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ON THE RANGE OF RANDOM WALKS
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Abstract

The range of random walk on Z¢ in symmetric random environment is investigated. As
results, it is proved that the strong law of large numbers for the range of random walk on Z¢
in some random environments holds if d > 3, and a weak law of large numbers holds for d = 1.
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§1. Introduction

There are a lot of works on the random walk in random environment. Among them,
two kinds of random environments, which include symmetric case and nonsymmetric case,
have been widely investigated. However, most of them are concentrated on studying the
recurrence or transience of random walk on Z¢ in a nonsymmetric random environment. But,
the recurrence or transience of random walk on Z¢ in a symmetric random environment can
be easily judged by comparing the effective resistance of an electrical network corresponding
to this random walk. In fact, most of the works are concentrated on studying the invariance
principle for random walk on Z¢ in a symmetric random environment. For more details on
this research direction, the reader is referred to see [5] or the references there in.

We also know that there are a lot of works on the range of the simple random walk on
Z¢. To be precise, we let X¢ = {X 41,50 be the simple random walk on Z¢, and

#{XO’Xla : Xd}
Then R? is the range of X¢ up to time n. As early as in 1951, Dvoretzky and Erdoslz]
obtained the strong law of large numbers for RZ if d > 2. After that, Jain, Pruitt, Le Gall
and Rosen made systematically investigations for the range of more general random walks.
Both the law of large numbers and the central limit theorem for the range are obtained by
them. For more details, the reader is referred to [3, 4, 8] or the references therein.

Since a symmetric random walk is closely linked with an electrical network, some tech-
niques in electrical network can be used to study some problems related to the symmetric
random walk. The main purpose of this paper is to study the asymptotic behaviour of the
range of random walk in symmetric random environment. Let X% = {X%,50 be a random
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walk on Z% in symmetric random environment, and B¢ = #{X¢,--- , X¢}. Assume that
the environment process {¢2},>0 with starting measure p* is reversible and ergodic. Then
the strong law of large numbers for ﬁfb with d > 3 holds almost surely with respect to the
measure p* under suitable assumptions (see Corollary 4.1 below), and a weak law of large
numbers for R. also holds (see Theorem 4.1 below). To get Corollary 4.1, in Section 3 we
will use the Birkhoff’s Pointwise Ergodic Theorem (see [6]) to prove a general limit theorem
for the range EZ (see Theorem 3.1). Unfortunately, we are so far unable to get a law of
large numbers for B2, and also unable to get the central limit theorem for ﬁﬁ with d > 2.

§2. A Preliminary Result

In this section, we introduce some notation and give a preliminary result for the invariance
principle of random walk in symmetric random environment.

Consider the d dimensional lattice Z 4 and assign a conductor a(z) to the bond (z,z +€)
for any z,e € Z% with |e| = 1. It is clear that a.(¢) = a_.(z +¢). Denote by s the space of
the environment

s =85(2% = {ac.: 2% 0,671, |e|>= 1}

where 6 € [0,1]. Let u be the environment measure on s which is translation invariant and
ergodic with respect to space translations. As in [5], we let
o) = Y £(0), if€es,
T le)=1
and S_, be defined by S_o¢ = £*, where £ (z) = £u(z +e€), Vz,e/ € Z¢ with || = 1.
The transition probability (p(¢,€'),€,€ €s) of the environment process {£;}r>0 With state
space S is given by ‘ '
, a(€)7.(0), &' = 5_c¢, for some e € Z¢ with |e| =1
p(6, &) = { 0, otherwise.
Let

THE) =Y P€,5-eb)f(S-ct), VE €5
le]=1 :

and 6, denote the time - translation operator which is defined by 6,.£(t) = £(t — 7). For
convenience, we denote by P, (resp. P) the law of the process {£x}r>0 With starting
measure y (resp. with & = ¢£), and by E, (resp. E) the expectation with respect to P,
(resp. F%).

The random walk {X (k) = X(&,k)}k>o0 starting at O with the given environment &y =
€ € s is defined by

X(1)=e, iff & =5_c&, (2.1)
ko
X(5)= 3 X(1)obinn.

Obviously, if ac(z) = 1 for any ,e € Z¢ with |e| = 1, then {X (k) }1~o is the simple random
walk on Z¢, ~
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Remark 2.1. If the rates ao are periodic with period less than or equal to two in a
coordinate direction, then (2.1) is meaningless. However, the following arguments also work
for this case, provided the state space s is suitably enlarged (see [5]).

Let u* be the measure on s defined by p*(d¢) = (a(¢)) " a(&)u(df), where (a(¢)) =
J a(§)p(d€). Then, it is easy to check that the process (£x)r>o With starting measure p*
is reversible and ergodic (see [5, Lemma 4.3]). Let X; () = p-12x ([nt]). We say that the
process X, () = = (X (n ))t>0 converges weakly in y*-measure to an R%-value process Y, if for
every bounded continuous function F on D = D([0, co), R?) (equipped with the Skorohod

topology).
By (F(X™)lé = €) — B(F(Y))
as n — 0o in p*-probability. Let D* = (D};,4,7 = 1,-+- ,d) be given by
1 * o __ a'e,: (0) .. * -1 1%

. EDz’j = <m>w5zg (¢i(a), (I = T)"¢5(a))u, |
where ¢¥(a) = a(a) ae, (0) — ae,(—e;)] and I is the identity. The next theorem is actual
([5, Theorem 4.5 (i)]).

Theorem A. Suppose that the following is satisfied:

{ae@) > 0) =1 (ae(0)), < oo. (22)
Then, the process X(™ converges weakly in w*-measure to a Brownian motion {wps (t)}t>0
in R® with the finite diffusion matriz D*.

§3. A General Result

Let R, = #{X(0),-- ,X(n)}, where {X(n)},>0 is the random walk on Z¢ in.a random
environment defined by (2.1). In this section, we use the ergodic theory to prove a limit
theorem for the trange R,. In fact, the ergodic theory has been used to prove that the strong
law of large numbers for the range of simple random walk on Z¢ holds if d > 3 (see [7]).
Fortunately, this argument also works for the random walk on Z¢ in random environment
if d > 3. The main result in this section is as follows.

Theorem 3.1. Assume that u is translation invariant and ergodic with respect to space
translations, and (2.2) is satisfied, and let :

F =F(¢) = Pe(X(v) =0 for some v > 1), V& € So(Z%).

Then there is a subset Qo C Sp(Z%) with p* () =1 such that
Pg(hm Briop “F) =1, ¥ € Q.
n—co 1
To prove this theorem, we begin with several lemmas.
Lemma 3.1. The following holds

lim Zetfn g — E,«F.
n-—+00 n
Proof. Let
1) IC =n,
i =
Lix )X (), vkti,n}s b <.
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Then, we have

=" ¢ (3.1)
k=0

By definition, X(1) can be represented as f(&o,¢1) (see [5]). Then X (1) o0 ;-1 =
f(&—1,&). Since the reversible process {£;}x>0 is stationary with respect to P+, we have

Epc*¢k =Pu*(X(U)7éX(k)1 v==k+1, - ,’I’L)

=PM*(§:X(1)00H€O, v=k, ,n—1)
i=k

=Pu*(l§:kX(1)09Hé0, =k, ,n—l)

1==0
=Pﬂ*X(V) 7&07 v=1,-- 7n—(k+l)}
Thus, for any fixed £ > 0, lim Eye¢pppp =1 — E'”*F. By (3.1), we get the desired result
n~—00
immediately.
Lemma 3.2. There is a subset Qo C Sg(Z¢) with u*(Qo) = 1, such that
P(hm Bn 1 B, F) 1, VEe Q.
n~oc0 N .

[n/M}+1
Proof. Forany M > 1,let R,y = 5, Zx(M), Where
k=0

Zo(M) = #{X (M), X (kM +1),- -, X((k + )M — 1)}.
It is clear that R, < Ry, am. Therefore
R, 1 [n/M]+1
m =< fm = Y Zy(M), VM>1
n—o0 N n—o00 1 P .
If there is a subset Qo C Sp(Z¢) with p*(Q) = 1, such that
[n/M+1

Pg(l\}lm I~ >z )—1—~E,L*F>=1, Ve € Qo, (3.2)
oo k=0

then the desirable result follows immediately.

We now use the ergodic theorem to show (3.2). Let T =0y ThenT :s — s is a one-to-
one map. By the stationary property of {&;}:>0, we also know that Tis a measure-preserving
transformation, i.e., P« (T~'E) = P,~(E), YE Cs.Let f(¢) = #{X(0),X(1), - , X (M~
1)}. Then we get the following immediately from the Birkhoff’s Pointwise Ergodic Theorem
(see [6, Chapter 2])

1 P/MI+
nl}—»I%o - E f( Tk§ E «f, a.e.— Py~

In other words,

(hm - [”%’%‘H Zr(M) = —}——E RM)

n—00 N,
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Note that P« (A4) = [, P:(A)p*(df), VACs and P;(A) <1, VACs, V¢ €s. Therefore,
there is a subset Qy C's with *(2;) = 1 such that

/M 41
Pg(nlgrgo-ﬁ ;6 Zi(M) = ——~E ‘Ru) =1, VM en, vge .

Thus, we get (3.2) immediately from Lemma 3.1.
Lemma 3.3. There is a subset Qo C S with u*(Qo) = 1, such that
Pg(hm L) F)_l VE € Q.

n—+00 n

n
Proof. Let F,, = Y o, where
k=0

1, #X(k+v)—-X(k)#0, Vv=1,2,-+,
Ui =
0, otherwise.

Clearly, we have R,, > Fy, and E,» 9y = Estpg = 1-E, *F Vk=0,1,2,--- . As in the proof
of Lemma 3.2, we can use the Birkhoft’s Po1ntw1se Ergodic Theorem to get the following

nlLrgonZQﬁk—l E,.F, a.e. — Py.

By this, we get the desired result immediately. »
Having Lemma, 3.2 and Lemma 3.3, we have actually finished the proof of Theorem 3.1.

Remark 3.1. In fact, it is easy to check that 1 —E,« F' = 0 for the simple random walk on
7% with d < 2. To get a law of large numbers for R,, we should study when 1 — E,« F > 0.
In the next section, we will study when 1~ E,«F > 0 for transient random walks on Z¢ in
random environment.

§4. Law of Large Numbers

In this section, we first prove that a weak law of large numbers for the range of random
walk on Z! in random environment holds, and then prove that the strong law of large
numbers for the range of transient random walk holds in some random environments.

Let P be the probability law of the Brownian motion {wp- (t)}t>0 starting at O which is
determined in Theorem A, and E the expectation with respect to P.

Theorem 4.1. Suppose that d = 1, (2.2) is satisfied, and the probability measure p is
translation invariant and ergodic. Then for all bounded continuous function f on R!

B (F(n2Rp)6o = £) — B f(sup{wp+(s) : s < 1} — inf{wpe(s) : s < 1})

as n — 00 in u*-probability.
Proof. Recall that if d =1,

= #{X(0), -+ ,X(n)} =sup{X(s): s < n} — inf{X(s) : s < m}.

Thus, we get the desired result immediately from Theorem A.

Now we consider the transient case. Remember the conclusion of Theorem 3.1. In fact,
‘we need only to study when 1 — E .« F' > 0. Let Y = (Y(€))r>o (or (i (€));i jeze) be the
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random walk corresponding to the given environment ¢ = (a.(z)) € Sg(Z9), i.e.,

L=l f |- =1
by ae('i)’ =414
pi;(6) = {

le|=1
0, otherwise.

~ Let Qg ¢ be the probability law of Y starting at z. Then, we can get the next lemma from
(2.1) and the definition of Y.
Lemma 4.1. For any iy, -+ ,i, € Z%, ¥n > 1, the following holds:

Qo,e(Y1(€) =1, , Yn(§) = in) = Pe(X(1) = i1, -+ , X(n) = tn).

Let Pescape(§) = Pe(X(n) # 0,Vn > 1). Then Pescape(é) = 1 — F(£). Let By(n) = zfll[ai +
n,a; — n] and S,(n) = 8B, (n), i.e.,

Se(n)={(z—1,-+-,24) € Bo(n) : I =1,---,d, s.t. z; = a; + n, or ,z; = a; — n},
where a = (ay,* -+ ,aq). Given an environment ¢ = (a.(z)) € Sp(Z?), we consider the

electrical network B,(n) in which a conductor ae(z) is assigned to the bond (z,z + €) for
any z,e € Z¢ with |e| = 1. Let R™ o £(€) be the effective resistance of Bo(n) between 0 and

So(n), and R.5¢(¢) = hm R of£(€)- By a well known result (see [1]) and Lemma 4.1, we
know

©) = ~—5
DPescapels) = Z ae(O)Reff<€).
fel=1 ' '
Thus, if Y a.(0) € (0,00) for almost all ¢ € Sp(Z¢) with respect to u*, then one needs

lel=1
only to study when the following holds for studymg when 1~ E «F >0

€« Repp(§) < oo} >0.
Remember the relation between p and p*. Then, it suffices to show
M€t Regp(€) < 00} > 0. (4.1)

For this purpose, we begin with a lemma.
Lemma 4.2. Let £,&;1, - , be independent random variables with identical distribution
in a probability space (Q, F,P). If there is a constant H € (0,00) such that

Elexp(t)] < o0, Vt<H,
then there is a constant C € (0,00) such that
n—1
P(Z & > (log n)zn) < Cexp(~(logn)?).

3=0
Proof. By [7, Lemma IIL5], there are constants g and T' € (0, %), such that

Elexp(t)] < e, Vte (=T, T).
Then, by [7, Theorem II1.15] we know that there is a constant ng > 1 such that
n—1
P3¢ > n(logn)?) < exp(—(logn)*), ¥n > no.

=0
This implies the desired result.
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Theorem 4.2. Suppose that a.(x) € (0,00) for anye,x € Z% with |e| = 1 are independent
random variables with identical distribution relotive to a probability measure p. If d > 3
and there is a constant C € (0,00) such that [exp(ea,*(0))du < oo, Vt < H, then
1-E,F>0.

Proof. Without loss of the generality, we may assume that p is translation invariant and
ergodic with respect to space translations. By the arguments as before, we know that it
suffices to show (4.1). By Cutting Law on resistance (see [1]), we also know that it is enough
to show (4.1) for d = 3. To this end, we first construct a tree in Z2 in the following way.
We start three rays off from the origin going north, east and up. Whenever a ray intersects
the plane  + y + z = 2" — 1 for some n, it splits into three rays, going north, east and up.
This process is actually illustrated in [1, Figure 6.17]. One easily sees that the Figure 6.17
in [1] can be thought of as the tree which is also shown in [1, Figure 6.18]. For convenience,
we denote the Figure 6.17 in [1] by G. Let A, be the set of those points at which the plane
z+y+2z=2"—1 and those rays described as above intersect. Then, one easily sees that
#(An) = 3" Let A, = {z1,22, - ,Z3n }, and zx(7) for ¢ = 1,2, 3 be the intersection points
at which the plane z+y+2=2"" —1 and the three rays starting from xj, intersect for any
k=1,2,--,3% Then Apy1 = {21(i), - ,@3n(3), i = 1,2,3}. Let R\ (i) be the effective
resistance of the line segment which connects zj and z;(z) for i = 1,2,3,and j = 1,--- ,3™,

Then R§- )(z) can be written as Rg- )(z) Z Ck, where (1,--- ,{a~ are independent random

variables with the same distribution as a_" 1(0). Let B§") (3) = {Rg-”) (3) > n?2"}. By Lemma
4.2 and our hypothesis, we know that there is a constant C; € (0,00) such that

u(BM(3)) < Oy exp(~n?) | (4.2)

forany j =1,2,---,3", i=1,2,3, n > 1.
We now use (4 2) to show (4.1). Let

|0 Qeror

an

Then, (4.2) tells us that

Z EZM(B(n)(z ) <30y E 3" exp(—

n=N j=1 i=1
< Cyexp(~N?/2), VYN >1

for some constant Cy € (0,00). On the other hand, there is a constant C3 € (0,00) such
that if n <N,
2n
w(BG) > 22) < 3 (G 2 27) < Gy exp(~N?).
k=1
Hence, there is a constant C4 € (0,00) such that

N 3"

w(U U U@RP0 > 29 < Cuop(-n7/2)

n=1j=11=1
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Thus, one can choose a suitable Ny > 1 such that

,U,(Qo) >0, (43)

where
No 3™ 3

Qo =n, N ) ) B () < 22V},
n=1j=14=1
Now we assign a resistor with resistance 22N° to the line segment z,,%,,(3) for ¢ = 1,2,3 and
any n < Ny, and a resistor with resistance n?2™ to the line segment z,z, (i) for i = 1,2,3
and any n > Ny, where Z7 is the line segment connecting z and y. By Thomson’s principle
and Cutting Law (see [1]), it is easy to check that if £ € €,

Y N 2\ A 52
RO <Y 20(5) H Y '3 <o,
n=0 ‘ n=Np+1

Thus from (4.3) we get u{ : Rers(§) < 00} > (o) > 0.

So far, the proof is complete.

From Theorem 3.1 and Theorem 4.2, we get the next result.

Corollary 4.1. Assume that all hypotheses of Theorem 4.2 are satisfied. Then there are
a constant 8o € (0,1] and a subset o C Q with p*(Qo) =1 such that

PE( lim 2n 50) =1, VEe
n—o0 1,
In other words, the strong law of large numbers for R,, holds in this case.

Remark 4.1. In Theorem 4.2, we only assume a(z) € (0,00) for any e,z € Z¢ with
le| = 1, so we need a further assumption on a.(z). Actually, if d > 3 and there is a constant
# € (0,1] such that 8 < a.(z) < 071, Vz,e € Z¢ with |e| = 1, then by the Thomson’s
principle and Cutting Law on resistance (see [1]) or Theorem 4.2 above one can check that
Resf(€) < 00, V€€ S4(Z%), d > 3. Thus we get immediately 1 — E, «F > 0. In other words,
the strong law of large numbers for R, holds in this case if u is also translation invariant
and ergodic with respect to space translations. .
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