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Abstract

The authors first derive the gradient estimates and Harnack inequalities for positive solutions
of the equation

Au(z, t) + bz, t) - Vulz, t) + h(z, t)u(:x, t) — ____aug;, ) _g

on complete Riemannian manifolds, and then derive the upper bounds of any positive L?
fundamental solution of the equation when h(z,t) and b(z,t) are independent of £.
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81. Introduction

Let M be a complete Riemannian manifold. We consider the parabolic equation
' Ou(z,t
Au(z, t) + b(z, ) Vu(z, ) + h(z, thu(z, ) - —1‘%——) =0 (1.1)
on M. The function h(x,t) is assumed to be C? in the first variable and C* in the second
variable, the tensor field b(z,t) is assumed to be C? in both the variables.
Yau!® first obtained the gradient estimates of positive harmonic functions on complete
Riemannian manifolds. Later Li and Yaul*! derived the gradient estimates for positive

solution of the parabolic equation

Ou(z,t
Au(z, t) + h(z, tyu(z, t) — ig—‘z—l =0 (1.2)
and applied these estimates to the estimations of a positive L? fundamental solution of (1.2)

when h(z,t) is independent of ¢. In his dissertation>®l, the first author considered the

. nonlinear elliptic equation

Au(z) + b(z)Vu(z) + h(z)u*(z) =0 (1.3)
and the nonlinear parabolic equation '
5 _
Au(z,t) + h(z, t)u(z,t) - —%%Z—tl =0. (1.4)
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Recently we noted that Cranston[!! also considered the equation (1.3) when A(z) = 0.
The main purpose of this paper is to show that the methods developed in [2,3,4,6] can also
be applied to the equation
A Ou(z, 1)

ot
For simplicity we mainly consider equation (1.1). We also applied these estimates to the
estimations of a positive L? fundamental solution of (1.1) when A(z,t) and b(z,t) are inde-
pendent of £.

Au(z, t) + b(z, t)Vu(z,t) + h(z, t)u*(z,t) - =0. (1.5)

§2. Gradient Estimates

In this section we mainly derive gradient estimates for positive solutions u(z,t) on M x
[0,00) of the equation

(A - —(%)u(:z:,t) + b(z,t) - Vu(z, t) + h(z, t)u(z,t) = 0. (2.1)

We introduce a new function W (z,t) = uw~?(z,t), where 8 > 0. By a simple computation
we have '

o\, B+1|VW}? |
(A-—Eﬁ)_w..-—ﬁ—- 7+ BhW — b VW, (2.2)
Set .
2 .
s0="T7 1 s87h(), (2.3
W
¢1= 77 | (2.4)
¢ = ¢o + B¢, (2.5)
where s > 1. ‘

Now, we estimate the Laplacian of ¢, which is essential to the derivation of the gradient
estimate.

Let ey, ez, --+, e, be a local orthonormal frame field of M. By adopting the notation
of moving frames, the subscripts ¢, j, and & will denote the covariant differentiations in
the e;, e; and e, directions respectively, where 1 < 4,5,k < n. Suppose b = ) be;. A

B

straightforward computation gives
2 WW,; 23 WEW;

VQSO(ZE,t) — 2 W2 _ Z W3 + Sﬂ2hj, (2.6)
2WE 2R W Wy EWWW; (S WE
A¢0(a:,t) — z{/V2 + i 73 -8 1] e +6 iW4
> WEW;; '
_9 7] 73 + 8,62 z h]] (27)

We denote the Ricci tensor of M by R;;. Then .
23 WiWii5 25 WiWisi 2} Ri;WiW;
ij i i

T T a (2.8)
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By the inequality 3 W2 > L(3°Wy)? = L(AW)?, we obtain
& 5

2RWE LWiWuW; (W)
ij

1] i
A T T
g (awy? (SIS @R (W)
. > — . 2 _ - 2
= n (W> ! we -we G )= " (29)
where 0 < e < 1.
2 WiWy 2 WEW,
9y T 5 2
5 =~ g 58 h. (2.10)
By (2.8), (2.9), (2.10) and (2.2) we have
W2)2
o 201 —¢) [AWN? /1 (Z 2
— > )Y i l .
(A-g)0 2= (W) 2 1) T gV VieeW
- Ej Wi(Rij = big)W;
+2ﬁ(1—s)Zhi—v—V—+z T3
+ 8B%(Ah + Vhb — hy) — Veb. (2.11)
Computing directly one obtains
a 2 2 Wz
(A - é—i)qﬂl = 5Vé1- ViogW +s6%h, - *;Z_bit—ﬁ; ~ bV s (2.12)
(2.11) and (2.12) yield
- (Z w})?
8 21 —¢) (AW 1 2
(A—a)@ . (W> "2(2’1) t 5V VlogW
S W ZjWé(Rz'j = bis)W;
+26(1-8)5 hi-—+2° : + sB8%(Ah + Vhb)
i w | E
—V¢-b—sﬂ.zb,~t% (2.13)
By (2.2),
AW B+1|VW]? W; Wt
R R e + Bh - Eb
_ B+1 |VW|2 bW
-5+ () w2 (214)

2
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Substituting (2.14) into (2.13) one obtains
— —1)2 4
( _)¢_ 2(1 - )3252¢2 (2(1n e)  (s+sf-1) _2(_1“1)) VW]

n s2p? € w4
4(1—6)(s+sﬁ—-1) VW2
- 25 773 +ﬁv¢ VlogW+2ﬂ (1~ s) Zh

22 Wi(Rij — big)W; .

tJ 9 N o Wi

+ + sB%(Ah + Vhb) ~ V¢ - b sﬁzbuw

W2
- ) 1 Z )(sﬂ+s—1 (Zb__)lvﬂvglz

2(1 (Zb ——) - (2.15)

Lemma 2.1. Let M be an n-dimensional compiete Riemannian manifold with Ricci
tensor R;;. Suppose that h(z,t) and b(z,t) satisfy the following conditions:

(1) Y(z,t) € M x [0,00), Ah+ Vhb > —K;;
(2) Yz e M, Rij - bij > - Kzg,;j
If we choose 8 sufficiently small such that 1 > 2222 then

A(1 -6)(84—8[3 1) [VW]
(A"*)‘ﬁ— n szﬁzd)z n s2(2 " +ﬁv¢ Vies W

~ V¢ b+ sB%(Ah+ Vh b) - B, (2.16)

where

L3 (n32<z<s—.1)|w|+s|bt|>4>”3ﬁz e e

494 (1—e)(s—1)? (s 1)2
_ 2 5232
o (6(1n e)lb'2+2K2) s —ﬁl)z’

s>1,0<e<.

Proof. By Hoélder’s inequality and Young’s inequality, we have

41—- 1_ 2 41__ WZ 2
4(1-¢) - £) 7 (Zb )c;b_ ngsfﬁz L X : £) (Ebﬁ/—-) , (2.17)
41 -¢) (sﬁ+ s—1) (Eb __) VW[

n w?2 ‘
31— +s—-1)2 | VW)* 23%|p|4
< 4 - € (S,B 32';2 ) I W4’ - (1 _ 6)‘(93 _|1)l2, ’ (218)
2(1 e 2 2ZW(RU bij)W;
(2)

~e(sB+s—-12 VW' 4n (2(1—¢) Lk
._[ o T 77 +1_£( |b!Z+2K2> (8_1)2]' (2.19)
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We set

2g : _ 2 232
A= %—(1 —¢) (: ) 510 + 4n€ (2(177, E)Iblz + 2K2> (s_:[ll)_f (2.20)

Substituting (2. 17)-(2 20) into (2.15) one has
- 12 _ 4
(A_ __)¢ > 1-e(sB+s—1)% 201 s)] VW]

32,82¢2 [ n 8232 e Wt

4(1—¢)(sB+s—1) [V
+ (ne)(s 32;2 )¢|W2| +ﬁV¢> Vieg W +26(1 —SZ’L“

—-sﬂZbu ~ V¢ b+ sp AR+ Vh-b) ~ A. (2.21)

Since + 5> 2ozl we have

—e(sB+s—1)2 21-¢)] VW[ Wi W,
[ — e L - L 6)}‘W4l*Q(S_l)ﬂzhiw_sﬂ;bﬁw

.3 [n32(2(s ~1)|VA| + slbtl)‘lﬂﬁ]l/s
T (oG- ;
Clearly (2.16) follows from (2.20), (2.21) and (2.22).
Now, we first give interior estimates; and then extend our local estimates to global ones.
Theorem 2.1. Let M be an n-dimensional complete Riemannian manifold with possible
empty boundary OM. Assume p € M, and B,(2R) = {x € M | dist(z,p) < 2R} does not
intersect the boundary OM. Let h(z,t) be a function which is C? in the z-variable and C*
in the t-variable. Let b(z,t) be a tensor field which is C* in both the variables. Suppose that
h(z,t), b(z,t) satisfy the following conditions:
(1) V(z,t) € B,(2R) x [0,00), Ah(z,t) + b(z,t)Vh(z,t) > —K1(2R),
(2) with local coordinates R;j — b;; > —K2(2R)gi;, Vx € Bp(2R) and Ri; > —K3(2R)g;,
where R;; is the Ricci tensor of M,
(3) V(m’t) E. Bp(2R) X [07 OO)’ IVhIS K4(2R); |b| < K5(2R), Ibtl < K6(2R)'
Ifu(z,t) is a positive solution of (2.1), then in By(R)x[0,00), u(z,t) satisfies the estimate

2
lzu! +8-h-— S nsz% + sy/nv/sK1(2R) + By
C. Cn
+ns? (_Ez— -+ _—R;(V K3(2R) + K5(2R))> ,

(2.22)

where

_ $2(2(s ~ 1)K4(2R) + sKo(2R))* Vs e
BI"C”[( (s 17 )+ oten
6

+ (CK2(2R) + 2K3(2R)) 51

2
(s - 1)2] ’
Proof. We define the function F(z,t) = t¢(z,t). Let §(r) be a C? function defined on
[0, 00) such that ' '
~ 1 ifrel0,1],
o) = { 0 ifr>2.
0<g(r)<1,d(r) <0,4"(r) > —C, where C is a positive constant.



124 CHIN. ANN. OF MATH. Vol.16 Ser.B

If r(z) denotes the geodesic distance between z and some fixed point P, we set g(z) =
F(riz)
3(=")-

Using the argument of Calabi, we may assume the function g(z) - F(z,t) with support in
B,(2R) x [0, 00) to be smooth.

Let (zo,o) be the point where g - F' achieves its maximum in B,(2R) x [0,T].

Clearly, we may assume g(zo)F'(zo,t0) > 0.

By the maximal principle in differential equations, at (xg,%o), we have

V(g-F)=0, (2.23)
O(gF) |

—5 20, (2.24)
Alg-F)<o0. (2.25)

Obviously,
2 ~12
Vg _ L [gF . C

= < (2.26)
Ag = '5"—1%—2- -+ ‘%Ar.
Applying the Laplacian comparison theorem!®, we have
Ar < n-??-l—(1+\/f_(_3_(§§)_-r).
So, )
Ag> —%—g - % RaR). (2.27)
By (2.23), we have
VF = _%9- : | (2.28)
By (2.25), we have |
Ag-F+42Vg-VF+g-AF<L0. (2.29)
Using (2.24) and (2.29), we obtain
Ag-F +2Vg-VF +g(A - %)F <0. (2.30)
Using Lemma 2.1, we have ~
(A - %)FZ 1_;;_5;_2%2_%1?2 B {;"_ + 4(1;e)s+szg2~lplvvg/2'|2
+ %VF ViegW ~ VF -b— s2K,(2R)t —~ 3 Bit, (2.31)

where

N s2(2(s — DKa(2R) + sKe(2R)\ > (1-e)s? _,
= [( Ao ) MRCE e
1 ]

_ 2
o [G(In 6)_K§(2R_) + 2Kz(2R)]2(;:‘1—)5] :
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Substituting (2.31) into (2.30) and using (2.27), (2.28), one has

1—e 1 1,5, 4(l-e)s+sf—1 _|[VW]? 2 vw
- —-———SZIBZtgF + - Y gF 7z ﬁFg VgW +Fg-Vg-b
—2|VgPF - E — s8%°K1(2R)t — BBt — (f{z + %\/Ka,(ZR)) F <. (2.32)
Clearly,
vw 4(1 -g)s~1 _|[VWP2  =n s 9
ﬁFg Vg 7 < W SR gF D +4(1_€) (S__l)IVgI F. (2.33)

By (2.26) and (2.33), we have

l-e 11, (1,C, G
—t - (14 B+ QWRER + Ks(2R) ) o
~ 532K (2R)t ~ f*Bjt < 0. | (2.34)

*(2.34) implies | _
gF < ,/ sK1(2R) + B} sﬂ2t+ ~ 2[32 ( %ﬁ(\/m(zm +K5(2R)))

(2.35)

1 —
The theorem follows from (2.35).

Using Theorem 2.1, we can obtain the following global estimates.

Theorem 2.2. Let M be an n-dimensional complete Riemannian mam’foZd with Ricci
tensor R;j. Let h(z,t) be a function which is C* in the x-variable and C* in the t-variable.
Let b(z,t) be a tensor field which is C* in both the variables. Suppose that h(x,t) and b(z,t)
satisfy the following conditions:

(1) V(z,t) € M x [0,00), Ah(z,t) + b(z,t)Vh(z,t) > —K;,

(2) with local coordinates R;j — bij > ~Kagij, Yz € M and Ri; > —K3(1+ r?(z)),
where r(z) s the geodesic distance between x and some fived point.

(3) V(z,t) € M x [0,00), |Vh| < Ky, [b] < K, [b:| < K.

If u(z,t) is a positive solution of (2. 1), then

2
.LV&'I_;_I_ +s-h—- < ns® + S\/ﬁ\/ sKy + By + C’ns v K3, (2.36)

where

_ s2(2(s — 1)Ky + sKe)*\ ° 2
BZ"C“[( ) e

¢ Crzpam S
R PN

Proof. Letting R — 00, by Theorem 2.1 we get this theorem.

s> 1.

$3. Harnack Inequality

In this section, we will utilize the gradient estimates derived in section 2 to obtain the
following Harnack inequality.
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Theorem 3.1. Suppose that M, h, b satisfy the hypotheses of Theorem 2.2. If u(z,t) is
a positive solution of (2.1), then the following Harnack inequality must hold on u:

t
u(:cl,tl) < (_t_%_)ns exp(Cn(sv K3+ +/sK; + Bz)(tz —-tl) +A(SE1, To,tq — t1))'u,(.’1:2, tz), (3.1)

where 1,22 € M, 0 < t; < t2 < 00, and
1
8
A(zy,To,ty —t3) = inf { ——e ¥|%dv
(:617 2,42 1)‘ ‘:’IEIP{‘l(tz—“tl),/o "Yl g

1 .
- (ta — tl)/o h(y(v), (1 —v)ts + vtl)dv}

with inf taken over all paths in M parametrized by [0,1] joining z1 and z.
Proof. Using Theorem 2.2, we know that if f = logu then

IVF2 - sfs §7L32%-|-(3'n(s2 K3+ 3vsKi+Bs)—s-h (3.2)
for all (z,t) € M x [0, 00). .
For any two points (z1,¢;) and (z2,t2) in M x [0, 00) with ¢1 < ta, we let 7y be any curve
given by v : [0,1] — M, with v(0) = z, and Y(1) = z7.
Define the curve 7 : [0,1] — M X [0,00) by n(v) = (v(v), (1 — v)ts + vty).
Clearly 7(0) = (22,t2), n(1) = (21,t1),

f(xlatl) - f(fvz,tz) = /) d_'f%g_g)_)zdv

1
< [ (1A - 2= 0. (3.3)
By (3.2), we have
2
~ft < %E + Cr(sv/Ks ++/sK1 + By) — h — !—Ygfl——
So, _
t (t2 —t1)s

1 —
fat) - Sant) < [ BIVA - 22 vspe
0 8 7
+Cn(3\/ K3+ SKl +B2)(t2 —tl) _(tz ~t1)h]d'u,

where t = (1 — v)tp + vt;.
However, as a function of |V f|, the quadratic

sliv s~ =Wy 2 B) R 4 R T Bt - 1) - bt — )
el prslz=ty) | Cn(sV/Ks + /3K + Ba)(tz — t1) — h(tz — t1).

= 4(te — t1) ¢
So

f(z1,t1) = f(za,12) < nslog(%-) + Cr(svV/ K3 + /3Ky + By)(ts — t1)

s 1o st
+ Aty — 11) /0 [¥[2dv — (tz — t;) /0 h(y(v), (1 — v)ta + vty )dv.

The theorem follows by taking exponentials of the above inequality.
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§4. L’ Estimates
In this section, we will derive L? estimates for solutions of the equation |
0 t
Au(z, t) - “(‘” ) 4 b(z) - Vula, ) + h(@)u(z,t) = 0, (4.1)

where h(z) € C*(M) and b(z) € X(M)
Theorem 4.1. Let M be a complete Riemannian manifold. Suppose that u(z,t) is an L?
solution of (4.1). Assume that A;(z,t) is a bounded above Lipschitz function which satisfies

84,
(Vedif? + —— 5 + 2h(z) + 2[b(z)|* = (4.2)
Then - ’
/ 1@y 2 (g, Tdx < / e41(2:0 2 (2, 0)dz,
M M
where T > 0.
Proof. We choose ¢(z) € C§°(M),
1, =€ By(R),
o) = ¢
07 r ¢ By(zR),

0<¢<1,|Vel < —q, where C is an absolute constant. Since u(z,t) satisfies (4.1), we have

= 2/ / Preru((A ~ 5% + h)u+b - Vu)dzdt

= -2 / / V(¢*eAru) Vudzdt — 2 / / ¢2eA1uQ‘fdtda:+
o Jm MmJo ot

T T
+ 2/ / ¢t huldrdt + 2/ / P2etiu - Vu - bdzdt
0o JMm , : 0 JMm

T
- / / [dgetiu - Vo - Vu + 202V uV A; - Vu + 2¢%e* | Vul?]dzdt

/ [¢%eru?]| dac+/ /¢2 A1gy? A dmdt

+2/ / ¢26A1u2hdmdt+2/ / p%e?u - Vu - bdzdt. (4.3)
o JMm 0o JMm :
By Holder’s inequality,

T .
- 4/ / ety - V¢ - Vudzdt
0 M

T T ‘
<! / / $%e™t |Vul®dzdt + 8 / / et |V [*u’dudt, (44)
2Jo Ju o JM
T
2 / / $2etruV A, - Vudzdt
0 JM
T T
S/ / ¢2eA1[Vu|2dmdt+/ / et u?|V Ay |*duadt, (4.5)
o Ju 0 JM

T
2 / / PreruVu - bdzdt
o Jm

; T
< l/ f p?e® | Vul®dedt + 2_/ et b dudt. (46)
2Jo Ju 0
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Substituting (4.4), (4.5) and (4.6) into (4;3) we have

T
/ qbzeAluz[t:T dz S/ ¢2eA1u2|t=0 dm+8/ / e |V é|2udadt. (4.7)
M M o Jm
Letting R — oo, from (4.7) we get this theorem.

§5. Upper Bounds of Fundamental Solutions

In this section, we will derive upper estimates of any positive L? fundamental solution of
(4.1).
We set

ta(oynt) = inf { & [ o=t [ @GOG + 20NN

where I' = {y : [0,1] — M | ’Y(O) =y,7(1) = z}.
Clearly one hasl*

t
Vool (z,9,8) + 2288Y 4 ona) 1 apia)? =0, (5.1)
0Aq(z,y,t '
Vel (e,9,8) + ZA2BBD o) 4 2P <o (5.2

Lemma 5.1. Let M be a complete Riemannian manifold. h(y) € C*M), b € X(M)
satisfy the condition that |Vh| < K and |b| < K. Suppose that H(z,y,t) is a positive L?
fundamental solution of (4.1). Let

F(y,t) = [ H(z,zt)  H(y,zT)dz

§1
forz e M, schand0<t<'r<(1+26)T (6 >0). Thenforanysubsetssz we
have

/ F?(z,7)dz < / H?(z,2,T)dz - sup exp(—Aa(z, 2, (1 + 26)T))

82 81 Z€8y
sup exp(Az(z, 2, (14 26)T — 7)). ‘ (5.3)
ZE8g

Proof. For £ € M we assume that r(y) is the geodesic distance between y and z. Since
[Vh| < K, we have |h(y)| < Kr(y).

Let us define the function A;(y,t) = —Az(z,y,(1 +26)T —t), where z € M, 0 <t <
(1+ 26)T.

Obviously A;(y,t) satisfies (4.2) and is bounded above. So,

/ eAl(y,T)FZ(y’T)dyS / e41(y,0) Fz(y,O)dy. (5.4)
M M

Observing that
H(mayaT) ifyesl;
F(y,0) = { ;
0 ify¢ sy,
we have

/M exp(~Az(z, 9, (1 + 26)T)) F*(y, 0)dy

< sup exp(—Aa(z, z, (1 + 26)T))/ H?*(z,2,T)dz.
81

z2€8,
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On the other hand,

/M exp(~Aa(z,y, (1 +26)T — 7)) F(y, 7)dy

> / F?(z,7)dz iéxf exp(—Aq(z, 2, (1 +26)T — 7)).
89 Zcs2 .

This proves the lemma.
Theorem 5.1. Suppose that M,h € C?(M), b € X(M) satisfy the hypotheses of Theorem
2.2. H(z,y,t) is a positive L? fundamental solution of (4.1). Then

H(z,y,t) < (1+6)*™ exp(Cn(sv/K3 + \/sK1 + B3)6(2 + 6)T)

- sup exp(A(y, 2,6t)) - sup exp(— —;—Az(az, z, (14 26)(1 4 6)t))
z€8;y z€s51
- sup exp(A(z, z,6(1 + 6)t)) - sup exp(lAz(m, z,6(1 + 6)t))
ZESs2 Z€82 2 .
V1) VI (sy) (55)
for any &6 > 0 and any subsets s1,82 C M whose volumes V(s1) and V(s2) are finite, where
3 4s(s — 1)2K2\*/° 82 . 6 5 8 .
B3 =C, [( P +(S"1)2K5+(7’LK5+2K2)-(—8—:_1_)3 s §>1.

Proof. We apply Theorem 3.1 to the function. F(y,t) of Lemma 5.1. This yields

( / 1 H%(z,z, T)olz>2 = F%z,T)

< (1 +6)2™ exp(Cr(sv/Ks + /K1 + B3)8T) exp(2A(z, y, 6T))F2(y, (1 + 6)T)

by setting t; =T, ta = (1 4+ 6)T".
So,

2
(/ H*(z, z,T)dz) < (14 6)* exp(Cy(sv/Ks +1/sK; + B3)6T)
81

. sup exp(2A(z, 2, 6T)) - / F2(y, (1 + 8)T)dyV = (s3).

2€82

By Lemma 5.1 we have

2
(/ Hz(a:,z,T)dz> < (1 +6)* exp(Cn(sv/ K3 + /8K, + B3)6T)
- sup exp(2A4(z, z,6T)) - sup exp(A4az(z, 2,6T))

z2E€8y 2€89
- sup exp(—Aa(z, z, (1 + 26)T))V "1 (sy). (5.6)
z€8y

Applying Theorem 3.1 to the function H(z, z,T) and setting 7 = (1 + 6)¢, we obtain
H%(z,1,t) < (1+ 8)™ exp(Cr(sv/Ks + /5Ky + Bs)6t)exp(24(y, 2, 6t) H(z, z, (1 + 6)t)
< (14 6)*™ exp(Cn(sv/ K3 + v/sK1 + Bs)6t) sup exp(24(y, 2, 6t))

zES8y
/ H%(z,2,T)dz - V-1(s1). (5.7)

Clearly the theorem follows from (5.6) and (5.7).
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