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ON THE HARISH-CHANDRA HOMOMORPHISM FOR 
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Abstract
The Harish-Chandra homomorphism for the higher congruence spherical functions algebra 

of Chevalley groups over ?̂-adic fiealds is given in the c£ise of the Levi-component of a (rational) 
parabolic subgroup. It is a generalization for the Harish-Chandra homomorphism for the higher 
congurence spherical functions algebra of the groups GLn over p-adic field in the same case.
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§1. Introduction

- •  r - :  • . '、 . ： . . .  . . . . . .• 1 • ； •
There are many parallels between the representation theory on real simple groups and the 

representation theory of the p-adic groups. R. flowed and A. M oy gave a partial analogue 

for the groups：Gi£n over p-adic fields of Harish-Chandra homomorphism.

In this paper, the Harish-Ghandra homomrphism for higher congurence spherical func­

tions algebra of Chevalley groups over p-adic fields is given in the ease of the Levi-component 

of a (rational) parabolic subgroup. It is a generalization of R. Howe's worksW for the groups 

GLn over p-adic fields in the same case.
Let (S) be the subgroup generated by the elements in the subset 5  of a group. For any

■ . . . .  .. . . , .  • . .  . •

set 5, let #(5) denote the number of the elements in S and let denote the vacuous set.
i

W e  write Z for the set of all integers and N  the set of all natural numbers. For any pair 

p ,q e Z ,p < q , let \p, q] =  {p,p +  1, • • • 5 «}•
Clearly, the p-adic field F  is a field equipped with a non-trivial, non-Archimedean discrete 

valuation | W e  define

Then R is the ring of the integers of F and P =  irR is the maximal ideal of where 7r is a 

prime element of F. The complement R* of P in R is the group of units of R. W e  denote 
by F  the residue class field R /P  which is a finite field. It is well known that F is locally 

compact, and R and P are open, compact subsets of F. For each i € Z, let Pi =  irzR and 

税 =={1 十: € /¾}. Let R  be the representative system of F  in J?.

L e m m a  1.1. I f f(x ) =  xm i- a ix771̂ 1 H---- h a ^ i x  +  am 6  i?[x] and X is a root of f(x),
then there is a finite dimensional extension F f of F with a non-trivial, non-Archimedean 
discrete valuation \ • \fj such that | A |iP/< 1.
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Proof. Let be the splitting field over F of f(x ). Then [F; : Fj < oo. So Ff is a p-adic 
field and the restriction of | • |jp/ on F  is just | * |f - Thus, we have

f(x ) =  (x - bx)(x - b2) - - ( x -  bm),' / ,

bi e F \ i  e [l,m]. Clearly,
R c R f = { t \ t e F f；\ t \ F/< l} .

It is easily shown that 61¾  * * * =  Hence, we have

I |f H h  \Ff \ bm |f /==| 〇"m
Thus, there exists at least a root e [l，mj such that I I 1. Let 6 =  It follows 

that

f(x ) = (x -b )g (x), g(x) = x ^ 1 + d x ^ 2 + ■ ■ ■ + cm-!, ■
• • ; '  . . . • • • • . .

where Ci e i e [l,m — 1] satisfy
Cj — 6 ~  〇2 C 6̂ =  0-2) ' * * ) Cjtt—i *— Cm^2^ ~ I? ̂m—lb —

Hence, since ai3a2) * ■ * ^ R-> we have ci,C2, * * * ,Cm-i ^ Rl• It follows that g{x) e Rr[x\.
Therefore, the lemma can be shown by induction.

Let L  be a simple Lie algebra over C  (L G2) and $  the root system of L with respect 
to a Gartan subalgebra of L. Let II =  {cki，q：2, • • • be a furidamental root system of 

$  and the positive root system containing II. Clearly, =  —$ + is a negative root 

system in ¢. Let C i {haiCt 'E H]eriv e $} be a Chevalley basis of L  and Gp : = L{F) the 
Chevalley group of type over _F. It follows from [1] that G p  = G $ 》• 

Hereinbelow, we shall use the notations and terminology given by [1] directly.

§2. Some Subgroups of G
For each r € $ ， 9 € N , 你e put

^r,q =  ^ P〇f} 9 Uq -  (xryq] T G
Vq == {Xr^T G $ ~ ) ,  Hq — {haid)； d G i?*, CK G  ̂

hetK q = HqVqUq)q G N .
L e m m a  2.1〇 Let s G $  and let a,b E F* = F \ 0  such that e — 1 + ab ^  0. Then

⑷ = 一 =  cte，^ =

Proof。Let c =  (ae) 一 V  Clearly we have

—c +  a-1 =  c(—1 +  e) =  c(—1 +  1 +  ab) =  cab =  fee"1.
• -

Thus, by 5.2.2 and 8.1,4 in [1], we have

= h ^s(-a~ l )xs(c)hs(-c )nsx8(e)n^sx ^ s(a~1)
. ~  hs(e~l )xs(ae)x^.s(be~l ).

Hence the lemma is proved.

L e m m a  2.2. (i) Every element u 〇fU qiq £ N  has a unique expression 
u -  xri{ai)xr2{a2) • - x rh{ah), ai € Pqy n  G $ + , 1 <   ̂ <  ^, rx < r 2 -< • * • < rh.
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(ii) Every element v 〇fV qiq e N, has a unique expression
幻=  心 2  (¾). •••〜(〜)， &i.ePg， n  A;, Si's r2 4 --- < rk.

(i\i) Every element h of Hq， q e  N) has a unique expression
fh ^0:̂ (̂ 1)^0-2(^2) 1 * * ̂ otni^n)^ ^ ̂ qy ^ "̂  * * * "̂  ̂ n*

. . . .  . ?.  ' ... . . . .

Proof. Clearly, if i, ̂  € Pq) then t + t\ tH fj e Pq for any i^j G N. Thus using an 

argument similar to that used in 5.3.3 in [1], by the Chevalley^ commutator formula, (i) 
can be shown. Similarly，(ii) can be proved also.

Let * * * An be the dual basis of the basis •• * ihaHyhai € C i, ai eU^ 1 <
i < n . l t follows from 7.1.1 in [1] that h(xr,d) = hr(d) E Hqi for any r € e N,

and we have Xryd(Qi) ^ -Rg} 1 <  ̂  since dJ e for any j € Z. Clearly,if d̂df G i?*, then
ddl € Rq. Hence x(?i) E fJ*, 1 <  z <  n for each h(x) € By 7.LI in [1]? every element

h(x) of Hq has a unique expression
^(%) ^0:1(^1)^0:2(^2) *** ̂ 〇!n(^n)； F , 1 ̂  ̂  ̂

, . . .  . . . . . .

It is easily shown that x(Qi) =  ̂  G Rq, 1 <  i < n, so? (iii) follows.
Let r(u) =  {ri G $ + ?â  ̂  0} and r(?;) =  {si e 7̂  〇}* For any s e let h(s) be

• ••

the height of s. Let [x^y] =  x y x ^ y ^ 1 .,x^y G G.
L e m m a  2.3* For any s € ^ ^ h ( s )  > l,b  e Pq^q ^ N, there exists a G II and r G 

电 +，h(r) = h(s) -  1 such that s 二  r + a and
t

Xs(b) — II [尤 a(^)， dîC-i G i2gj 2==1,2.
i=l

Proof. Clearly, there exists a： in H  and r in with7i(r) /̂ (5) — 1 such that 5 =  r -f 〇；.

Let AVia ~ If Aria =  -1, then by the Chevalley5s cominutator formula, the lemma is 
easily shown with i =： 1, ci =  —C n ar,di =  1.

,

Similarly, the lemma is easily verified for Ar>oc =  -2 or —

L e m m a  2A. (i) If a € U , d& R* and q G N ? then xa(d)Uq C  UqXa(d).
(ii) // 〇: € II, d € i2* and q € N ? then

Xa(d)Vq c H qVqxa(df), d !^ td , te R * .
Proof。Clearly, ifia +  jr € $ for any r € $ ，i，j € N ，then ia +  e $ +，so,⑴ can be 

shown by (i) in L e m m a  2.2 and Chevalley^ commutator formula.

W e  shall show (ii). If 5 e s ̂  - a  and ia + jr e $  for some j G N, then ia + jr e 
and dla  ̂ e Pq for any a € Pq. So we have [xa(d)^xs(a)] G Vq.

If 5 =  —a and a e P g，then by L e m m a  2.1，言e have e =  1 +  da 在 and

-■ . -v ■' - '
Clearly, hs(e~l) € Hq and x3(a/) 6 Vq and d! — td^t = e™1 G R*. By (2.a), (ii) can be 
proved immediately from L e m m a  2.2.

L e m m a  2.5. (i) Let 5 G and 0 £ Pqiq e N . Then x s(b)Vq G  VqUqHq.
D F o re a c h q & N ’ H qU q^l^H ^H qV ^^V qH q. . '
(iii) If h(x) € Hq,q e ^N and r G ¢, then %(r) E
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Proof,, W e  first show (ii). By the argument used ia (iii) in L e m m a  2.2, JS* is a subgroup 

of R*. CIearly,for any d e R ^,t e Pq 5we have dt e Pq. It is easy to see that if h(x) € Hq 
and 5 G then for any t e Pq we have

K x M t M x y 1 = x3(x(s)t) e xs>q,
because x(^) € by (iii) in L e m m a  2.2. Thus, by (ii) in Lemma 2.2, we have HqVq — VqHq. 
Similarly, it is easily shown that HqUq =  UqHq. (ii) is proved. Now, we show (i) by induction 
on the height h($) of

1. h(s) =  1: Clearly, we have 5 =  a G II and tb € PQ for any t G ii*. Hence by (ii) in 
L e m m a  2.4, (i) can be shown immediately.

2- h(s) = c >  1: Let x =  [xa(d)yxr(fb)]^d^ f  G i2*,a € n,r e ¢. Clearly, we have 

h(r) == c —1. Let s =  r +  a. Then we have
• ̂ Vq. =  Xa{d)xrQM)Xa(-d)^r{ -  fb)Vq.. ........

C 〜⑷；(/6)¾ (- 丑 9 (by hypothesis of induction)

C xa(d)xr(fb)Vqx a(—td)UqHq (by Lemma 2.4)

C xa(d)HqVqUqXa(--id}UqHq (by hypothesis of induction) 

C VqU qH qXa^dixa^t^H q (by Lemma2.4),

where t and t1 are the elements in i2*. Thus, we have tfd - t d  = d(tf — t) G Pq. It follows 
that a:a(;t’c〇:ca(—d) =  — t)) e Hence, by Lemma 2.3,⑴ follows.

(iii) is clear.

The proof is complete.

L e m m a  2.6. For any q e N ? K q ^  HqVqUq is an open compact subgroup of G =
Proof. By (i) in L e m m a  2.2, for each w € Uq we have

uHqVqUq =  Xri {flx)Xr2 (^2) * * * ̂Vh i/^^HqVqUq
C xri (〇>i)xr2(a2) * • • xTĥ (a h -i)H qVqUq (by Lemma2.5) 

C - - C H qVqUq.
. .  ■ ■ .

Thus, we have UqVqUq C HqVgUq. So, by (ii) in Lemma 2.5, we obtain
K qKq = HqVqUqHqVqUq C HqVqUqVqUq c  HqVqUq = K q.

Clearly, H ~ l C Hq, V ^ 1 C Vq and U~l C Uq. Hence, by Lemma 2.5, we have
= C  UqVqHq C HqVqUqHq =  HqVqUq =  K q.

Therefore, ifg is a subgroup of 0?•

For each € N ，let =  5  x 5  x … x 5 (fc times)，5 C  兄 Since jR is an open 

compact subset of F ， = 丌9/? is opeî i compact for any 殳 e F o r  each r e $ ，there is 

a homeomorphism pr from Pq to xTA defined by pr{t) =  a?r(i), t € Pq- Hence, xTA is open 
compact. Thus, by L e m m a  2.2, Uq^Vq and Hq are homeomorphic to open compact set. So 
Uq^Vq ond Hq axe open compact subgroups of (?. It is easily shown that for any g G N, 
Kq =  HqVqUq is homeomorphic to Hq x V q xU q. Eence Kq is an open compact subgroup 
of G. The proof is complete.

Clearly, K  =  HVU ~  H〇V〇U〇 =  K 〇 is the maximal compact subgroup of G  and for each 

q e N ,  K q is called the g-congruence maximal compact subgroup of G.
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For any 9 e N, Bq ^  HqVq+xUq is a subgroup of G.
Clearly, B =  HViU =  H〇VtU〇 is the Iwahori subgroup of G and Bq^q € N, is called the 

^-congruence Iwahori subgroup of G.

For each a € € N, there exists a representative element a in 7rffR  such that <2 =
a(modPq+i).

Corollary 2*1. Each element k in K q  ̂? € N, has a unique expression
k =  h(x)xSl(bi)x32(b2) • ■ ■ X s ^ b ^ X r ^ a ^ X r ^ )  ■ ■ - 

where di，bi £ Pq， l  S i  ^  h and h(x) is an element of Hq which has a unique expression
^(x) =  (^l)^c«2 (^2) ' ' ' ̂*〇!n ( n̂)j == i ■(" Ci G Rq, Ci G Pq̂  1 ^  i Tl.

• . . . :  • . . . . . . . . .  . . . . . .  . . .Put Tfc = Trq(Tf + T ff), where
T  ― Cx/l〇：i ^2^0:2 ' *■*

and
T n  =  b i e Sl +  b 2 e S2 H------f~ ̂ h ^ s h +  a ieri +  a 2er2 +  ̂  * +  a / ^ e ^ .

Corollary 2.2. I f k ^  € g € N ; iAen =  2\

For each q € N, let P* =  JS \ Pqy =  i?* \ and for each r G $, let

For each ̂  € N, we put

丑分 = 九ai，g"a2，g … " a n，f  ^  = 怎ri，, 。，? • ’ •工 ? ^ ， =  … x sh，g'

For each g € N ? we define

K  卜  H W q.
By an argument similar to that used in Corollary 2.1, vs/̂e have 

L e m m a  2.7. For each q = K qK^ =  K ^K q .
Let D =  {/i(x)；X ^ H o m ( Z $ ?7rl),i € 21}. By 2.17 in [5], we have G =  K D K  (K was 

denoted by U  in [5]). Thus by 2.16 in [5] and L e m m a  2.7 we obtain 

L e m m a  2.8. G == KqD^Kqyq G N, where D* — K^DK*.
§3。 Higher Congmenc6 Spherical Firnct置ons Algebra

Let y  be a finite dimensional Hilbert space, and Eru^K) the (7*-aJgebra of the linear 

transformations from V to itself. Let Ce(G) be the set of the continous, complex-valued 
functions of compact support on G. Let Cc(G :EndF) be the set of continous compactly 

supported functions with values in EndF.

Let J be an open compact subgroup of G. Suppose that there exists a decomposition of 
G into the double cosets of J. Let a be an irreducible unitary representation of J on finite 
dimensional Hilbert space V. Consider a space H (G /jJ,a) of functions in Cc{G -.Endy) 

such that

f (h g k 2) =  〇r(h )f(g )a (k2), h ,  k2 e J, g e G .
It is easy to check that H(G//J^a) is a convolution subalgebra of C c(G :EndV^). W e  call it 
the (T-spherical Hecke algebra (cf. Appendix I in [4]),
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Clearly, for any q E N ,K q is an open compact subgroup of G by L e m m a  2.6 and there 

is a decomposition of G into the double cosets of K q by L emma 2.8. Thus we are able to 
consider the algebra H (G //K q,a)j where a is some irreducible unitary representation o iK q.

Let \ ot G 11} and = = C2 ®  R. The elements in ( ¾  are called the nondegen-

erate elements. Let L r  = Cl ® R and L r  — Cl ® R. Set Lp = Cl ® F.
Let x〇 be an additive character of F with conductor R. For a given nondegenerate 

element x G C r  and for any € N, we define

=  x 〇(^~h(^(^d^dTk)), £ + i, k e K i， (3a)

Hence, by Corollary 2.2, we have ipx e (Ki/Ki^e)A. It is easy to see that is an 

irreducible unitary representation of K{ with keripx =  K i^ . By L e m m a  2.8, there exists 
a decomposition of G into the double cosets of K i，Thus we shall be able to consider the 

^-spherical Hecke algebra H ( G //K i^ x).
Lem m a H  For any i G N ， g E： suppH(G// K ijcc) if and only if there exist y i，y2 £ L r 

such that
. . . ■ 、 . * 

adzi =  Adg(adz2) == g(ddz2)g^1 ̂ zs =~ x + 7c£ySy s =  1,2.

Proof. By [3], it is easy to see that g G swppH(G/ / K i^ x ) if and only if the character 
gkg- 1 —> ^a；(A:)， e i^，agrees with —a； on 一1 fi that is to say, for each A: G 

gK ig-1 DKi,
Xo(^~hti((adx)(adTk))) -  x 〇(^~h^ ( ( ^ ) adTg- ikg)).

It is easy to see that adTg- ikg ~  g^l (adTk)g^ so we have
X〇( ^ htx((adx)(adTk))) =  0.

It follows that

X o ( ^ htv((adx - g{adx)g~1){adT}z)) = 0.

For each fc G Ki we have € ̂ %Lr , Hence
• . . . . . . . .

^^ (a d x  ~ g(adx)g~l ) e ad(Ln).
For each k e gKig~l y let kf ~  g~x kg . I f  k e g K ig ^ fl then we have kf e Ki and

cidTĵ  =  cidTg /̂g-.i =  g(^<idT )̂g .

Hence

^ g ^ i a d x  — g(adx)g~1)g G ad(L^).
Summarizing the results above, we have

adx - g(adx)g^1 e 7tl(ad(LR) +  g a ^ L ^ g ^ 1)-
Therfore, the proof is complete.

. --. • ■■
For a given nondegenerate element a;, let

• • . • . . . . . . . . .  .

l 〇f,x = { y \ y ^  LF,adx(y) = 0},

^ f,x — {z \ z e Lp, (z, y) = 〇,y € L p x}. 
L e t L ^  =  L°Fia；n L a a n d  x =  L ^ x fl L r . It is clear that

L f =  L%x ©  L*FjX and Jj r =  L ^ x ©  L ^ x.
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For any y , z e  LF) (adx(y), z) +  {y) adx(z)) =  0, so adx(L^jX) C
Thus, it is easy to see that the restriction of adx on L ^ x denoted by {adxY is an invertible 

linear transformation on so (adxY is bijective. Hence we have
(I) For each nondegenerate element 忠，（adx)* is surjective on

L e m m a  3,2, For any x 6 N  and each nondegenerate element x, lei u e Lr  such that
x = u(modLi),u —y,Q +  Li =

Then adu is conjugate to M v：q, u〇 € x under Ki.
Proof. By (I), there is a G sucli that adx(ul) h  u*(modLi).
So we have adu(ul) =  ̂ *(modLi). Let k\ =  Then we have

Adki(adu) =  (/ +  irzadul)adu(I +  ̂ a d u l)^1, (modLi)
=  (/ +  7rladul)adu(.I — 7Tzadl), (modLi)
= adu +  ir-aduladu -  ̂ aduadu^ (modLi)
= arf*u +  7r?[a<itii，a(iti], (modii)• - • • ... :v
= adu — (modLi)

™  adu — 7r^adw*, (modi^i)
=  a<fo〇，（modl^+i).• ■ •；

Similarly, for any p G N, there is a G Kj, such that
adkp(adu) ^  adu〇  ̂(modL^p).

Therefore, the lemma follows by taidng p 〇〇.

Let a〇 be the maximal positive root. Then the root a〇 can be expressed in the form

a〇 — rriiai + m 2〇；2 -1---- \- mnocn,
where € N, 1 < i <n. Let

N (a〇) = { k €  [l,n] | m k <  2}.
Let ̂ 4(a〇) be the subset consisting of the integers k in iV(a〇) which satisfy the condition: 

k /  |(n +  1) if n is odd and L A n, k if L ^  E7;
^  |n if n is .even and L Bn or Cn.

For each k € A(a〇)) set 11̂  =  II \ ak, and put 11¾ == 11̂  if rrik =  1, 11¾ =  11̂  U a〇 if 

m fc 一1.
For each 6 (〇;〇), let

巧 = {±r | r = tnr>i〇i\ +  TTlrfiOC% + • • • +  JTirjn̂ n 6： ?7lr,fc = <s},. S = 0,』2.
Let =  U  and =  $  \ For any £ € N, A; e A(o：〇), we define 

V^fe =  {^ € ̂  | r(v) € $ ； -} , ^  \ r(u) G
Vi,k = {v e Vn \ r.(v) € }, Uetk {u eU e \ r{u) G },

where =  士 and 士 =  士. For any'i € 4(a〇); if.i is odd,』then we.say

j =  i(i +  l) and set J*ik = UlkU*ik, if i is even, then we say j =  \ i  and set =  V*+hkUlk. 
Let a; be a nondegenerate element and let be the set of the eigenvalues of adx. If

s K =  s ° u s * r s〇n s ： =  ̂ , 〇€S〇,
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then (S®, S*) is called a decomposition of E x. For any G Sa；, let
=  {r G $  | adx(er) =  l^(eT)}
=={r € $  | (r, x) = r(x) — /i}. '

. ■■ - ■ ' ， ： ■ . . . -. . -  . . . - . .

For each nondegenerate element x9 if there is a € A(a〇) and there is a decomposition 
(E®, S*) of S x such that $ a =  (J then (x,a) is called a compatible pair (or separable

pair). For each r € $ ，let M r =  € F}. For each 以 e Sa：，let =  [  •

Let Cj? — C£ ®  F. For any ̂  G S x, we define L% — +  Cf if =  〇, ~ if ^  0.
For each a 6 -A(a〇) let xa be the character of such that

Xaip î) =  1,1 <  ̂  <  n, a, Xa(«a) =  -15 e n, l < i < n .
Clearly, Xa(r) =  1 if r € $ a, Xa(r) =  -1 if r e

For any a G A(o：〇), let G a =  {g | g E Gygh{xa)； ~  KXa)g}- For any nondegenerate 

element a?, let Gx = {g \ g € G^g(adx) =  (adx)g}.
L e m m a  3.3. (i) For any nondegenerate element x and any i G N, i <

suppi3-(G//^,^) C  KiGxKit 
(ii) I f (xy a) is a compatible pair, then for any i  G N, i< l^

sn p p H iG /fK iM c K iG a K i.
. . . . . . . .. . • • . • ■ ". . .

Proof〇 For ̂  G N,i <  /, let y e and z — x + ^ y . Since y € ̂ r ,jX, for each ix G Sa；, 
there exists 0 v E (L^)f =  L% ^  F f such that ady(v) =  € F f  ̂where Ff is some
extension of F, and the eigenvalue ̂  of ady is called the eigenvalue oi ady associated with //. 
W e  denote by the set <of all eigenyalu6s of ady associated With It is easily stiaWii that 

S y — 1J where S y is the set. of all eigenvalues of ady. Hence we have the following

stiatement.

(A) If A is an eigenvalue of adx +  ir^ady^y G L ^ x> then there exist /i G S x and ̂  € E y 

such that A =  M +  7T̂ .

By an obvious modification of L e m m a  3.1, for each g e suppif((7//^, ̂ ), there exist 

y$1s =  1,2 in L r , such that

Adg(adui) = adu2, u$ ■ = s - f V % ，s =  1,2.

By L e m m a  3.2, we can find yf3 G L°Fx n  L r , and ks G 5 =  1,2, such that

Adk3{adus) == adzs  ̂ zs = x + 7ceyfs  ̂ s — 1, 2 .
Thus, we have Adgf(adzi) =  adz2^gf =  k^gk^1. This implies that

(B) gl{adzi) =  {adz2)gf.
Let f 9{X \s =： 1,2 be the characteristic polynomial of adzS)s =  1,2, and let /(A)=  

/i(A)/2(A). Let Ff be the splitting field of /(A) over F.
Set Lpf ^  Cl ® F r. If adz\(v) =  Av, A e Ff,0 ^  v e then by (A), it follows that 

X = t̂ + . Thus, by (B), we have

adz2(v,) — Xvf,v f - = 9f(v).
Hence it follows froria (A) that A =  ^  +  G G S^. By L e m m a  1.1, it is easy

to see that \ i ~  \j! and ̂  =  Thus, by (B), we have gf((L^)f) — (L^)f for any fi G
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Clearly, v and vf have the following expression
v == trer +  h, vf =  t frer + hf y

where tr)tfr € F \e r € r G and /1,hf € , /1 =  =  0 if 0.
Since (x,a) is compatible pair, we have

h(Xa)(v)= J 2  trXa(r)er + h(Xa)h

= dtrer +  hy 
reH

where d =  1 if C $ a, d =  - 1 ，̂ =  0 if C $:. Thus, it follows that /i(xa)(v)= 办，so 

9fb(Xa)(v) = ̂ (¾). Similarly, we have h(x〇)gf(v) =  dgf(v). Hence, for any v e ( ^ ) /,^ € 
S ；c, it follows that

g 'H xa)^) =  h (x a )g '(v ) - ,
It is clear that

l f ， =  ■

Thus we have gfh(xa) =  h(x〇)9f} so (ii) follows.
Similarly, for any v e (L^^/x G we have

gf(adx)(v) = (adx)gf{v) ==： tW(v),
.

Therefore, (i) can be shown immediately^

Hereafter, we shall fix an positive integer i. Moreover, we shall fix a nondegenerate 

element x and an integer a € A(a〇) such that {x^a) is compitable. Let J* — JJa , J f =  
HiViiaUita and J  — J* J \ Clearly, J is a subgroup of G and J f is a subgroup of K{t

Let ^  be the restriction ：of where a; is a nondegenerate element and ^  is

a character of Ki defined in Section 2 with ker*^^ C Ki+i. Then we can extend ipfx in a 
unique fashion to a representation a of / by letting it be trivial on J* (if /?=：0, then a is 
a cuspidal representation). W e  may assume that (x^a) is a compatible pair. By an obvious
modification of the argument used in (ii) in L e m m a  3.3, we can show the following statement

. . . . . .  、 . . . .

immediately (hereafter, let i =  i =  j  in (3a)),
(II) Let Gf = Gat Then snppH(G//J, (r) C JGfJ.
Let U =  {xr ;r e and V =  {x5； 5 € $~). Let W be the Weyl group of L. Clearly 

W ~ {wv\r G $).
L e m m a  3.4, Let =  {^r^r € ̂ a\H) } H  =  {/ia(i),o; G II,i € F*}f Then Ga = G^. 
Proof. Clearly, if 5 € G a) then g = g*, g* = K g h ^1, ha =  h(xa)̂  By 8.4.4 in [1], g has 

a unique expression g = uhriyjU^ where w e W j U e U j h e H  and

uf e U~ {u \ u € Uy nwxn~ l e. V}.
By 8.4.4 in [1], g* =   ̂where

u — hdUh^ 5 w — hfiU 3>nd h — h〇h/ha ， — TiyjhdTi,̂  .
Assume that u Ua — U . It is easy to see that u* ^  u. So, it follows from 

8.4.4 in [1] that g ^  g*, sl contradiction. Thus we have u G Va. Similarly, we can show
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that ul e Ua r\ and nw e Na. It follows that g E so Ga C G^. Clearly, we have 
Ga C Ga. So Ga ~ G^ .  The proof is complete.

Clearly, if s G $ a, r € and +j'r G $  for some positive integers i and j，then 

is +  jr  e $*. Hence, by Lemmas 2.1 and 2.2, using an argument similar to that used in 
L e m m a  2.5 and Corollary 2.1, we have

(III) Let if’ =  iif H G ’，Then normalizes the subgroup *7,

For each r € G Z, let xn£ =  {xr(t)^t e 7r^R}.
Let g〇 =  h(x〇) such that x 〇iai) =  1,1 < i i ̂  a and Xo{a〇) =  It follows from [5] 

that each element gf in Gl has a unique expression
g， = hd!k2, ku k2 e d! e D1 = n D.

It is clear that if d! E Df  ̂then d! =  h(xf)̂  x f satisfying == t7t^r\ t  G R,i(r) G Z t For 
each d! e Df we define

$；+ (resp.$i+ , $*+ ) -  (r | r 6 > 0(resp. <  0, =  0)},

^-(resp^r, $ r )  ̂ { s \ s e  > 〇(resp. <  0,= 0)}.
The following lemma is easily verified.

(iv) ⑴ $:+ = $;+ u $i+ u ^ + ， =
(ii) $!+ =  $；+ =  -^!T and

W e  define

C+Oresp. J :+，J〇*勹 = 如 卜  G «7 n r⑷  € $ H re sp .$!_+，％ +)}，

d r e s p . J T V r )  =  { H  幻 e 7 门尸，咖 )€ 一(resp.$r，$r).

Let Ug = 〈和⑷;r e $十，人€ 货分政〉and = s € e 7rgR 〉，g G

Let G /+ be the set of the elements gf in Gf such that
Adg\Vt)cVt̂t̂  Adg^Y^cVt+t^ tr, f  eN  for any i e Z.

. . .  . ■ , ；- ： ■ . . ；.

The following statement is easily verified.

(V) With the notations given above,

(〇 ̂  e G /+；

(ii) if ^  G then 5〇- V  e <?/+ for some m sufficiently large;

(iii) g〇 e suppF(G,/ / J , , ^ )  =  swppH' and f̂〇 * fgl =  fg〇g, =  fg, * fg〇 for a,ny,g' E 
suppiT;

(iv) { fg,g' e G,+ DsnppH'} and f 'g〇 generate H' =  H(G'/ / J',ijj'x).
By (III) and L e m m a  2.8 we have

L e m m a  3-5. (i) Let J* =  J*+ J*~, /c == + ? — Then for each gf € Gf,
JgfJ =  /  J； ^  J〇V * J7,

where d! e Df satisfying gl ~ € K f as above.
(ii) For each gl G & } JgfJ  n ^  -  J lgfJ f.
Let T} be the map from H f to H == H (G //J i a) defined by

”(/;') =  " (v o lW J 'V v o iG V >/))*， e  supp丑 (3.??) 
W e  shall show that the map rj defined above is an isomorphism of algebra.



Clearly J f is a subgroup of J. Therefore, if g[ € Gl is in suppJT, then it certainly is in 
suppif’. Therefore, (II) guarantees that the ma p  r/ is surjective. It follows from (ii) in 

L emma 3,5 that the map r\ is injective.
Therefore, to show that the map 77 is an algebra homomorphism, it suffices to show that 

for any g\ gff G suppi?7,

V(fg')*V(fg") = V(fg> * /p»), (3-¾)
and for any gf G GfC\ suppff^

Vifgoŷ Vifĝ V̂ifgog')- î.U)

Now, we shall show (3.i). For each gl € we have

Adg'(J* n F) C J* D V, and A dg '~ \j* n U) C r  n U：

Write J*- =  J* fl V  and J*+ =  J* Pi C/. By (III), it is easy to see that J l normalizes the 
subgroup J '  /Tlius for any ̂  十，we have

j gfj  -
voi(eVJ) =  # { / * - / ( ， -  n a ^ ( j *-))}v〇i(j V j 〇,

By the formulas given above, using the arguments which are analogous to them used in [4] 

for the separated case, (3.i) can be established.

For each X  C G, d’ € D 、let ) =  X  H A cMl. By Lemma 3.5, it is easily shown that

vol(JdV) =  [#C,(J；-|-)][#C(J；-)]vol(J/G!/'/).

Let q ~  #(F). Then we have
i〇g,v〇i(jP〇j ) - # ( $ r ) ;

log^voKJ^^/voK/^JO) =  T i ( r ) ,
res

where S =  U Simimlarly, we have

vo\(Jg〇dfJ) =  [A1A2A$]v6[(JfdfJ f)7
where =  #(C(J；+)), A2 = # (C (J ； ~)) and =  #(^(/〇*+)).

For each r € ¢$, it follows that m r)a =  1 if r € ¢=+, m r，a =  — 1 if r e Therefore, 

we have £(r) =  £{r) + m r；a. Thus, it follows that

loggOii) =  X  ⑷ r) +  1)， Iogg(yl2) =  E  ⑷ r) - 1)，
r€S，i r€̂ 2

logg(A3) =  ^(^(r) +  l),

res3

where Sx -  S2 -  $；' and Sz -  
Thus, we obtain

log?(vol(J5〇d,J)/vol(Jd, J)) =  # ( $；+) +  # ( ^ + ) -  # ($；-).

The following formula is easily verified:

\ogq(vo\(Jg〇J)) = #($*+).
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Using the formulas given above and the arguments which are analogous to them used in [4] 

(cf. p.25-28 in [4]), (3.ii) can be shown.

By statements (3.i) and (3.ii) , we obtain the main theorem:

Theo r e m  3.1. With the notations as above, the map 7] defined by (3.7/) is an algebra 
isomorphism from H f =  H{Gf /  /  ^ lx) onto H ~  H(G//J^cr), and the mapr) is an isometry 
of L2-space.
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