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Abstract

The authors first derive the gradient estimates and Harnack inequalities for positive solutions 
of the equation

Au(x^ t) +  b(xy t) ■ Vu(x^ t) -f h(xt t ) ------ =  0

on complete Riemannian maaifolds, and then, derive the upper bounds of any positive L2 
fundamental solution of the equation when h(x, t) and b(x, t) are independent of t.

K e y w o r d s  Parabolic equation, Gradient estimate, Harnack inequality. Fundamental 

solutiorij Riemannian manifolds.
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§1. Introduction
Let M  be a complete Riemannian manifold. W e  consider the parabolic equation

Au(x, t) 4* b(x} t)V u(x} t) +  h(x, t)u(x, t) — =  0 (1.1)

on M .  The function h(x7t) is assumed to be C2 in the first variable and C 1 in the second 

variable, the tensor field b(x7t) is assumed to be C1 in both the variables.
first obtained the gradient estimates of positive harmonic functions on complete 

Riemannian manifolds. Later Li and Y a u ^  derived the gradient estimates for positive 

solution of the parabolic equation

Au(x^ t) +  h(x: t)u(x, t) -  ^ 替 ’)- = 0 (1.2)

and applied these estimates to the estimations of a positive 1? fundamental solution of (1.2) 
when h(x^ t) is independent of t. In his dissertationt2,3!, the first author considered the 

nonlinear elliptic equation

A*u(x) +  b(x)Vu(x) +  h(x)u0l(x) =  0 (1.3)

and the nonlinear parabolic equation

Aw(x, t) +  h(x,t)ua(x,t) ~  =  〇. (1.4)
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Recently we noted that Cranstont1! also considered the equation (1.3) when h(x) =  0. 

The main purpose of this paper is to show that the methods developed in [2,3,4,6] can also 

be applied to the equation

Au(x, t) -f b(x, t)Vu(x} t) +  h(x^ t)wa (x, t) — =  0. (1.5)OT>
For simplicity we mainly consider equation (1.1). W e  also applied these estimates to the 

estimations of a positive L 2 fundamental solution of (1.1) when h(x,t) and &(rc,t) are inde­
pendent of t.

§2〇 Gradient Estimates
In this section we mainly derive gradient estimates for positive solutions u(x,t) on M  x 

[0, oo) of the equation
+  b(x^t) • +  h(xyt)u{x^t) =  0. (2.1)

W e  introduce a new function W(x^t) — where /? >  0. B y  a simple computation

we have

Set

- m ) w - +phW  b-VW. (2.2)

(t>0 : 痛 ， (2.3)

¢1 : (2.4)

+ sP4>x, (2.5)

where 5 >  1.

Now, we estimate the Laplacian of which is essential to the derivation of the gradient 

estimate.

Let ex, e2, • * •, en be a local orthonormal frame field of M .  B y  adopting the notation 

of moviag frames, the subscripts i, and k will denote the covariant differentiations in 
the e«, ej and directions respectively, where 1 <  < n. Suppose b =  Ai
straightforward computation gives

V  </>〇(〇;, i) =  ~1xF3 卜 咕 2hj,W 3 (2.6)

ij ijw2 w2

E ^ W j j
—  +s/32^  h 

3

灰3 +  6- W 4
ij

W 3 3 3. (2.7)

W e  denote the Ricci tensor of M  by Rij. Then
2 ^ W i W ^ij ijw2 w 2

2 ev__________W2 . (2.8)
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B y  the inequality 2  告( F  W ^ ) 2 =  ^(AW^)2, we obtain

2 E ^ 3  E ^ i ^ *  ( E w f ) 2ij 8 ij

>

w2

2(1- e )  / A W S
W ^  + 6~1 W ^ ~
2 fE W iW ijW j (Y：w ? f

 ̂ i
n w 4

( E w f ) 2
_i______w4

where 0<€ ：<!.

d<f>Q 2 E ^ i W it 2 j： W?Wt
dt w2

B y  (2.8)., (2.9)，（2.10) and (2.2) we have

W 3 '+sP2ht .

d ( E % 2)2 2

^ _ _ _  +  - V ^ 0 . V l o g W

+ 2 p { l - s ) J ^ h ~ + 2  w2
i

+  sp2(Ah +  Vhb -  ht) -  V<^〇6.

Computing directly one obtains

A  -  =  -V logW  + sf32ht -  Y l ĥ  ~

(2.11) and (2.12) yield

( E ^ ) 2 2

+ ~̂ v<f)-m o z w
E W iiR i j - b ^ W j

+  2/5(1 — s) +  2—------------------ 1- s(32(Ah + Vhl

一  V<j)-b — s! 3 .Y ^ Ht

B y  (2.2),

4> + ^  +  1 1 、丨▽則 2w2 E biWi
~ W '

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Substituting (2.14) into (2.13) one obtains

ddt¥ >  2(1 -  e) 1 妗2 | (2(1 -  g) • (s +  s/3-1)2

n n s2/32
\vw\4

w 4
4(1-e) (s + s/3 -  1) ,\V W \2

n s2^  ^  W 2 + I  • V  log ̂  +  2/3(1 - s ) ^

ij w2

4(1 —£) 1

+ S02(A/i +  V/16) - V < j ) - b - s l 3 j 2 bt i ^

n
Wi 4(1 - e ) ( s ^  +  s -  1) ( ^ h w i \  I v ^ l 2 

n Sp \ 2 ^ biw )  W 2
2(1 — e)

n ( p 勒 (2.15)

L e m m a  2.1. Let M  be an n-dimensional complete Riemannian manifold with Ricci 
tensor Rij. Suppose that h(x,t) and b(x,t) satisfy the following conditions:

(1) V(^, t ) e M x  [0, 〇〇), Ah +  Vhb > ~ K 1 ；

(2) Vx E  R{j — bij >
If we choose /3 sufficiently small such t h a t t h e n

A  -  — j(f> > - 7--3 ^ 2^2 H---- ---------~ —— h 3 ▽沴.▽ logPFn s2P2 n s2(32
-V (p -b  + s(32(Ah +  Vh • b) -  B,

W 2
(2.16)

where

An ( 6(1 — e ). |2w  +  2i^2
S2P2

1 — e \  n 1 1 . —  V  (s-1)2’

5 >  1; 0 <  £ <  1.

Proof. By Holder?s inequality and YoungJs inequality, we have

1 ~ €  <j)24(1 -  £)

M Sn sf3 
4(1 e) (sp + s -  1)

4 )化 " 2沪
4(1 -  e) h W (2.17)

n (? h \VW\2
W  ； W 2

3 1-g(s/? +  s - l ) 2 丨W | 4 64 _  々 2丨6丨4

~ 4 n s2/32 W 4 +  n  £ (s -  1)2>
(2.18)

2 ( 1 - e )

>

2
+  _!£_____________
卞 W 2

l- e ( s /3  + s - l ) 2 | V ^ | 4 4n /2(1 —e) 2
4n s2/?2 灰4 1 — e n |6|2 +  2.私 ) 2 „2S2/32

(2.19)
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W e  set

A 6V e ) 7 ^ W 2(1 -  e)
n ' ' (s — l)2 ' 1 — e

Substituting (2.17)-(2.20) into (2.15) one has

n |6|2 + 2K2
s2/32

(2 .20)

d > 1 -  e

n s2P2<t>2 + -e (s l3  + s - l ) 2 2(l-e)l \VW\
n s 2p 2

|2
呢4

4(lz.g) +  | v ^ . V l 〇g W +  2/3(l-S) J ：^

s^ Y l btiW  ~  V<^ •6 +  s/32(Ah ^ V h - b ) ~ A . (2.21)

Since ^ >  7 ™ ^ ,  we have

- e (s/3 +  s -  l)2 2(1 — e)

n s 2P 2

> 'ns2(2(s -  1)|V/^| +  5)^1)4^ 6-

4 ^ 4 ( l - e ) ( 5 - l ) 2

1/3

(2,22)

Clearly (2,16) follows from (2-20), (2.21) and (2.22).

Now, we first give interior estimates, and then extend our local estimates to global ones.

Theorem^ • Let M  be an u_dimensional complete Riemannian manifold with possible 
empty boundary dM. Assume p G M ， and BP(2R) = {x € M \ dist(x,p) < 2R} does not 
intersect the boundary d M . Let h(x,t) be a function which is C2 in the x-variable and C1 
in the t-variable. Let b(x  ̂t) be a tensor field which is C1 in both the variables. Suppose that 

b(x}t) satisfy the following conditions:
(1) V(rc,f) G BP(2R) x [0,〇〇)； Ah(x,t) + b(x,t)Vh(x,t) > -K i(2R)j
(2) with local coordinates Rij — by > —K2(2R)gij，如  BP(2B) and Rij 2  —Ks(2R)gij， 

where Rij is the Ricci tensor of M ，

(3) V(x,t) 6 Bp(2R) x [0,〇〇), \Wh\ < K^{2R), \b\ < K 5(2R)f |6*| <  K&(2R).
If u(x,t) is a positive solution of (2.1)， then in Bp(R、x[Q，oo)，u(x,t) satisfies the estimate

\V ul
u2 + s • h — s— < ns2-  +  Sy/n-sjsK\(2R) + Biu

+  ns2 +  +  Ks(2R))^ ,
where

B!  =  C n s2(2(s ~~ 1)K4(2R) + sK 6(2R))a\ 1/3
—  )

2
( I k !(2R) + 2K2(2R))2^ 1)21

' (S -  l)2
5 >  1.

K 45(2R)+

Proof, W e  define the function F(x^t) = Let g(r) be a C2 function defined on
[0,00) such that

\ /  1 if  r  e  [0 ,1],
"(r) =  \〇 ifr>2.

〇 <  K r) ^  1) df(r ) ^  〇) 9，f(r) ^  where (7 is a positive constant.
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If r(a:) denotes the geodesic distance between x and some fixed point P, we set g (x )=
歹(誓 )•

Using the argument of Calabi, we m a y  assume the function g(x) • F(x,t) with support in 
Bp(2R) x [0, oo) to be smooth.

Let (x〇?t〇) be the point where g • F achieves its m a x i m u m  in BP(2R) x [〇,T].
Clearly, we m a y  assume g(x〇)F(x〇}t〇) > 0.

B y  the maximal principle in differential equations, at (x〇, t〇), we have
V ( g * F ) - 0 ;
« > 〇at ~ f
A ( g - F ) < 0 .

Obviously,

iVgl2 _ 1 \ g f  ^  C 
g ~  B? g ~

=  9 f， - ^  +
Applying the Laplacian comparison theoremt5J, we have

A r < —— (l +  V^s(2S)-r). 
r

\ 、 Cn
A a - ~ w

B y  (2.23), we have

V F  --= - ¾ .9
B y  (2.25), w e have

• F +  2^7g •WF -(- g * <  0.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

Using (2.24) and (2.29), we obtain

d
A g  • F  +  2 V g  • V F  +  g(A -  — )F < 0.

Using L e m m a  2.1, we have

F i ( l - e ) s  + s / 3 - l j V W \ 2 H---------------------- — r  -n s 2^ 2 W 2
+  ^ V F  -V logW  - V F - b  - s ^ K ^ R ^  -

where

= Cn

1 - e

rs2(2(s -  1)K4(2R) +  sK 6(2R)) 
(1 -  e)(5 -  l)2

6̂ . Z I 1 k I(2R) + 2K2(2R)]'

4 、 1/3 (1 -  e )5 2 
〇  — l ) 2 Ki(2R)

(S - l ) 2 j

(2.30)

(2.31)
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Substituting (2.31) into (2.30) and using (2.27), (2.28), one has

L:i.—L_ jyF2 + 4(1 - g)石 + 峻.：■』 尸 1 Y E 2. 一  jp ^  , b
n s， t g 十  n S2j32 9 W2 ^ 9 y W ^ y y

—2|Vp|2_F — -—  sP2Ki(2R)t — /325jt — F ^ 0 . (2.32)

Clearly,

l Fg.VgY ^ < ^ - ^w n s2/P gF \vw\^w2

n
4(1 — e)(s — 1)

|V5|2F. (2.33)

B y  (2.26) and (2.33), we have

~ { i  + w  + gF
-s/32iCi(2J?)t:-  p2B tt< 0 . (2.34)

(2.34) implies

gF < +  可 • s^2t + - S 2j82f ( ^  +  - ( - ^ / ^ 3(2¾) + K 5(2R))J
+  — s2^ 2. (2.35)

1  一  €

The theorem follows from (2.35).

Using Theorem 2.1, we can obtain the following global estimates.

T h e o r e m  2,2, Let M  be an n_dimensional complete Riemannian manifold with Ricci 
tensor Rij. Let be a function which is C2 in the x-variable and Cl in the t-variable.
Let be a tensor field which is C1 in both the variables. Suppose that h(x，t) and b(x，t)
satisfy the following conditions:

(1) y(x,t) e M x [0,〇〇), Ah(x^t) +b(x^t)Vh(xjt) > -K \,
(2) with local coordinates Rij — bij k  —R^gij， Nx & M and Rij > —K认1 + r2(x))，

where r{x) is the geodesic distance between x and some fixed point
⑶ V〇r，t) e M x [0,〇〇)，jV/ij $ if4, |&| 幺瓦5,叫丨 S î 6.
Ifu(x^t) is a positive solution of (2,1), then

< n s2^  + s V W 也 1 +  S 2 +  Cns2 /̂K~s,
一u

where
B2 =  Cn V ( 2 (卜  l)if4 + 成 )4, 

、 .

1/3

( ^ f  +  2iir2)2^ ~ 2J

(5 - 1)2

5 > 1.

Proof. Letting i? 00, by Theorem 2.1 we get this theorem.

(2.36)

§3« Harnack Inequality
In this section, we will utilize the gradient estimates derived in section 2 to obtain the 

following Harnack inequality.
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T h e o r e m  3,1. Suppose that M } h, b satisfy the hypotheses of Theorem 2.2. is
a positive solution of (2.1), then the following Harnack inequality must hold on u:

<  C~)nsexp(Cn( s v ^ + v /s57TB^)(t2-ti) +  A(xi,x2,t2--ti)M:c2,t2), (3.1)

where x i ,工2 G M ， 0 < ti < t2 < 〇〇, and
r  ̂ pi

A(xijX2, t2 -ti) =  inf7er \ 4(t2 — ti) J0 l ^ d v

— (h — h ) j  — v)t2 + vhydv j
with inf taken over all paths in M  parametrized by [0,1] joining x\ and 

Proof. Using Theorem 2.2, we know that if / =  logii then

|V/|2 — sfi <  T +  +  Sy/sKi + B2) 一 s * h (3.2)

for all t) e  M  x [0,00).

For any two points and (¾ )^ )  in M  x [0,cxo) withix <  we let 7 be any curve
given by 7 : [0,1] M ,  with 7 (0) =  x% and 7 (1) =

Define the curve 77: [0,1] —> M  x [0,00) by r}(v) =  (7 (̂ ), (1 — v)t2 +  ̂ 1).

Clearly 77(0) =  〇2，亡2)，r?(l) =

f ( x 1, t i ) - f ( x 2,t2)=  I

< y〇 d7iiv/i

B y  (3.2), we have

—f t S  ~7~ *h Cn(s^/Ks + \ /sK\ + B2) — h —|V/|2

So,

/ It IIV/I
h  —h |v/p M h — h)s

(3.3)

+  Cni^s^/Kz +  \JsKi +  .82)(̂ 2 ~  ̂ i) ~  (̂ 2 ~~ ti)h]dv^
where i =  (1 — v)t2 + vti.

However, as a function of I▽/1，the quadratic

|7||V/| -  U |V/丨2 + nS(J\ —h)-. + Cn( s ^ 3  + y/JK^TB~2)(t2
<

So

+  似气二尘 + Cn(s^K~, + y/sK ^+  B ^ h  -  h ) -  h(t2 -  h).

— /(^2^ 2) ^  n 5log(™) +  Cn(s\/K s + sK\ 4- ̂ 2)(̂ 2 -亡 1)h A  /»1|2,
+ 4 ( ^ - 1 7 )  y。丨今丨咖—( & —&) y。 (1 —咖 2+ 说 1)獻 

The theorem follows by taking exponentials of the above inequality.
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§4。L2 Estimates
In this section, we will derive L 2 estimates for solutions of the equation

Au(x,i)- —穿’广) +  b(x) • Vu(x^ t) +  h(x)u(x, t) =  0,C/Tj (4.1)

where h(x) € C2(M) and b(x) e X (M )t
Theorem 1 1 . Let M  be a complete Riemannian manifold. Suppose that u(x,t) is an L2 

solution of (4.1). Assume that Ai(Xjt) is a bounded above Lipschitz function which satisfies
jV^-Ail2 H' ~ +  2h(x) +  2\b(x)\2 =  0. (4.2)

Then

¢ ( ^ )  =  |

I eA (̂x T̂ )u 2^ x ^ ^ ( i x  <  /
Jm  Jm

where T  > 0.
Proof. W e  choose G C〇°(M ))

1, x e By(R)^
0, x ¢. By(2R)}

0 <  (/) <  1, |V̂ >| <  where C  is an absolute constant. Since u(x,t) satisfies (4.1), w e  have

0 =  2 / / <f)2eAlu((A --^- +  h)u +  b * Vu)dxdtJo Jm 况
r T  p P pT

= - 2 Jo JM
r̂ i rj-t

+  2 / / (p2eAlhu2dxdt + 2 f  f  <p2eAlu * V w  • bdxdt
0 Jm

V((f>2eAlu)Vudxdt -  2 J J <j)2eAl u 尝  dtdx+

/〇 JM  
pT

[i<f>eAlu • • Vtx +  2<j>2eMuV A 1  ̂Vu +  2cj)2eM \Vu\2)dxdt
T

lM
/ / ^ e Alu2-^ -d xd tl〇 Jm 丄

rT

f〇 Jm

[ ^ e A l u % d x + L  t .  d t

+ 2 f  /  (f>2eA l u 2h d x d t + 2 f  f  <f)2eA l u  * V u  • b d xdt,
Jo Jm  Jo Jm

B y  Holder^ inequality,

—4 /  f  <f>eA l u • * V u d x d t
J〇 Jm

< ^  / f  (f>2eA l \S/u\2d xd t +  8 f  f  eA l \ V ^ 2u 2dxdt^
2 J〇 Jm Jo Jm

rp

2 f  I  f e ^ u V A ^ V u d x d t  
Jo Jm

<  f  f  ^ 2eA l \V u \2d x d t +  f  f  </)2eA lu 2\ V A i \ 2d x d ty
J〇 Jm Jo J m

2 f  (  cf)2eA l u V u  • bdxdt
Jo Jm

<  \  I  [  (f>2eA l \V u\2d xd t +  2 f  (f)2eA l u 2 \b\2d x d t.
—2 Jo Jm  Jo

(4.3)

(4.4)

(4.5)

(46)
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Substituting (4.4), (4.5) and (4.6) into (4.3) we have

〇T
I <j>2eAlu2\ T dx < / (f>2eAlu2\ dx + 8 / / eAl\V(j)\2u2dxdt. (4.7)
Jm  Jm  ~ Jo Jm

Letting /2 oo, from (4.7) we get this theorem.

§5。 Upper Bounds of Fundamental Solutions
In this section, we will derive upper estimates of any positive L2 fundamental solution of

(4.1).
W e  set

=  inf \j\2d v - t j ^  (2h(j(v)) + 2\b(^/(v))\2)dv^ ,
where r  =  {7 : [0,1] M  | 7 (0) =  y,7 (l) =  $}.

Clearly one has [41

\VxA2\2(x,y,t) + dA2^ y^  +2h(x) + 2\b(x)\2 = 0,
\VyA2\2{x,y,t) + dA2(x,y,t)

dt + 2h(y) + 2\b(y)\2 = 0.
(5.1)
(5.2)

L e m m a  5.1〇 Let M  be a complete Riemannian manifold. h(y) G C2(M)} b € X(M ) 
satisfy the condition that |V/i| <  K  and \b\ < K. Suppose that H(x,y^t) is a positive L2 
fundamental solution of (4.1). Let

• H (y,z，T 、 dz
'Si

for x e M } si c M  and 0 < t < r < ( l  + 26)T (6 > 0). Then for any subset S2 C  M } we 
have

/ F2(z,r)dz<  / H 2(x^z^T)dz • sup exp(-A 2(x ,z ,( l + 26)T)) 
!s2 J s! Z^Sl

sup exp(A2(x, Zj (1 +  26)T ~ r)). (5.3)
zes2

Proof. For x G M we assume that r(y) is the geodesic distance between y and x. Since 
\Vh\ < K , w e have \h(y)\ < Kr(y).

Let us define the function A\{y^t) =  —A 2(x,y,(l +  28)T -  t), where x G M ,  0 <  t <  
(1 +  26)T.

Obviously A i(y,t) satisfies (4.2) and is bounded above. So,

Observing that

we have

/ eA^ T'>F2(y,T)dy < / eA^ F 2(y,0)dy.
Im  J m

〇)f  T) if 咖 ’

(5.4)

fM

if 2/

exp(-A 2(x ,y1 (1 +  26)T))F2(y, 0)dy

<  sup exp(-A2(x,z, (1 + 25)T)) j  H ^ ix ^ z ^ d z .
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O n  the other hand,

im
e x p ( - A 2(x , y, (1 +  26)T -  r))F 2(y, r)dy

> / F2{z)r)dz inf exp(— (1+ 2 ^ ) T  — r)).
r S2 zesz

This proves the lemma.

Theorem 5.1. Suppose that M ,h  G C2(M )， b G X(M ) satisfy the hypotheses of Theorem 
2.2. H(x^y, t) is a positive L2 fundamental solution of (4.1). Then

H(x, y, t ) < ( l  + 8)2ns exp(Cn(s^/K ~3 -f y/sK x + B3)8(2 + 6)T)
1

• sup exp(A(y, St)) • sup exp(- (1 +  2(5)(1 +  S)t))Ẑ iSl Z^Si 么

• sup exp (A (a; +  • sup exp(~A2(xi z,S(l +  6)t))z€32 zeS2 2 .

• (5.5) 

for m y S > 0 and any subsets Si, ^  C M  whose volumes V(s{) and V[S2) are finite， where
f4s(s -B3 =  Cn i i M )

2/3

- K 54 +  ( - ^ f  +  2ir2)2Tb s >  L
(s- 1 ) 2“& , 5 1 一 (s —l)2 

Proof, W e  apply Theorem 3.1 to the function. of L e m m a  5.1. This yields

Q  H 2{x,z,T )d^j = F 2(x ,T)
< (l+ 8 )2nsexp(Cn(sy /T 3 + y/sKi +  B3)8T) Qxp{2A(x>y>6T))F2{y,(l + 8)T) 

by setting ti = T  ̂ t2 ~  (1 + 8)T,
So,

H 2(x , z , T)dz^ <  (1 +  8f ns e x v i C n i s y / K ^  +  y / s K x  +  B3)8T)

■ sup exp(2A(x,z,6T)) ■ / F2(y, (1 +  S)T)dyV~l (s2).ŜS2 J S2
B y  L e m m a  5.1 we have

( f H \ x , z,T )dz) <  (1 +  ̂ )2ns exp(Cn( s ^ 3 +  s/sK x +  B3)8T)fSi
sup exp(2A(x, 2：, 6T)) • sup exp(A2(x, 6T))
名€S2 艺以2

sup exp(-A 2(x,z, (1 +  25)T))Vr~ 1(s2)-
€̂51

(5.6)

Applying Theorem 3.1 to the function H (x} z^T) and setting T  =  (1 +  6)t̂  we obtain 
H2(x,y,t) < (l +  6)2nsexp(Cn (5V/̂ 3  +  V sKi +  B z ) 6 t )exp(2A(y, 6t))H2(x, z, (1 +  6)t)

<  (1 +  <5)2ns exp(Cn (sV^ 3 +  \/sKx +  B i)8t) sup exp(2A(y, z, 6t))z€si
^ ( x . z ^ d z - V ^ i s ^ . (5.7)f Si

Clearly the theorem follows from (5.6) and (5.7).
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