

讓 ) = 肌 ) =

|/(/^n+l)l ^ 2 1̂+1， l/fc(/̂ n+l)| ^ 2n+l，

an d  for every  9 G T n+1, 6 ^  /3n+ i,/fe (0 )  =  f ( 0 )  =  0 for every  k  e N .  T h is  enables us to
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construct inductively a sequence pi G so that for every € N,

/fc(w) =  / H  et01,

fk(Pi) = m )  = \ e ip\

)

h { M  = f ( 0 n) =

and far every 0 e J, 0 _  〇;，/3；i，卢2，… ，/fc(0) = /(0) =  0 for each fc G N. This means 
that /  is an element of Cf , which leads to a contradiction with the hypothesis that f  ^  C . 
Hence /  6 C, C is closed and bounded.

Lemma 2. C is J-convex in l2(I)*
Proof. By Lemma 1, C is closed and bounded. It remains to show that every Jensen 

measure on P(JT) supported on (7 has a barycenter in C. Let p be ei Jensen measure op 户(/) 
supported on C with barycenter /  E Z2(/). Suppose that /  ^ C.

First note that for each g in C we have \g{u)\ < 1, so \f(〇j)\ < 1. If for every ^ €
OO
(J T n, f(0) = 0, then /  € C C; this is impossible since we have supposed that /  ^ C.

n= l
〇〇

There exists then 0 £ (J T n so that f(6) ^ 0 .  li $ E T n for some n > 2, consider the
♦ n—l

projection

P&：尸 ⑴ — C，

9 g(〇)̂
where P〇 is a continuous linear functional on i2(/), the image measure fji〇 of by P〇 on 
C is a Jensen measure with barycenter f(9) 0. We have ^ ( { 〇}) = 〇 (see [5]), i.e., ijl is
supported by {  ̂€ C： g{6) ^0} . By the special structure of C, /x is supported by

\g E C: there exists a € T n_i so that g(a) 2打一1

Let

Fa = \ g e C ： g(a) j $ \

2n—l
for each a € Tn_i. We have

U i.
a€Tr

For every a , ^ e  T n_x, a ^  p,

dist(Fa , Fp) = inf{||a; -  y\\: x e Fa, y e  Fp} >

Since "  is a Borel probability measure onJ2(J), fj, is supported on some separable subset of 
Z2(J)， and there exist 吻 ，a 2, ••• € T„_i so that |ti( (J =  1. This implies that "  is 

supported by

{g e C: g(a) = 0 for every a 6 T n_i, a ^  ai, a 2, ■••}..

We can deduce that f(9) = 0 for every 6 € T n_i, 6 ^  o：i, «2, • • • • On the other hand, for
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each i G N the image measure of (x by

Pai:

9 g(〇̂i)

is a Jensen measure on C supported on | 〇, is then a Dirac measure (see [5]
) . If for each i € N, fjbai = 5〇, then /x is supported by {5 € C: g(ai) = 0} for each z e N.
This implies that "(Fai) = 0 and so U Pai) == 〇, which leads to a contradiction. There

V=i ’
exists then i〇 € N so that

^ 0  =
In this case, // is supported by

{ g e e ： p(〇：i〇) = 2^rê }>

so the barycenter of fi verifies also the same condition: / (〇：i〇) = 2̂ =1et6-
Starting from the hypothesis that there exists 0 6 T n ( for some n > 2) so that f(9) ^  0, 

we have shown that there exists ai〇 G T n_i so that f(ai0) ^  0. By induction, there exists 
0 G T i so that f(0) ^  0. Fix then such a 0 G Ti.

Cpnsider the image measure 抑  of "  by the projection 巧

9 0 ) -

^  is a Jensen measure on C with barycenter f($) ^  0. We must have ^({0}) 0 (see [5]).
/i is supported by

E = ^{g eC :  g(〇)^=〇}-

For every element g in g(6) 7̂  0 , by the special structure of C, we have then g(〇j) = el6t 
This implies that "  is supported by

{g € C: g(u) =  eld, g(9) ^  0}

and so f(uj) =  e^, /(/3) = 0 for each P G T i, /3 ^  6.
Suppose that for some n € N there exists o：i € T i， i = 1，2，… ，n ， such that

/ ( 〇;) = e -S  = / ( a n - O ^ ^ - e ^
71

and for every cr G U T ^  a i，'o：2，… ，a.m / ( 0•)= 0，
fe=l

and ju is supported by

A =  | ^ g G: g(〇j) =  ea i, 9 M  =  ^ a2r "   ̂ 3{(^n-i) =  ~ i e t0£n, g(an) ^ 0
n

and for every ^ € [ J  Tfc,a ^  a i, a%̂ * * • , an, g(a) = 〇| .
八 fc=i

Using the same argument as in the beginning of the proof and the hypothesis that /  ^ C, 
we can show that there exists a n+i ^ T n+i so that f (an) ~  ^re^an+1,/((r) = 0 for every
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a € Tn+i,<j i=- Q：n-fi 5 aud that \i is supported by

g{an)

■and g{a) =  0 for each a € T n+i, a ^  〇：n+i|* 

This enables us to construct inductively oti G Tj, so that

ff(an+i )^ 0

/ ( 〇;) =  f ( a i ) = \ e ia\ -  • • , f ( a n) = ■ • •

and for every a a i, a：2, • , f(cr) =  0, i.e., /  e Cf, which leads to a contradiction
with the hypothesis that /  ^ C. Hence /  € C, and C is J-convex.

Lemma The set of all Jensen boundary points Jr(C) of C is contained in Cl and Cf 
is J-convex.

Proof. It is clear that every point g e C is not a Jensen boundary point by the special 
structure of C, Jr(C) is contained in (7/. We are going to show that Cf is J-convex.

First note that Cf is closed. Indeed, if f n G C7 is a converging sequence and /  =  lim / n,n—̂oo
then f  £ C since C is closed by Lemma 1. Suppose that /  ^ G\  i.e., /  € C. There exists 
then iV € N so that f  € C ^ U C m* We have for each n >  N,  and for each 9 € T n, f{0) — 0. 
In particular, for each 6 G T jv+i , f ( 〇) =  0, so \fk(G)\ < when k is big enough. This is 
a contradiction since fk G Cf and each g € C1 verifies the following condition: there exists 
$ € Tiv+i so that |^(^)| —-jsrnr* Hence f  & Cf and Cf is closed.

Let be a Jenseh measure on Z2(_T) supported on (7’ with barycenter /• We have /  € C 
since C is J-convex by Lemma 2. Suppose that f  C \

For each a  6 T i let

Da = { f e c /:

Each Da is closed and for a, ^ G T i, a  7̂  5̂,

dist(Da) Dp) = inf{||a; -  y\\: x 6 Day y 6 D^} > 1 .

// is a Borel measure on l2(I)- Then /x is supported by some separable subset of l2{I). This 
implies that there exist o：i, a2-) • * * e T i so that

〇〇

 ̂(Li 二 i，
Consider the image measure of by the projection 匕

Pw: /2( J ) - > C 5

g 一  «

is a Jensen measure on C with barycenter f(co) and ^  is supported by {ezai, el0i2, * • •}. 
There exists then £ {〇；!, o；2, ***}, so that ^  =  <5̂ /3! (see [5]). This means that \x is 
supported by and f(u>) = e^1.

Suppose that for some n 6 N there exists 6 z =  1, 2, • • • , n, so that

、 / (〇0 = ， ， / (A )  =  ^ V . .， 肌 ] ) = 士 ^ 队
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and for 〇■ G (J T*, a ^  , /3n, f(cr)= =0, and fx is supported by
*=i

e C1： g(u) =  el/?1, g(px) = , g(/3n-x) =

Using the same argument as in the beginning of the proof and the hypothesis that f  ^ 
we can show that there exists G T n+i so that

觸 =

and for every 6 € Tn, 9 ^  /3n, f(0) = 0, and fi is supported by 

[g G C': g(u) = el/?1,

This enables us to construct inductively € T^, i E N, so that

削 ==， ， / (A )  = - e气 … ， 肌 ) = ，… ，

i.e., f  E Cf. This contradicts our hypothesis that f  Hence /  € C;, is J-convex.
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