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A bstract

Consider a C*-system (^ (X ), 2 n , a), where a  is a homeomorphism of X  such that otn =  id. 
The authors characterize the pure state space of C (X ) x a z n) the transition probability and 
orientation on it. Two special cases (free action and n  =  2) are studied in detail.
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The C*-crossed product C(X) x a z n has been studied for a long time. For instance,
Effros and Hahn have studied the equivalence classes of the pure state of C(X)  xa (or
primitive ideal space with Jacobson topology) (see [3]). When % n acts freely on X, their- • ■. . ■ • . . . . .  . •
result showed xa 2n ) 岛 X /a, where X /a  is the orbit space. But the understanding
of this simple C*  algebra is still far from being complete. And it is not so clear why we should 
view C(X)  as a topological object. F. W. Shultz has shown that the pure state space 
carrying the W*-topology, transition probability and orientation is dual (prefactly dual) to 
the C*-algebraI1,9̂ . And for the (7*-algebra C(X)  xa z n, it is not so hard to describe its 
dual (in the sense of Shultz). We feel that the C*-algebra C(X) x a z ni especially the various 
topological phenomena on it, is better understood through its dual.

In this paper, based on X / a } we first explicitly characterize the pure state space of 
C(X)  Xa ^ n, specifying the W**-topology (or T^^-closure), transition probability and orien­
tation on it. Then we study two special cases in detail. One is when acts on X  freely, the 
structure mentioned above bn the pure state space agrees with the classical flat jPC/n-bundle 
over X / a 7 where P U n = Un/S1 aud U n is the n x n  unitary matrix group. This gives a hand 
to study the structure of C(X)  x〇, through its dual, which is partly known by geometers 
and topologists. One interesting consequence of our work may be quoted here:

If X is a connected compact HausdorfiF space, z n acts on X  freely (the action is- denoted 
by a) and 丑 2(尤 / 〇：，z ) has no element annihilated by n (i.e” na = 0 冷  a = 0)， then

C{Y) X 0 % n C(X)

acts on Y  freely and X / a ^  Y/p.

Remember in this case X/ a  = P r(C(X) x a z n).
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The second special case is when n = 2, the action of z 2 may not be free. In this case we 
may geometrically visualize the dual of C(X) x a ^n  ^n(i we may think it to be picture of 
this nontrivial C*-crossed product. An example of this case is given.

For simplicity, we shall assume X  to be a connected compact Hausdorff space in this paper 
(some generalizations are obvious). And we identify a z n-action a : Aut(C(X)) with
a(l), denoted still by the letter a. Thus an — id. Also, a pure state of C(X)  wil be denoted 
by evxievx(f) =  f(x). A vector state qf M n{W) will be denoted by

外 (T ) = 〈r A ，A 〉A A ，A >，

where 入 is nonzero in (T71.
Recall that C(X) x a % n is the topological vector space C(X)^ x • • * x C(X)  with the

following algebraic operation:
• • • . . .

/  = (fj)jezn, g =  (gj)j&n> fj and 9j G C(X),

f* =  (fn—j 0

With these formulas in hand, it is easy to check
Proposition 1. The map e : (fj)jezn ^  (fi-j 0 a *-algebraic embedding of

C(X) x a z n into C(X) ®  M n.

, Let £(/)(x〇) be denoted by £x〇(f), f € C{X)  x a z n.. . . .  . . ；
Corollary 1. Any pure state of C(X) 乂 a z n is of the form (px〇ex〇, where <px is a vector 

states on M n.. *. . ,  . . .  * ■ * .

Proof. Any pure state of e(C(X) x a i n) can be extended to a pure state of C { X ) ® M ni

which is the tensor product of two pure states evx〇 ® <p\ (see [7,8]). Finally,
；-；.■

<px0，x 〒 又 evx〇 ®(p\)?e 二  <px.〇 eX(r .

Note that if xx then
Now， the problem left to us is “for each 怎〇, which 入 makes <̂尤0,入 pure ?”
The following defimtion follows from the observation that P̂x0)\{f) only depends on the 

values of /  on the a-orbit of x〇.
Definition 1. Let x〇 € X 〇 a~orbit ofx〇  ̂r : C(X) C ( X 〇) the usual restriction 

map. Then ■

C(X) x a % n U  C { X q) x a z n

defined by

r (ifj)jezn) ^  (fj\x〇)j€Zh

is an onto 冬-algebraic homomorphism, which is called the localization of C(X) x a z n at x q . 

Note that

=  Q T ，' 。 (*) 
where ^ 〇,\ is defined similarly on C ( X 〇) x〇：

The advantage of this localization comes from two sides.
Te first side consists of two easy principles, which we state here without proof.
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L e m m a  If A  '  B  is an onto C* -homomorphism，then any state <p on B  is pure 

令  ipow is pure on A. Moreover，if (pi c/i ip2 on B, then cp'〇ir.c/i 屮 2 〇 沉 .

hemmsi 2, If (pi tf>2 on B  through a unitary in B  of exponential form，then (pi 〇 tt 2

沪2 〇丌，

Rem ark 1. The (*) formula above and Lemma 1 tell us that, for a given a;〇, a A makes 
cpXQ}x pure if and only if it makes ^ 0)A.pwe.

The second side is the simplicity of ¢7(¾) x a z n.
We say x〇 e X ^  of p-degree， if o^(x〇) 土 尤〇, bui a J(x〇)— 尤〇 for all 1 < j  < p (i.e.， 
n • =  p)t In this case, pi =  n.

Case 1* a;〇 is of n-degree. '

In this case，C(JC0) xa Zn 二  Mn (£a；0 is introduced as before).
Case 2* x〇 is of l-d6gree.
In this case,

C(X〇) - ( T  and C ( X 〇) x a z n^ C ( x n),

where F  is the classical Fourier transform defined by
n—1

-^((SOieZn)^) ^  ajz 
i =〇

where  ̂G = {1,7, -  - )7n_1} and 7 = e27t%/n.
Case 3. x〇 is of p-degree, pi =  n.
This time, ap = id on X 〇 and each point of X 〇 is p-degree. Moreover, we have 
Proposition 2.

C { X 〇) x a z ni { C { X 〇) x a zp) (8) C([〇,i -  1])
£xq X %d

iWp ® ¢7((0, Z — I]),

where [0 ,/-1 ] = {0,!,••• -  1}, and if /  =  ( /tp+j)〇<t<i_i, 〇<j<p- i  is in (7(¾) x a z„,
then

m ( k ) =
¢=0

Vfc G [0^ -1 ].

Since this result is a finite version of a well-known result about mapping torus that

C(X)  xa ^ n - M d(C(X〇) xa z p),

we only sketch the main line of proof (see [2]).
Let C ( X 〇) be denoted by {1,5,- - where =  Then any

function g onzi can be converted into the function g on [0, i — 1] by g{k) = g(6h). Define a 
function /? on ¢7((0, l — 1]) by /3(k) == 7~~fe. Write

^  = {(ft)tezn ： /t  € A, / t = 0 if t ^ 〇 (modp)}.

Clearly, ^  is a C*-subalgebra oi A  x a i n and Q  C(ziyA) by Fourier transform

A * (fpt)o<t<i-i 5 3 /p<̂  兄、
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Let (0,1,0, * * * ,0) in A x ^ z n be denoted by A, then

入- 1 = A* =  (0，… ，0,1) and ：\±+p € Q， X = /3士卄 .

P ' 1
Now we can uniquely decompose an element of A  z n into 2J aj\3 and the map

•?’==〇
p—i

(a〇, • • • , ttp-i) S  OjA-7 is a topological linear isomorphism of Q p onto A x a z n.' 
i =〇

Think of A  C  A x a z v in the natural way, and let L = (〇, 1,0, • • • ^0)^6 in A x a z p  ̂thea 
we may write

p—丄

A  Xa 21p — { E /心 力 u ]
j—0

In fact, (fj)jezp =  E  fiLi- 
i=〇

Then the composition of the following maps is a topological linear isomorphism:
• •• • - -

j—〇

rh
A  x a z .

j=〇
ftl

(C([0, l -  l],A)r 〇([0, l - l ] , A x a %p)
Let it denoted by ip. It is easy to check that this i/j is also a ^-algebraic isomorphism of 
A  x a z n onto

C([0,l- 1],^ x « z p) = (A x a z p)<S)C([0,l-l]).

p—1
Finally, if /  = (ftp+j)o<t<i-i, o<j<P-i is in A  x a z n, then /  = E  aj^j> where

—-  j=〇

(9sj))o<s<n-i with

Jj) =  { fs+j> s =  〇(m〇dp), 
ys 1 0, otherwise.

So

&j(k) =  &j(Sk) — ftp+j 各
—kt

<=0
and then i>(f)(k) has the desired formula.

Now we can apply these results to the pure state problem we set before. 
Caes 1. x〇 is of n-degree.
The following diagram obviously commutes:

C ( X )  X a % n
r*

C ( X 〇) x a z, 

M n

which shows the subjectivity of £ x〇 from C(X) x a z n into Mn. Since (fix〇,\ =  0
Lemmas 1, 2 together with general relation of a pure state and its atssociated irreducible 
representation yield



Theorem 1. If x〇 is of n-degree, then ̂ x〇,\ is pure for any [A] eiP((Fn). Moreover, 
9aj0)A^ are all mutually unitarily equivalent The correspoding primitive ideal is

J {n)(x〇) =  kexr* = { / = (fj)jezn : = VO < j  < n -  1}.

Remark 2. It is clear that C(X) x a Z n/J^n\ x 〇) M n.

Case 2. x〇 is of 1-degree.

In this case, ipx〇i\ is pure if and only if it is one of

<Pk =  ev^k 〇F 〇r* , 0  <  & <  n  -  1,

where 7 — e2xV%e^7it : C (sn) W ym d  F  : C ( X 〇) x a z n ̂  <7(zn).are defined as before.
Tl —1

Note that (pk(f) =  X) /7(^0)7 ^  are multiplicative, thus the associated primitive ideal 
j=o 

is

4 1) (3¾ ) = 物 外 = {, € C " )  X  a 2 „ : (/〇(0¾), ..，/n - 1 (尤〇))丄 4 } ，

0 < fc < n — 1, where 8k =  * * ■ ?7^n，_1̂ fe)/\/^* ■
Theorem 2。If a(x〇) — x〇, then cpX)\ is pure ̂  [A] = [ ]̂> anrf = p̂k for some 

0 < fc < n -  1. Moreover, h  ^  implies (px〇i6kl 4  ^ 〇,^2*
Proof. Let

/0  1、

1 . 〇 ，• ■ •

1 〇/^nxn

then An5fc = Since A n is a unitary, {5fc}〇<fc<n-x forms an orthonormal basis of (Tn.

In paxticular, if ^  ^  4^.(^0)) 50 ^ ^ 2 -

Since (fi-j(x〇))itj = ^  fj(x〇)Ail, if ||A|| = 1,
' . 户

n— 1
^ 〇,a(/) = X  A).

j-0

Prom this, it is easy to see that (px〇,6k = and if A =  Y^ak h  la l2 -  1)? ^ en ^ 〇,a =
Tl—1
J2 \ak\2(Pk- So if |A| j^ j for all k, then (px〇i\ is not pure. 
k~0

Case 3. a:〇 is ofp-degree, l < p  < n^pl == n.

In this case, the pure state on C ( X 〇) x a % v returns to the case 1 discussed. Thus, (px〇1x 
is pure if and only if it is one of

<Px〇tlx,k =  {<px0tti ®  evk) 〇 ^  o r*,

where [fi] eIP[<D^)  ̂ 0 < fc < i — 1, and ^  is given in Proposition 2 above.

We can picture the definition of (fixô k by the following diagram:

No.l_____________ Li, B. R. Sc Lin, Q. PURE STATE APPROACH TO G{X) xa z n_____________ 79
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C(X)  X a S , C ^ O )

^xq

(C(X〇) x a z p)®C([0,l-l}) 

M p

<PxQ,fitk\

The first thing coming out from this picture is the primitive ideal associated to (pxo^k (〇 < 
k < l ~  1).:

JkP\ x〇) ~  ker[(£a:o ® evk) 〇 ^  ° r *]
= {/ =  (/£p+ d)t，d € 义 ).X a : (/jp+j 〇 〇 (̂尤〇)).〇0口—1 丄 Sfc，0 ^  S  ~~ 1}， 

where = (1, # ，• • •，5(卜 Clearly，

C(X) x a z n/jip)(x〇) ^  M p.

Set

/0 i \

Ai ~
1 '•• 0

i 〇/

then AiSk = S~k8k̂  0 < fc < / -  1. By normality 6f {^}〇<a：< /-i forms an orthonormal 
basis of (Ul. Thus kx ̂  k2, Jk^(x〇) #  JkPJ(x〇)̂  which implies ipx〇̂ M  4  ^ 〇,/n,fe2-

Since 2  must be through a unitary of exponential form and (£r；c0 ® et/fc) 〇 分 〇 r* 
is onto Mp^ ̂ px〇tfxx,k — ^0:0,̂ 2,fc*

Now for each pair (^ ,u) e W p x W \  we define jx® p £ ® W pl by

(jj/ ®  l̂ jpt+d =  l^d^h ^ S  t ̂  l — 1， O ^ d ^ p  -  1.

Lemma 3。/ / /x，/ /  e (Tp，V， 级en/or eac/i /  € C(X) x a z n

(/)/̂  ® M ® t7 }― 〉: ，二 一<j〈為 V，" 〉(/tp+d 0 Q (̂ 0))
〇<t<l~l d=z〇0<o<p—1

p—1

+ E [E
〇<t<i-i ^=〇+i
0<a<p-l

Wa^a-d{A\+1V, ̂ )(ftp+d 〇 〇
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Proof. For any pair (A, A7) € S27*1-1 x S 271̂ 1, we have 

〈̂ 。⑴ 入 ，V〉 = 方_，〇〇!-2(〇:0)入’入 .
i j € z n

= fj ° a
n

7-1

53 53 ° a  (^〇) (53 A’sp+aA(s —t)p+ci—d i
0<i<i-l d=° 0<a<p—1

r P-+ E E /尤p + d  0  (尤 0) (5 : ̂ sp+a^(8-t~-l)p~\-pi-a~dj
0 < t < l - l  d = a + l  s= 0
O^o^p一1

Substituting A by "  ® v and 入7 by ^  ® z/， we get the desired formula.
Corollary 2, For =  we define //k、二 （pa, ，… ， Then

— — . / - i
= ^ P x o ^ ) ^  0 < ^  ̂~ Moreover, since W n == 0  (Tp ® 4 ,  ^ unit vector X of

1 fc=0
W n has a unique decomposition

t-i .
A = E 〇!fc 奸  ® ^ ；， a fc2 〇, .|/ .̂|| = 1，_ E |o：a；|2:=1. 

fc=0 
i - 1

Theri(pXQix =
fe=0

Summarizing these works, we have /
Theorem  3. (pXQfx ^  pure if and only if \ ■= fi ®  6k for some unit vector fx e W  p and 

0 < k <  l — 1. Moreoverf ；；

~ an(̂  ^>cc〇)̂ ®6fc1 ^  ^x〇,fj,®h2

if h  _  h.

Let the pure state space of the C*-algebra A  be denoted by -P(-A). W e  shall now specify 
the topology and additional structure on F(A), where A  = C(X) x a % n  ̂and the closure of 

P(A) relative to the W*-topology.

Proposition  3. If X  is connected'with a dense n-degree point (relative to a)} then the 

map  ^  : X  ®IP((Dn) -5- P(C(X)  x〇, z n) defined by

(x；\X\)^(pXix

is continuous and onto.

Recall the definition of A n and e(e(f) = (fi-j 0 a then the following lemma can
be directly verified.

Lem m a 4. For each f E C(X) x a z n, e(f) 〇 a ~  A ne(f)A^.

Thus ̂ pa(x)tX ^  A) ^ GiP((J， ) O/tld X  G X.

Using 6k fs introduced before, we have an orthogonal decomposition W 1

Let Ik be the identity map of W p ®  6k, then

i-i

Up =  * 〇k ^ torus)

k=0
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is a subgroup ofUn. It acts onJP(Wn) naturally. Let the Up-orbit of [A] be denoted by [[A]]? 
then we have

Lemma 5. Let x〇 be ap-degree point of X, pi = n, [A] and [A;] be inlP{Wn), Then

â?〇,A — ¥?a:〇,A/ ^  [^ ] G [W]*

Thus [[A]] <px〇i\ provides a natural isomorphism oflP{([ln)/Up with { ^ 〇,A ： [A] GlF{Wn)}t 
z—1 «

Proof. Let 入 & K h  ® with. 0 乞 S 1 and ||〜丨丨. = 1, E  |o：fc|2 = 1. Then
fc=0

Corollary 2 tells us
i~x

仏 o，A =  1叫丨2〜 〇，齡 ^ .

k=0

Thus the direction “♦ =〃 is clearly true.
• • • ■

Note that =  %  〇' (id® e.Vfc) 〇 (ea；。 ® 〇 r* and
•- . . .

range[(eaj。 ® id) 〇 畛 〇 r*] = Mp ® C([0, Z -  1]).

So

implies

卜1 …
~ ^ k̂ XQ ,/zJ. tk (¾ j 91¾ —

fc=0 fc=0

/-1
Y l a kf(k)(T ^,^k)  =
fc= 0  fe= 0

for each T G M p  and /  € C([0jl — 1]). Taking /  = %fc the characteristic function supported 
at fc， we have oijfc =  a ’fc, and if afc _  0，["/c] = [〇 . Combining this with; Corollary 2, we get 
the desired result.

Rem ark Let the standard n_simplex be denoted by

A打=  ̂̂   ̂Ô k̂ k • 〇? ^  ̂  — i J *
k=0

Then if x〇 is a fixed point of a, A n^{(px〇}\ : A eJP(Wn)} provided by
n ~ l

fc=0 fc=s〇
If x〇 is of degree n, then { ^ 〇,a ■ ^ €iP(<rn)} ~JP{Wn) by

^ 〇,A [A].

We shall treat the above natural isomorphisms as the identification.
Proposition 4。 J/ 丨〇， [A] are aW a5 in 亡/ie lemma a&ove and 屯 is 亡/ie map de卢ned in 

Proposition 3, then

金_1(V̂ 0,A) = K〇：J(；C〇)，[A’]) : [A’] e P 二A]]， 0 S n -  1}.
i-1 〜

Proof. Note that =  I ®  Ai — 0  S~kIk x is in Up. So
fe=0

[ [ ^ + dA]] = m Y i A i X ) }  =  [[AdnX]}, 0 < d < p - l ,  0 < t < l - l .
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Thus we may assume [A’j e [[也 入 j] for some 0 y  < p — 1. By Lemmas 4 邱 d 5, then 
have

W (x0)，A' = ¥V(a:0),A(；V = 仏 。人  (**)
Conversely, if (pXjy  — (px〇y\j then x e a-orbit of x〇. Assume x = a^(x〇)y then  ̂ by the 

(**) formula and Lemma 5 above, we have [A;] e [[-Â A]].
This proposition induces an equivalent relation in X  £lP{Wn) by

(A W )〜 0 ’，[入’1)分工 ’ = 以 (尤〇) and [A’j e [⑷ 入 ]]， 〇 < j < n ~ l ， 

where the meaning of [[Â A]] has to depend on the degree of x.
Let 7r be the corresponding quotient map. Then the following theorem becomes clear: 
Theorem 4. If n-degree points are dense in X, then the map ̂  : X  xiP((Tn)/^  —> 

P(C(X) x a z n) given by

(̂7r(x, [A])) =

is well-defined and is a homeomorphism.

Remark 4. Let a be the natural map of X  ^  X/ot and pi ： X  xlP(<D n) — X  the 
projection onto the first component, then a projection from X  xJP((T n)/^ onto X / a  is 
induced by p(^(x, [A])) = a(x) =  s n • a;. Obviously the following diagram commutes:

X x J P { W n) —^  XxJP{(Dn)/^ —^  P(C(X) x a z n)

<7 〇Pi \  p j /  po ¢ - 1

X / a

Let p 〇 be denoted by p;, then pr{<pX)x) = ^ == cr(x). Think P(C(X) x a z n)

to be fibred space over X / a  (not a fibre space, or a fibration in general) through p\ then 
(pXfX ^  ^  they are on the same fibre. Thus we may identify the fibred space p’ ：

P(C(X)~xa z n) X/a  with that o i p : X  xlP{Wn)/^ X/a.

The transition probability and orientation on P{C(X)  xa z n) now may be identified with 
the fibred s p a c e : X  xP{([!n)/^ X / a  with specified structure groups on each fibre type 
through the natural identification (see [9]):

if x is of degree then this group is P U n on p~x(sn * a;) ^IP{Wn)\
if x is of degree 1, then this group is the map of all simplicial automorphisms of An =

If x is of degree p1 1 < p  <n,  then we may think of
i—l

P ~ X{%n ■ X ) ^ JP{W n )I U p -  \[Q 2 a kU k ®  h }} ■ («fc)t 〇 ^  Aj

A:-0

and Uk € W p with | |^ || = l |

as a generalized ^-simplex with various copies oilP{Wp) as vertices. Let Si be the i-th 
permutation group, then Si x (PUp)1 acts onlP{Wn)/Up faithfully (not freely) by 

if (T ； b 〇]> ---5 [^z-i]) ^ Stx (PUp)ly where <pj € Upr then
i—l i~\

(t； bo]) • • • > [^ -l])  ■ [ E  ̂ kUk ®  4]] = [ £  ar k̂)<Pk(Uk) ® 4]].
fc=0 (=0
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We may call Si x (PUp)1 the group of generalized simplicial automorphisms. The structure 
group onJP{<Dn)lUp t̂p~~1(zn • x) is Si x (PUp)1.

When every point of X  is of n-degree, or z n acts on X  freely, this fibred space (with 
specified structure group) is just a classical flat Pi7n-bundle over X/a^ which we shall 
describe now.

Let {Ui} be an open cover of X / a  with each Ui and Ui fl Uj connected s.t. for each i

a-\Ui) ̂ U i U  a(Ui) U • U

with Ui fl 〇ck{Ui) =  0, VA: ^  0 (modn).
The choice of Ui is not unique.

. ■' • . • . ■ • • ： . . .

Itemma 6，If UiDlfj ♦  0, then there is an integer kji (unique up to a multiple of n) s.t.

a k“ (pi n c T 1 (Ui n Uj) ) 二  ffj n a-1 (Ui n Uj)•

Proof. From the assumption, a  gives a hoineomorphism of Ui onto Ui， Note that a(Ui n

Ui n a ~ l{Ui ̂ Uj) = UiD a~l{Uj) = [ j  UiH  ^(¾)
tezn

is connected, which forces for all t but one ~k

Or

氐 的 ) = 0，
氐 n n % ) = 氐 n 〇r fc(6).

ak(Ui n a-^Ui n Uj)) =
Similarly, Ĉ ficr— = and if i  = Thus =  Z = fc力

is unique (mod n) and has the desired property.
With Ui as above, we have = 7r(Ui xJP{Wn)) and thus

(j>i ~ (a x id) 〇 Wcr-x/p̂ n))
is a well-defined homeomorphism p~l{Ui) onto Ui xIP{(Dn). The following calcultion shows 
that gives a coordinate system of X  xlP{Wn)/^ as PC/n-bundle over X/a:

p-'UinUj)  xjp((Tn)
tt(x ,A^[X\) =  -!t(y,[X\)-------〇 (y), [A])

<t>i

(a{y), A n j [A])
(UiHUj) xlP{Wn)

<h。(pj1

where x € R  fi p一 f) C/j) and y = ⑷  € % H p—支奶  n Uj).
Thus ~  Qij = [Akij] G P U n. We may identify the PC/n-bundle with the 1-cocycle 

(UiC\Uj, which is clearly flat.
Let 五 be the C/n-vector bundle corresponding to the 1-cocycle (C/j n f/j，̂ 4̂ 0 )“ •， then its 

projectivilizationiF(J5) = X  xiF((Tn)/^  (see [6]). The equivalence oiEi ^  clearly implies
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n _ l
P(Ei) =iP(J52). N ow E  ^  where L  is the C/i-bundle (Ui fl U j ^ kî )ij (remember

k~0

y — e2nt̂ n) and L k is the fe-th tensor power of L.
Proposition h. If % n acts on X  freely (generated by a), and H 2(X/a,z) has no element 

annihilated by n, then

C(Y) z n ^  C{X) xa i n <^z 

acts on Y  freely and X / a ^  F//?.
Proof. In this case, since [Ln] ~  n[L] =  0 in ff2(X/a, z) (L is described as above), we 

have [L] — 0, i.e., L  is trivial. Thus X  xlP(Wn)/r〇 as Pi7n-bundle over X / a  is trivial. By the 
consideration of the dimension of irreducible representations, the above statement is clearly 
true.

E.g. Let X 〇 =  T2, then ^ ( X q ẑ ) and H 2(X〇,%) are both free abelian groups.

iy1(x 〇,^ n) =  o*

Thus any nonzero element in J2'1(X〇, z n) will give a n-fold regular covering X  of X〇 with 
as its deck transformation group. Of course this z n action on X  is free with the obrit 

space X 〇.

When n =  2, we may visualize the fibred space _P(C(X) xa Sh) over X /a ，which may be 
thought to be the dual of C(X)  x a Let X a =  fixed point set of a. We still assume it to 
be nowhere dense in X, We may put a metric dl on X if X  is 2nd countable.

At first， we may identify X xJP(<T2) vVith X x 52 (thus the action becomes 5〇3 
action on S 2) by

(x, [A,/i]) -¾ (a:;2ReA)U,2ImA/i, -  (A|2),

where (A?/i) G (T2 with |A|2+|ju|2 = 1. The equivalence relation introduced after Proposition 
4 on X xJP{(D2) is now translated to X x 52 by

if a; 〇 (̂x)̂  (x\ xx,X2,xz) ̂  ^  either x — (a?i, ̂ 2,2:3) == or
xf = a(x), (x^x^x^) -  (xi, - x 2, -xs);

if a; =  〇：($)，(x ; , i，X2, $3) 〜 (尤’；a?’i ， 尤’3)分  x = 怎’ and =
Define a continuous map T  : X  x S 2 X  xiR? by

T{x \Xx,X2,Xz) =

Let the range T  be denoted by Y. Let pi be the natural projection oi X  x Iff onto X. 
Then if a: < X a , (pi carries the metric and orientation induced from S*2 ( by using
T). We shall call it the natural metric on (pily)'"^^). Identify the point

{x\x i , X a)x2  ̂d{x,Xa)xz) with (〇：(〇:); xi,-d(x, X a)x2, -^d(x,Xa)xs)̂

and let the resulted quotient space be denoted by Y/ ^  . Then clearly Yj X  x S 2/ ̂  

and the following diagram commutes:

y  -------、Y j ------ ^  X x S 2/ r,

<7 〇 pi \  ^pi y  p1

X f a
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Thu3 the fibred space Y/ 〜 9ver J t/a  may be identified with that of X x 52 /  〜 or 
(_P((7(X) x a Z2)，J>’). This y /  〜 is visualizable. It is dual to CpC) x a S2,

E.g. Let X =  {(i,〇) ： |<| < 1} U {(〇,y) ： \y\ <  1}. The automorphism a: X  X  is given 
by a(i,0) =  (—¢,0), ^(0,1/) =  (〇??/)• Thus 0?  =  idy and

= {(〇，：y) : b l S  1}， X /a  = {(t, 0) : 0 < t < 1} U {(0, y) : \y\ < 1}.

Prom the provious work, we have (the TF*-topology on the pure state space)

P(C(X)  Xa z 2) ^  [{(i,0) :0 < t < l }  xIP{W2)] U {((0,y), [A]): |y| < 1 

and X — (0, 1) or (1,0)}.

Using $  and the induced topology from X / a  xlR31 we have

P(C(X) x a Z2) 爸 {((<，〇) ;心 ，如 2,4尤3) •• 0 < t ^  1 and

€ 52} U {((0,2/):^ ,0,0) :  0 < |y| < 1, M -  ±1} C X /a  xjff?.

The projection of this fibres space is the natural one onto the first component (to i — y 
plane) and the metric and orientation on fibred are all the natural ones.

This gives a geometric picture of the wduarj of C(X) x a
Rem ark 5, We have extended this adual study,J of C(X) x a z n to C(X) x a z with 

a n = id (see [5]). Along this line, a classification of rational rotation C*-aIgebras on unit 
circle has been reproduced (see [4]).
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