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A bstract

This paper discusses the connectivity of the essential spectra of Toeplit2 operators with 
symbols in i f 00 十(7 on Hardy spaces and weighted Bergman spaces for several complex: variables.
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§1. Introduction
. ■ . . . . ； * . ; , .* * . ；

It is well known that the spectra and the essential spectra of Toeplitz operators on Hardy
spaces of one complex variable are connected. But in the case of Hardy spaces of several 
complex variables and Bergman spaces, the similar results fail. For example, is a
compact operator on Bergman space L^(D), where D  is the unit disk in W  ? and its spectrum 
is total disconnected. In the case of Hardy space of several complex variables, Davie and 
Jewell^ give the following examples:

(1) There exists a symbol (p € C(S) such that (t(T^) is disconnected.
• ：

(2) There exists a symbol <p e such that is disconnected.
. ■ ■ ..

Hence, the following question is naturally interesting: for which ip € i°°, is the spectrum 
or the essential spectrum of connected? In the case of Bergman space of one complex 
variable, C. Sundbergf7l conjectured that the spectra of Toeplitz operators with harmonic 
symbols are connected. In 1988, D. H. Yu, S. H. Sun and Z. G. Dai!8̂ proved that the 
essential spectrum of Toeplitz operator with symbol (p is connected, where ip is the harmonic 
extension of ^  6 H°°(F) +  C(F), and T  is the unit circle in (T. In the case of Hardy space 
for several complex variables, Davie and Jewell^l conjectured that the essential spectrum of 
Toeplitz operator with symbol tp in H°°(S) +  C(S) equals the spectrum of <p in the algebra 
H°°(S) + C(S), i.e., ae(T^) = ^ 00(5)+0(5)(^) ^  ^  C H°°(S) +  C(S). In this paper, we 
will prove that the conjecture is true, and discuss the connectivity of the essential spectra 
of Toeplitz operators with symbols of type H°° + C  on weighted Bergman space of several 
complex variables? which extends the result in [8].
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In the paper, B  denotes the unit ball in W ny S  the boundary of B, i.e., S =  {z e =
1}. <pz is the automorphism of B:
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V>z(w)
: - y ,  -  (1 -  >1， -  y , )

1 -  (w, z) •
Let v be Lebesgue measure on (D n =  R 2n, so normalized that v(B) = 1, and a the 
rotation-invariant positive Borel measure on S  for which a(S) — 1 (the positive measure 
of total mass 1 is often called probability measure). L°°(B) and L°°(S) denote the spaces 
of essential bounded measurable functions with respect to u and cr, respectively;丑00 (丑) 
denotes the space of bounded analytic functions on 5 . For 1 彡 p < 〇〇, Lp(5) denotes the 
space of integrable functions of power p with respect to <t, and H P(S) is the Hardy space on 
S.

Write

=

C z(0  = 

P(z，0  =

(1 -  \z\2f!n

( 1 - N 2)n
| i - ( ^ C ) l 2n

( z e B , ( e  S), 

( z e B , ( e  S), 

( z e B , C e  S),

C(z, ¢) is said to be Cauchy kernel, p(z, ¢) the invariant Poisson kernel, C Z(Q the normalized 
reproducing kernel of It is known that Cz —> 0 weakly as |^| —> 1_ , and (^(¢)12 =
p(z,〇 . Let P[f] denote the invariant Poisson integral of /. Then we have

- . . . .  • . . .

/  / 〇̂ ( C ) M 0 =  [  n 〇 \ C M \ 2d^〇  =  P[f}(z)(feL2(S)),
^ s J s

by the invariant mean value property of Poisson integral (consult Theorems 3.3.7 and 3.3.8 
in [5]).

Let P  : L 2(S) -> H 2(S) be the orthogonal projection. Clearly, P f  ~  k — limC[/] for 
/  € L 2(S)i where kr-ixmF is the fc-limit of F  (consult [5]), C[f] is the Cauchy integral of / ,  
i-e. C[f}(z) -  fs f(〇 C(z,〇d a ( a  For <p e L^(S), define

T^f = P((pf) == k-~limC[(pf], f G H 2(S).
■ .

is called Toeplitz operator with symbol (p. In §2, we will discuss the spectrum of and 
the algebraic spectrum of ip for ip in H°°(S) + C(S).

For a >  —1, set

K ^ W ) =  (l^(z ŵ ))n+l+a>

d vM  = f ( ^ W ^ (1'  ^ 2)adu{w)：
* . * . ■ .- ■

We know that dVa is a probability measure on B  from §7,1 in [5]. For a fixed a > -1 ,
t -

L p(B,dV〇) (or ^(dVa)) denotes the space of integrable functions of power p with respect 
to dVa, Ll(B,dVa) (or Ll(dVa)) denotes the Bergman space. For /  G ^(B^dVa), write

P {a)f(z) K a(z,w)f(w)dVa(w).
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From §7,1 in [5], we know that K a{ẑ  w) is the reproducing kernel of and when a > 0,
is a bounded linear operator from L P(B, dVa) to L^(B7dVa), where 1 < p < oo. When 

a > _P⑷ is the orthogonal projection from L2(J5，dFa) to If v? € L°°(5),
define a bounded linear operator on L^B^dVa)  as

T^f(z) =  P^^f)(z)^= [  K a(z,wMw)f(w)dVa(w), f e L 2a(B,dVa).
J B

Also define a bounded linear operator i f t )  from to dT4))丄 as

4 a)，⑷ = ( 1 - 尸⑷你/)⑷ •
and are called Toeplitz operator and Hankel operator with symbol tp, respectively. 

For /  € L 2(B^dVa)̂  it is easily seen that

/  f°<Pz(yj)dVa(w)=  /  f(w)\K^a)(w)\2dVa(w),
fB JB

where

Kia)(w)
(1 — |么|2)(n+l+a)/2

(1 - 〈忉，么〉 )n+1+a

is called the normalized reproducing kernel of L\(B^dVa). When \z\ —> 1~, Kz°^ 0 
in L^(B,dVa)- (Hereafter, the weak convergence is denoted by ^  .) K. H. Zhn^  and L. 
Stroethoflf^ discussed the compactness and Stchatten Cp-class of and H ^ \  In §3, we 
will discuss the connectivity of the essential spectra of for (p € H°°(B) -f C(J5).

§2. The Essential Spectra of Toeplitz 
Operators with Symbols in H°°(S)+C(S)

Lemma 2.lJ2l Let f^gE  H°°(S) + C(S). Then

\\Pr[f}Pr[9}- Pr[f9]\\oo ̂  〇 (r ̂  1"),

where P r[f](z) =  P[f](rz) (z e B).

Lemma 2,2. Let f  G H°°(S) +  C(S). Then

<^H^(S)+C(S)(f) =  P ) {P[f}(z )\  ̂ < \z \ <  I}?
6>0

where ^H°°(S)-hC(s){f) denotes the spectrum of f  in the algebra H°°(S) + C(S).
Proof. If n = 1, the result is classical, so we can suppose n > 2. Without loss of 

generality, we assume 0 ^ f | {P[f](z)\S <  \z\ <  1}. Then there are S,e >  0 such that
谷>〇

\P[f](̂ )\ >  ̂  wherever  ̂< |^| < 1. Let f =  fx +  / 2) fx e -ff°°(5), / 2 e C(S). Then

P[f}^P[fx}+P{f2}, P[fi}eH^(B\ P[f2} e C ( S y

PlfxY == / i ,  a.e. [〇•], P[f2]\s = / 2? where P[/i]* is the of P[/i]. Suppose that
{fk} is a sequence of polynomials of Zj such that /¾ converges to ^ [ /2] in C(B), and 
Fk(z) = P[h](z) + /fc(^). Then there is an e〇 > 0 and a large K  > 0. When k > K ^ e  have

j^fc(^)i > 0̂ (^ < kl < 1)«

Since P[fi] G BjP[fi] =  0 (i = 1? • * * ? )̂? we have djFk = Bjfk € C(B). Further
more, djFk is bounded on = € B\8 <  \z\ < 1}.
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For any 2r〇 g there is an open neighborhood V(z〇) of z〇 such that \fk(z) -  fk(̂ o)\ <  

e〇/4 when ^ e ^(^o) n So we have

1 ¾ ] ^ )  +  fk(^〇)\ >  \P[fl] + fk{z)\ "  |/fc(^) -  fk(z〇)\ >  3e〇/ 4 (z ̂  v (z〇) n
Consequently，_P[/；iJ + /fc(z〇) is invertible in 丑°°(1^(么〇) fi %) (here 丑°°(呢 ） denotes the 
space of bounded analytic functions on W), Write

G k(z) = [P[fx] +  /fc^o)]™1^ ) , g v(z〇) n n 6；

G k(z) = Gk(z)(fk(z) ~ fk(z〇))j 2 € F(^o)门 f i t  

U  z e V(z〇) Dflsi we have

\Gk(z)\ =  \Gk(z)\ • \fk(z) -  fk(zQ)\ <  1/3.

Hence, log(l + Gk) is a bounded smooth function on V(z〇) D Q，s, and

Fk(z) = (P[h](z) +  fk(z〇))elô + Ĝ \  z e V ( z 〇 ) n a s.

Note

Bj log(l + G k{z)) =  Y + h u z ) ^ j〇k^

= i f fci : b gj,fc⑷ ， z e V (z〇)n ^ -
»

So Bj log(l +  Gk) is also bounded on V(z〇) fl Qs- Let V  be an open subset of V(z〇) which 
contains z〇 such that V  C V(z〇) and V  C {z W n\\z -  z〇\ < (1 — ^)/4}, let /t be a smooth 
function in (Fn, such that h\y =  1 and the support of h is contained in V(z〇). We dfine

tt (a  -  S 1〇s ^  +  Gk(z))̂  么 e y(z〇) n
nk{z)~ \ 〇, zeB\[V(z〇) n n s}.

Then 丑免 is a smooth function on J3, and

月 (V、一  J  [色^⑷ ] ^ 以1 + + 办⑷馬kgO + Gfc⑷ )， 么e 7 (么〇) 门仏，
zeB\[v(zQ) n n s}.

Clearly, and Hk  are both bounded smooth functions on B. Hence, there is a € 
C X{B) fl (Lip|)(B) such that Buk ~  dHk  by Theorem 16.7.2 in [5]. Thus B(uk — Hk) = 0, 
so Uk — Hk  is holomorphic in 5 , and

Uk{z) -  H k(z) =  Uk{z) -  log(l +  G k{z)), z € V" n

Let F k = (Pf/i] + fk(z〇))eH ^  ■ e ^ . Then

(户[/i] + e H°°(S)，eWfc e C ^ ) ,  and 瓦 ⑷ = Ffc(z) if x e F  门

For each 2： G we can give the construction as above, so l̂s is covered by finite open 
sets {Vj}，jLl such that

H  =  W i ]  +  for € Vj C V(Zj) n {z e W n\\z - Z j \ < ( l -  6)/A},

where G H°°(B), euk £  C(5), and Fl(z) =  Fk(z) on Vj fl Q 5. Let

^ { z e  B\Sf <  |^| < 1} (1 > 57 > (1 + 6)/2).

Then there is a subfamily {V^} of which covers f2§/, and f]Q，s =  Vj{ H B. For
convenience, we still denote {V^} by {Vj}/jL1. Let V〇 = B\Q，sf = {^\\A < ^}. Then {Vj}f^0
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covers B. Set

4  =  (p [ / i ] +  / f c ( ~ ) ) e «  〇?• =  1 ， … ， ).

Then 4  € 丑 °°(5). When 笋 0, and』 e Vj H VJ 门 fig, we have

Li(z)eû  =  Llk(z)eu' ^  =  Fk(z).

For j = o, z #  〇, 巧  n M n 化 = vj n = M n {之|卜 | < <5'}，so

L{ e A(Vi n  v〇 ) =  A(V〇 n  nfig) -  A(v〇 nViDB)  

since 叫  € 丑 and is invertible in 4 (½  ft 门 S ). On D F; n  5  we define

$ j7 =  4 L f  (j , l  =  l , 2, - - - , m) .

Then

$ j7 =  L{L1̂  =  e < - <  € ^ ° ° ( ^ ' n ^ n s ) n c ( V ^ W n B )
=  A(VjnVinB).

For / = 0, j  7«̂ 0, we define $j〇, on n V〇 fl B as

$ ,0  =  4 ,  ¢ 0 , =  1 ^ -

Then $j〇, $ 〇j e n y〇 fi J5). It is easy to see that

* ^ij = 1 on V} H 门  K 门  5 ，

and

. = 1 on 巧 n 门 jB,

Then the second Cousin problem yields invertible in A(Vi fl B) with ¢^- =  * $ ^ 1
(consult [4] p.363-364).

Let

i f  =  ¢ 7 1 • l{， ％  =  (?• = 1，… ，饥).
Then Pf  € H°°{Vj n  B), Q) e  C(Vj n  B). For z e  Fy D V5 n 5 ,  we have 

Fk(z) =  L {{z )e<^  =  =

and

垮⑷户厂、 ) = $广⑵ 4 ⑷ ( y 1⑷ L i(z))-1

= (^ $ 7 i ) ( z) ( 4 . L f  )(^) = 1.

Hence

Similarly,
VjDVinB^ \vjC\VinB'

^IvjHVinB^ ^  l -̂nvinB*
Thus, if we set (么) = Pj2(之)，之 6 V} Pi B(j = 1，- . .，m)， and = <5》(么)，之 e

n = 1, * * * ,m), then 6 H°°(Q，s)i Qk  ^ ^ (¾ )) and Fk =  PkQk  Note that
each Pj is invertible in H°°(Vj H J5) (j = 1, • • • ,m). Hence Pfe is invertible in H ^ ^ s ) ,  i.e., 
P ^ 1 e H 00^^). Clearly, Qk  is invertible in ¢7(^5). By Hartogs theorem, we know that 
and P ^ 1 have analytic extensions on B. Write their extensions by Pk and Pj^1, repectively.
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Then Pk and P ^ 1 belong to H°°(B) by the maximal model principle. We can continuously 
extend Qk  and onto and denote their extensions by Qk  and respectively. Thus

Q k Q ^ l s ^  ly  ^  1 ) = 1'
Consequently

[〇PfcQfc)(Pfc 々 a： 1)]* =  1 Qfc1 , 1 i*

Note = PkQk\gi

H°°(S) + C(S).

Hence is invertible in H°°(S) + C(5), i.e., 0 ¢. ^H^{s)^c(s){Fh)- ^rom "  f \\〇〇 

0 (fc oo), we easily know that / -1 G H°°(S) + C(S) since H°°(S) +  C(S) is closed and /  
is invertible in L°°(S)t

Conversely, if /  is invertible in H°°(S) + C(5), then ll-Pr't/l^rt/'1] — M \〇〇 0 (r —> 1~) 
by Lemma 2.1. Thus there are e, 5 > 0 such that

1 ^ (/1 (0 ^ (/-^ (0 1  > 1 -  W P A m i r 1} -  llloo > 1 - 6 ( 0  < 6  <1)
holds for any ( E S  and 6 < r <  l. Furthermore \P[f]{z)\ > (1 -  e)/M  (where M  = 
||P [/~1]||〇〇), 8 <\z\ <  1, i.e., P[f] is below bounded on some Q,s =  {z e B\6 <  \z\ <  1}; in
other words, 0 ^ f] {P[/j⑷  |(5 < |之| < 1}. We complete the proof.

6>o

Lemma 2.3. Suppose f E H°°(S) and g E (7(5). Then
(i) TfC z =  P[f](z)Cz, (zeBy,

(ii) \\T9C z -P{g}(z)Cz\\2 ^ 0  (N -> 1 - ) .
Proof. Since C z is the normalized reproducing kernel of H°°(S), for any (p G i?2(5), we 

have

(ip,Tf-Cz) =  (fip,Cz) =  (1 -  \z\2)^P[f](z) ■ P[<p](z)

= PifK^i^Cz) =  {cp,P[f](z)Cz} =  {ip,P{f]{z)Cz).

Hence TjCz — P[f](z)CZy it shows (i).
In the sequel, we always denote the ideal of compact operators on H 2(S) by /C. By L. A. 

Coburn^, we have TgTg —  T\g\2 € /C; on the other hand,

(Tlg?C z,Cz) =  M 2C Z,CZ) =  Jjg\2\Cz\2da(〇

Similarly,

\g\2p{z,〇da(〇 =  P[\g\2](z).

(TgC z, C z) =  P[g){z), (T-gC z, C z) =  P[g}(z).

Thus

\\TgC z -  P[g](z)Cz\\l

= {TgC z,TgC z) -  (TgC z,P[g](z)Cz) -  (P[g](z)Cz,T9C z) +  (P{g}(z)Cz,P[g](z)Gz) . 

= (T 9T 9C z , C z) -  P[g\{z)P[g\(z) -  P{g}(z)P[g\(z) + P{g\{z)p [g\{z)

= {Tlgl2C z,Cz) -  |Pb](^)|2 + { K C Z,CZ)
=  P[\g\2](z)-\P[g}(z)\2 +  ( K C z,Cz),
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w h e re if^ T sT ,-T u p  €/C. Note 0 ( | ^ | s o  lim = 0. By Lemma
|名|-+1-

2.1，

lim (P[|p|2](^) -  \P[g}(z)\2) =  0.

Hence

lim {\\TgC z -P{g](z)Cz\\2) =  0,
W—i —

that is, (ii) follows.
Theorem  2.1. Let f € H°°(S) +  C(S)t Then

ae(Tf) =  crH〇〇 Ŝ)+C(S)(f)- 
In particular, ae(Tf) is a connected set.

Proof. Suppose /  =  / 1 + / 2, /1 € /2 € C(S). First, we prove that

(̂H<x>(S)+c(S)(f) C  cre(Tf).
Without loss of generality we assume 0 ¢. ae(Tf), i.e., Tf is a Fredholm operator. Then 
there is an aS e L ( H 2(S)), K  e K, such that STj = /  + if . By Lemma 2.3, we have

Th C z =P[h]{z)Cz, and ||T/2C, -  P[/23 ( ^ | | 2 0 (|^| -  r ) .

Thus

||(^- -  P[f}(z))Cz\\2 =  \\Th C z ~  P[h){z)Cz\\2 ^  〇 (kl ^  I")-

By Lemma 2.2, we know

〇-H^(S)+C(S)if) =  f l  {P[f]^)\S <  kl < !}•
6>Q

Hence it is sufficient to prove

〇 ^ A  m / i o #  < m  < i}.
6>0

If 0 € f |  {尸[/[^)|^  < 卜丨 < 1}， then there is a sequence (¾} of points in J9， such that 
6>o _

\zk\ 1_ as fc -> oo, and P[f](zk) 〇(k oo). Since \\(Tf-~P[f](z))Cz\\2 1~)?

l | r / C , J |2 ^ 〇(fc ^ 〇〇),

we have

| | 5 ^ | | 2 - ， 0 (A;-^oo).

Note

S T f ^ I  +  K, i f  G/C,

so \\CZk +  K C Zk\\2 0, but ||C ,J |2 = : 1， ||冗(7外|丨2 — 〇; we get a contradiction. It shows 
^ ^ ( 5)+^(5)(/) C  〇"e(̂ /)*

The inversive inclusion follows from [4]. The proof is complete.
Corollary 2.1. Suppose n > 1, /  G H°°(S) +  C(S)t Then

a>w(Tf) = cre(Tf)j

where aw (Tf) denotes the Weyl spectrum of Tf.
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Proof. Since crw (Tf) =  ^ (7 / )  U {A € /?e(37)jlnd(r/ -  A) 7̂  0}, where pe(Tf) denotes 
the Fredholm domain of T /， it is sufficient to prove that Ind(Ty —入） = 0 if A € pe(Ty). And 
this is a direct consequence of Lemma 2.2 and Theorem 3.1 in [4].

§3. Toeplitz Operators on Weighted Bergman Space
Lemma 3.1, Let a >  —1/2, T  € L{L2a{B^ dV〇)) commute with (j = 1, • • ■ , n), where 

Zj is the coordinate function. Then there is an h E H°°(B) such that T  — T ^ \

Proof. For any (p e H°°(B)^ let <pr(z) = 0 < r  < 1. Then lim p̂r(̂ ) ~

p̂(z) (z E B), (pr e A(B), and ||^r ||cx) < Halloo- Since A(B) is a uniformly closed subalgebra 
of H°°(B) generated by Zj(j  = 1,--- ,n), we know that {T^\<p € H°°(B)} is a tw-closed 
algebra generated by Tzf (j  = 1,--- ,n). Hence, for any ip G T  commutes with
T^a\ Let h =  Tl. Then h € L 2a{dVa)̂  and for any (p € H°°(B),

Tip = T T ^ l  = T ^ T l  =  T ^ h  = <ph.

Since H°°(B) is dense in Ll(B,dVa), for any i/j G L^(B,dV〇), there are tpn € H°°(B) such 
that ||^n -^\\Li(dVa) -* 〇〇)■ Note T G L(L2a{dVa)), so € L\(dVa), and

\\Tipn -  ^111,2(^) < IÎ H • ||<pn -  \̂\hl{dva) 〇, 

i.e., \\(pnh -  Tip\\L2a{dVa) 0. Thus

\\htl) -  Tl/j\\Ll̂ dVa) <  \\hip -  ipnh\\Li(dva) +  W^nh - T iPWli^ v^

<  ~ fnWLUdVa) + \\<Pnh ~ T^||£2(dV0) ^  〇•

Hence = Now we prove that ^ is bounded. Since /¾ = Tl, we have 

h{z) -  (hK[a\ K ^ ) a = ( K ^ T l , K ^ ) a = (TKia\ K ^ ) a,

((•, *)a denotes the inner product in Ll(dVa))- Consequently \h(z)\ <  j|T|| * | | ^ a  ̂11/,2(^)- 
|)r||. Hence h is bounded and T  = T^a\

Theorem 3.1. Let A  be any dosed subalgebra of L(Ll(dVa)) containing Tzf^ (j == 
1, * * • ,n). Then A  is an irreducible algebra.

Proof. It is sufficient to prove that there is no nontrivial orthogonal projection in the 
commutant A f of A. Let P  G v4̂  be an orthogonal projection. Then there is an € H°°(B) 
such that P  =  by Lemma 3.1, since € A(j =  1,*** ,n). Furthermore =
T ^ )2 = T ^ \  i.e., h2 =  h. Hence ^ = 1 or 0, i.e., P  — /  or 0. The proof is complete.

Let £ ⑷(C(5)) and 义⑷(丑00 (5) + C(J5)) be the closed algebras generated by

{ T ^ e c m  and {T^}<peH°°(B) +  C(B)},

respectively. We know that £W(C(_B)) and £(a)(iP°(B)+C(_B)) are irreducible by Theorem 
3.1.

Let (T^) and (T⑷ denote the commutator ideal of £ ⑷(C*(_B)) and +
respectively, /C⑷ = /C⑷ the ideal of compact operators in Then we
have the following

Lemma 3.2. =  .
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Proof. First, we prove that is a compact operator if y? G C{B). Since (pz(u>)
C(2； c G S) for any w £ B ,  (p{cpz(w)) ^(〇 {z -> 〇. So

||^ 〇(pz -  P {a)((p 〇 (pz)\\L2{dva) 〇 (\z\ 1~).

Hence is compact by Theorem 16 in [6]. For any h,k € L\{dVa), we have 

(H(fa)*H^h, k)a =  (H^h, H^a)k)a =  ((/ -  P^)gh,  ( / -  P ^ )fk)a 

=((1 - P^)gh, fk)a = (gh,fk)a ~  (P^gh, fk)a 

=  (Tiah,k)a - ( T fTgh,k)a ( / ,0 e L°°(S)).

Hence H (fa)*H^a} = T {̂  -  T (fa)T^a). Furthermore, T {̂  -  is a compact operator for
g 6 C(B), f e L°°(B). Consequently, [T^},T^a)} =  T\a)T^a) -  T^a)T (fa) is also a compact 
operator for any / ，gr € (7(J3). Hence (T^1) C /C(a). Clearly, (F^1) _ {0 } ， since £(a)(C7(j5)) 
is an irreducible C*-algebra，/C⑷ C C⑷ ((7(5)) by Corollary 2 of Theorem 1.4.2 in [lj. 
Therefore <C〇̂  — K^a\

To complete the proof, let f,g e H°°{B) +  C{B), /  =  /1 +  / 2, 9 ^  9i +  92, fuQi 
f2,g2 eC(B). Then

= ( T ^  +  T^)(T(f +  T ^ )  -  T ^ i+h){gi+g2)

= T^a)r (a) + + Ĵ a)!r(a) + T^a)T*(a)
— _ rp{d) __ rp(a) 一 rp{d)
— figi 一 f29l 一 fl92 — f292

= i T (a)T (a) _  T ( a ) j  +  ^ a ) ^ )  _  ^  £  ^  _

Hence /C(a) =  C (T(a) C  A：⑷，i.e.，<Ẑ a) = (T ⑷ = X：⑷ .
Write

Z(B)  =  { /  6 C(B)\ / |s  =  〇 }； N(B)  =  { /  e H°°(B) + C (B )|/*  =  〇}•

Lemma 3.3. (i) Z(B) =  N(B);
(ii) Let f G H°°(B) + C(B). Then is compact if and only if f E N(B).

Proof* The proof of (i) is easy. We prove only (ii). First, we assume /  G N(B). Then 
/  € C(B) and f\8 = 0 by (i). For any e > 0, choose g e C(B) such that \\f -  |̂|〇〇 < e, 
and g vanishes on some neighborhood of S. Suppose that hm  is a sequence of unit vectors 
in L^{dVa) converging weakly to 0. Set K  =  {z E B\g(z) ̂  0}. Then if  is a compact subset 
of B. Since /im A  0 in L^(dVa), we have hm \K 〇 uniformly. Hence

| | ^ a)^miU2(dVa) = \\P^ghrn\\Ll{dVa) <

< _ 〇〇m k i lp ( d v a) — 〇 (爪 — 〇〇)•

So T̂ (a) is compact, and T^a) is also compact by

||T}a)- T W | | < | | / - ^ | | 0O<e.

Conversely, if is a compact operator, then for hz = we have
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since hz in L^dVa)- Furthermore,

(fKia\ K ^ ) a = (Tja)Kia\ K ^ ) a 0( |2| 1-).

Note ((fKia\ K i a))a)* = f*. Hence f* = 〇, i.e., /  G N(B), The proof is complete.
Lemma 3.4. Let f G J5r°°(5), g G C(S). Then
(i) = P[f]{z)K[a)-,

(ii) ifz-^CeS, then \\T^g]Kia) - g(〇Kia)\\L2{dVa) ^  0.
The proof is similar to that of Lemma 2.3.
Theorem  3.2. Let f G H°°(B) + C(B). Then

a e( T ^ )  =  O-ifoo (5)+0(5) ( /* )

for any a >  —1/2. In particular} ae(T^) is a connected set
Proof. Since /* = (P[/*])*，a. e. T^a) — is compact by Lemma 3.3. Hence

(re(T}a)) -  ae(T{pfn ).

It is sufficient to prove that

^ ( T p ^ )  =  crH°°(S)+C(s)(f)

if /  G H°°(S) + C(S). By Lemma 2.2 and Lemma 3.4, the proof of crH〇o(s)-\-c(S){f) ^  
c re^^ j) is similar to that of Theorem 2.1. Now we prove that

Without loss of generality, we assume 0 ¢. cfĤ {s)-\-c{s){f)* Then f~x G H°°(S) + C(S). 
Note (P[f}P[f-x]y = 1 a.e. Heuce I - G K^a\  Since

P[f), P I / - 1] e H ^ ( B )  + C(B), -  T ^ f]p[ri] e

by Lemma 3.2, we have I  — T路 jT思叫  e /C⑷ . Similarly， J — 路  e /C⑷ • It shows 
that r 路 j is a Fredholm operator, i.e” 0 ^ cre(T ^]). So cre(T ^]) C 。丑如⑷ + ^ ⑶ ⑴ ， the 
proof is complete.
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