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THE GAUSS MAP OF SUBMANIFOLDS
IN SPACES OF CONSTANT CURVATURE
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Abstract

This paper studies the Gauss map of submanifolds in space forms defined by Willmore and
Saleemi. By using Morse functions, it is proved that the degree of Gauss map is the Euler
number of the submanifold. The tight immersions are also studied.
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§1. Preliminaries

Let N(g) be the space form of constant curvature ¢ with dimension n. If € > 0, N(¢) is
isometric to a sphere S™(1/¢) of radius 1/1/¢ in Euclidean space R"™!. If ¢ < 0, then N(e)
is isometric to a hyperbolic space H™(1/e) imbedded as a hypersurface in Lorentz space
R™ with inner product { , )_; (see [5], p.101). In what follows we identify space N(e)
with S™(1/e) or H™(1/e) according to € > 0 or £ < 0. We also call —¢ the antipodal point
of ¢ € H"(1/¢). Note that —q ¢ H™(1/¢). Denote (, ) >ygne by (, )c and RZFL by R,
where (, )1 is the Euclidean inner product on R} = R+,

Lemma 1.1. Let p, q be two points of N(¢) C R2T! which are not antipodal points. Then

the parallel displacement of X,, € T,N(e) along the geodesic v from p to q is given by

e(Xp, q)e

p— m(?-“l)-

Proof. Set

q—¢e(p,q)ep N s £(p,q)<q

azi’ =

: —<(p.g)? L —ep.qg)?
The vectors a and b are parallel to the 2-plane of R?*! determined by o,p and ¢ and the
parallel displacement of a along v to the point ¢ is b. It is easy to verify that the vector
Xp — (Xp, a)ca is tangent to N(e) at every point of v and normal to v, hence parallel along
. Then the parallel displacement of X, along v to ¢ is

X, — (Xp,a)ca+ (Xp, a)cb.
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Let ¢ € N(e). We define coordinates on N(g) — {—q} by stereographic projection ¢ :
S™(1/e) —{—q} — R™, or ¢ : H"(1/e) — D", where
1
D" = {a: € R"|{(z,x) < H}

1

We can assume g = (0, |
€

‘) in some Euclidean (or Lorentz) coordinates of R**!. Then the
metric of N(e) is

L AY(dy)?
ds? =dp™ ! dp™l = =27
S R FER= VRN

Lemma 1.2. Let Y, be a tangent vector at x = ¢(p) € R"(D™). Then parallel displace-
ment of Y, along the geodesic from x to o = @(q) is

1
——=Y,.
L+elz)2™®
Proof. Let w' = %, e = (1 +5\y|2)8%i, i = 1,2,---,n. Then {e;} is an

orthogonal frame field and parellel along any geodesic which is through the point o = ¢(q).

§2. Volume of Gauss Map g,

Let f : M — N(e) be an immersion of a compact manifold M in the space form N(e),
dim M = m. Denote by B(M) the unit normal bundle of M and S7~' the unit sphere in
TyN(e), q € N(e). We assume that M is oriented for convenience.

Definition 2.1. Let q be a point of N(¢) and —q ¢ f(M). The Gauss map of B(M)
based at point q is a map gq : B(M) — Sp~1, for any (p,v) € B(M), gq(p,v) is the
parallel displacement of v along the shortest geodesic joining f(p) to q (see [9]).

Unless otherwise stated, we agree on the following arranges of the indices:

Let €1, - ,€m,Emt1,- - ,epn belocal field of orthogonal frames on N (g) such that, restricted
to M, ey, - ,e,, are tangent to M and the orientations determined by ei,--- e, and
€1, ,en, f are consistent with those of M and R?*! respectively. Associated with frames

there are 1-forms w’, wf such that

J (03
dey = Zwéei + ngeg
i 3

Let dv = dV A do be the volume element of B(M), where dV and do are the volume
elements of M and fibres of B(M) respectively. Let w = > A%w/, A = A%. Then
nm=> A%wiwj ® e, is the second fundamental form of f.

Let dup be the volume element of unit sphere Sf;_l. Now we compute ggdu. Fixed an
element (p,v) € B(M), v => v%q4, Y. v®” = 1, we choose local field of orthogonal frames

/

' such that e} = e;,el, = v at (p,v). The parallel displacement of them to ¢ form

!/
el,...’e
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an oriented orthogonal basis of T, N(¢); the image of ¢/, are also denoted by g,(e/y). Then
we have gydu = WA+ A@w" L where @ = (dg,(p,v), gq(€’y))e. Since the restriction of g,
in a fibre of B(M) is an isometry, do = @™ A+ A@" "1 As (g4(€q), gq(€i)) = 0,

R o e T QL CP I

> ()
__elead)e
1+e(f(p), e

<627 >e
W@i@mﬂp) +q)e

52 <ea7 q>6<eia q>e
+u+aﬂ>@>“#”4

_ Z |: eou Q>5w. :|
Ce T T e (f () ane
Thus we have proved the following proposition.

Proposition 2.1. gydu = (—1)™ det (Z (Aa * 52]1‘*‘2??(;;@)>dv.

Similar to the case of immersed manifolds in Euclidean space, we call G(p,v, q) defined

<df7 ei>€

[e3

by g;du = G(p,v, q)dv the Lipschitz-Killing curvature.

Corollary 2.1. The point (p,v) of B(M) is a critical point of Gauss map g4 if and only
if the Lipschitz-Killing curvature is zero at (p,v).

Define function h, : M — R by

<f(p)7 U>E

) = T )

peEM, vesr

Lemma 2.1. If v is not in the image of the set of critical points of Gauss map gq, hy s
a Morse function on M.

Proof.
dh L Zw v, e M(f‘f‘Q»
! 1+5<f7q o l+e(f,q)-
1 (v, f)e
T 1+e(fge Ezwe“” 1+dﬁ>(f+”>

Hence p is a critical point of h, if and only if the parallel displacement of v to f(p) is normal
to the tangent space T,,M.

In what follows we assume that p is a critical point of h,. Then we can write

€<fvv>6 _ ,Uae
Z(va)2 =1
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From
2 _ 1 wie). v, — e(f(p);v)e e
<d hv)p_1+€<f(p),q>e[<d(z D) = T, o 2o Z)’q*]
el . eXwwi(fa)
=TT () o 2 T T e )
and

<Z v¥eq, Q>E = —<f(p),’0>5,

we know that the Hessian determinant of d?h, at p is

) Ce e

By Sard theorem, h, is Morse function for almost every point of S;"l.

We call
1

M_U/B(M)|G(P,U,Q)|dv

the total absolute curvature of f. Let 7(M, f) be the total absolute curvature of M in

R™(D™) with flat metric defined by Chern and Lashof. By Lemma 1.2 we have (see also [7])
Lemma 2.2. Let f : M — N(e) be an immersion, the image of ¢ € N(e) under the

stereographic projection be the origin of R™(D™). Then we have 7(M, f,q) = 7(M, f).
Theorem 2.1. The degree of Gauss map is the Euler-Poincaré number x(M).

(M, f,q) =

Proof. Let h, be a Morse functions defined above and p1,--- ,py, -+ ,pr be its critical
points, where the indices of pi,---,p, are odd and the indices of p,y1,---,pr are even.
Then

x(M)=Fk—-2r
is independent of v. Denote by v; the parallel displacement of v to p;,j = 1,---,k. From

ggdp = G(p,v,q)dv, we know that the Gauss map preserves the orientation in a neighbor-
hood of (pj,v;) in B(M) if and only if G(p;,v;,q) > 0. Hence we have proved that there is
a neighborhood of v in S?~! in which the degree of g, is x(M) ([4], §13,14).

From this theorem we have

(M, f,q) = p G(p,v,q)dv — x(M)

(n—1) Jaso

2
c(n—1) Ja<o

Since every Morse function h, has at least two critical points with index 0 or m, we have
T(M, f,q) > 4 — x(M) for M being even dimensional.

Theorem 2.2. If f : M — N(e) is an embedding of a compact even dimensional
manifold, ¢ € N(e), then (M, f,q) = 4—x (M) if and only if for every point (p,v) of B(M)
such that G(p,v,q) > 0, f(M) lies in one side of the hypersurface of N(e) defined by the
hyperplane of RAHL

= X(M) - G(p,v,q)dv.

<’U/,.’L'>5 _ <U/7f(p)>5
T+elz,q)e  1+e(f(p),q)

, TE RZ+17

where v/ = g4(p, v).
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Proof. This is a generalization of Theorem 3 of [3,I]. As

T(M, f,q) =4 — x(M) if and only if G(p,v,q)dv = 2,

c(n—1) Jaso
the number of critical points of even index of any Morse function h,s is exactly two. If
this is the case, f(M) lies between the two hypersurfaces of N(g) determined by h, at the
maximum and minimum. Note that the point —q is on these hyperplanes.

§3. Tight Immersion

In this section we discuss the conditions for 7(M, f,¢) to be minimum and independent
of q. The proof of the following theorem is a combination of Lemma 2.2 of this paper and
the Chern-Lashof Theorem!?!.

Theorem 3.1. Let f: M — N(e) be an immersion of a compact manifold M. If there
are m + 4 points q; of N(g) which do not lie is any (m + 2)-plane of R* Y, 7(M, f,q;) =
2, i=1,2,--- ,m+4, then f is an embedding and f(M) is a geodesic sphere of N(g).
Furthermore we have (M, f,q) = 2 for every point ¢ € N(g),—q ¢ f(M).

Denote

(M) = min{z ¢i(h)|h is a Morse function on M},
where ¢;(h) is the number of critical points of h with index i.

Definition 3.1 An immersion f: M — N(e) of a compact manifold M is called tight
if (M, f,q) = v(M) for every q € N(e),—q & f(M).

Let P be a subspace of constant curvature of N(g) of dimension n — 1, the sign of the
sectional curvature of P be the same as that of N(¢). We know that P can be viewed as the
intersection of N(g) with some affine plane of R**! which is through the antipodal points
of N(e). Let H be a closed half-space of N(¢) defined by P.

Theorem 3.2. Let M be a compact manifold such that

V(M) = S b (M, Z3),
where by (M, Z3) is the k-th Betti number of M in field Zy. The immersion f is tight if and
only if for every closed halfspace H, the induced homomorphism

H.(f~"H) — H.(M)

in Cech homology with Zs coefficients is injective.

Proof. Kuiper!® proved this theorem for Euclidean cases. The general case follows from
Lemma 2.2 and the construction of the stereographic projection of N (e).

By this theorem and the results of [2], [6] about the tightness and the tautness of immer-
sion f: M — S™, we have (see [2], p. 114-115)

Proposition 3.1. The immersion f : M — S™(1/e) is tight (in the sense here) if and
only if f is a tight map of M in Euclidean space R™t! > S"(1/e).

Hence we have many examples of tight immersions of S(1/¢). In particular, if f : S™ —
S™(1/¢) is tigh, then f(S™) is a metric sphere in S™(1/¢).

Proposition 3.2. Let M be a compact manifold with v(M) =3 bp(M, Z3). An immer-
sion f: M — H"(1/¢) is tight if the immersion f : M — N(1/e) € R™T" of M in R™1!
with the natural Euclidean metric is tight.
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By Theorem 3.1, we know that the conditions of this proposition are also necessary for
M = S™ and n > m + 1. But they are not necessary for n = m + 1. For example, let
M be a metric circle in H2(—1), by a slight deformation of M such that the conditions of
Theorem 3.2 still hold, one can get a curve M’ in H%(—1) which is not a metric circle. M’
is a tight submanifold of H?(—1) but not tight in R3 . If we regard H?(—1) as a subspace
of H™(—1) naturally (n > 2), M’ is not a tight submanifold of H"™(—1) by Theorem 3.1.

REFERENCES

[1] Cecil, T. E. & Ryan, P. J., Tight and taut immersions into hyperbolic space, J. London Math. Soc., 19
(1979), 561-572.

[2] Cecil, T. E. & Ryan, P. J., Tight and taut immersions of manifolds, Res. Notes Math., 107, Pitman,
London, 1985.

[3] Chern, S. S. & Lashof, R. K., On the total curvature of immersed manifolds, I, Amer. J. Math., 79
(1957), 306-318; 11, Mich. Math., 5 (1958), 5-12.

[4] Dubrovin, B. A., Fomenko, A. T. & Novikov, S. P., Modern geometry —— methods and applications,
Vol.II, Springer-Verlag, 1985.

[5] Klingenberg, W., Riemannian geometry, Walter de Gruyter, Berlin, New York, 1982.

[6] Kuiper, N. H., Tight embeddings and maps, submanifolds of geometrical class three in RN, The Chern
symposium, 1979.

[7] Winer, J. L., The Gauss map in spaces of constant curvature, Proc. Amer. Math. Soc., 38 (1973),
157-160.

[8] Winer, J. L., Total curvature and total absolute curvature of immersed submanifolds of spheres, J. Diff.
Geom., 9 (1974), 391-400.

[9] Willmore, T. J. & Saleemi, B. A., The total absolute curvature of immersed manifolds, J. London Math.
Soc., 41 (1966), 153-160.



