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DISTORTION THEOREM FOR BIHOLOMORPHIC
MAPPINGS IN TRANSITIVE DOMAINS (IV)
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Abstract

The distortion theorem for biholomorphic starlike mappings (with respect to origin) in
bounded symmetric domains are given. The distortion theorem for locally biholomorphic convex
mappings in bounded symmetric domains are given also.
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¢1. Introduction

Let M C C" be a bounded symmetric domain. Let G be a Lie group consisting of
some holomorphic automorphisms of M and acting transitively on M, K be the isotropy
subgroup of G which fixes the point m € M. Then M is a bounded realization of symmetric
space G/K. Let £ be the holomorphic diffeomorphism of G/K onto M. Moreover, let
My C C™ be the Harish-Chandra canonical realization of G/K, and &, be the holomorphic
diffeomorphism of G/K onto My. We assume &&= 1(m) = 0. Let Ky (z,2), Ka, (2, 2) be
the Bergman kernel functions of M and My respectively. Let ¥, € G which transits the
point z € M to m, i.e., ¥,(z) = m, and ¢, be the inverse of ¥, i.e., ¢, € G and . (m) = z.

Let G be the Lie algebra of G, C be the subalgebra of G corresponding to K. Then we
have Cartan decomposition of G = K 4+ P. Suppose that A is a maximal Abelian subspace
in P and A is the analytic subgroup in G corresponding to .4 in G. We can choose a basis
of A, say X1,--- X, where ¢ = dimA =rank G/K, and for any X € A there exists a unique
expression X = 21X + -+ 4+ 24X,. For any z € My, there exist k € K and X € A, such
that

z=¢& (kexp X -O) = (tanhxy, - - ,tanhz,,0,--- ,0) k, (1.1)

where O is the identity coset in G/K, and k € K — k' € U, is the unitary representation
of K and U, is the unitary group.

First we will prove the following theorem.

Theorem 1.1. Let M C C™ be a bounded symmetric domain and S(M) denote the

family of normalized biholomorphic starlike mappings (with respect to origin) from M into
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C"™. Then there exists a positive constant C(S(M)), such that for any f € S(M) the
following inequality

_\ C(S(M))
o202 oy (Ko (0.0)
Ko (m,m) 6beort, \ K, (1,7)

Kar (2,2) K, (6,8)\
< |det Jp(#)| < (| =227 i sup | o2 1.2
< T NS A 5 ) o255 S0 (KMO mm) 42
holds, where z = {(ka - O), 0 = &o(ay - O), n=&o(ara-0), k € K,a,a; € A. Furthermore,
C(S(M)) is bounded by
n—2
<

< (s < 25

(1.3)

N

A holomorphic mapping on M is locally biholomorphic if det J¢(z) # 0 for all z € M.
Let d(a, z) be the Bergman distance between a and z, and let D(a, p) denote

{we M|d(a,w) < p}.
Suppose that f is a locally biholomorphic mapping on M, and denote
sup {r | f is biholomorphic on D(z,r)}

by p(z, f), and inf {p(z, f)| z € M} by p(f).
We call f a uniformly locally biholomorphic mapping if p(f) > 0. Moreover, if these exist

0 <r < p(f) such that f is a convex mapping on D(z,7), then we call f a uniformly locally
biholomorphic convex mapping.

Suppose that 2 C M is an open set in C*, m € Q. Let f : M — C" be a locally
biholomorphic mapping. If for any z € M, f o ¢, is a biholomorphic convex mapping on 2,
then we call f an Q—uniformly locally biholomorphic convex mapping.

If © is a geodesic ball centered at m, then the definition of 2—uniformly locally biholo-
morphic convex mapping is coincide with the definition of uniformly locally biholomorphic
convex mapping.

The family of Q—uniformly locally biholomorphic convex mappings is an invariant family
(cf. [1]).

We will prove the following theorem.

Theorem 1.2. Let M C C™ be a bounded symmetric domain, and f : M — C"
be a normalized Q—uniformly locally biholomorphic convexr mapping. Suppose that Q =
& - E7HQ), Q contains the largest ball centered at the origin with a radius r, and is in the

smallest ball centered at the origin with a radius R. Then

Ku(z,2) 1~ <1—|tanh:cj|)Aj

Kpr(m,m) e 1 + [tan ha;|

; (1.4)

Ku(z,2) + (1—|tcmh33j|>Aj

Ky (m,m) e 1 + |tanhx;|

where xj,i = 1,---,q, are as defined in (1.1), and Aj,i = 1,--- ,q, are constants which
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satisfy the inequalities

2n
1 1 _
1< > o (X)) + 5 <A <nr 2R, (1.5)
p=q+1
where gq1,- -+ , Qe are the positive roots (counting the multiplicity) of the adjoint repre-

sentations of A at G .

§2. On the Determinant of Jacobian

In [1], we studied transitive domain M C C", including both bounded and unbounded.
Denote the Jacobian of ¥, by Jy_ . If M is unbounded, we assume |det Jy, (m)| = 1 for all
k € K and define

Ky (z,2) = cdet Jg_(z)det Jy_ (2),
where ¢ is a constant. If M is bounded, K/(z, ) is the Bergman kernel function of M. We
denote K (m,m)~! (%K(z,?))zzm by Cp.

For any point z in M, we can connect z and m by an analytic curve a(p) = (a1(p),-- -,
an(p)), (0 < p < 1) such that a(0) = m, a(l) = 2. If M is starlike with respect to m, we
can take a(p) = m + p(z —m).

In [1], we proved

Theorem A. Assume that f is a biholomorphic mapping on transitive domain M which
. n —1y/
maps M into C™. Let a(p) = (a1(p), - »an(p))s F(w) = (f(¢aw)) = f(@)) (J5(a)™")

/

(J<Pa (m)_l) )

dij(p) = (dgjl_)(p),.,. ,dz(-;b)(p)) ~ 192°F(w)

- ) 1<i7.<n7
2(911}18’10] =h)=

w=m

(Ju,(a))" = (up,(a)). Then

logdet J¢(z) — logdet Jr(m) = = (log K (2, 2) — log K (m, m))

n 1 n
da j
+ E / T:Uké(p) 22 d%)(l))_cé dp
0 =

£,k=1

M| —

+¢Im Z %fk(a7 a)- K(a,a) ‘dp
(2.1)

Actually, Theorem A holds even if M is a locally biholomorphic mapping or f is a
holomorphic mapping at the point where det J;(z) # 0 (assume det Jy(m) # 0).
We give another version of Theorem A.

Theorem 2.1. Assumptions are the same as Theorem A and M is a bounded symmetric
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domain. Then

log det J¢(z) — logdet J¢(m) = = (log Kar(2, Z) — log kar(m, m))

+Zpr/ ol 22(13) Y —ce | dp

1\9\»—*

p=1(=1
d
+iIm / & K (a,a) - K(a,a)dp ; ,
7 dp 6“3 (2.2)
where (kpe) is a unitary matric.
det J¢(2)

Proof. in [3], we already proved that is a biholomorphic invariant.

We have

\/KM(z,E)/KM(m,ﬁL)
det J(2) _ det J7 (60 0 £71(2))
VEUGA TR iy, (60067120 60 €TG) /K 0.0)

where f is the normalization of fo o {51 We just need to estimate

2 3 [ i) iy

ik, 0=1

on My only.
Let Mor = {(m,y) ER|z=a+iye€ MyCC" }, and the real mapping &y g corre-
sponding to &y be

q
&o.r (k‘exp(z xin) -O) = (tanhzq,---tanhz,,0,---,0) P(k) € My g.
j=1

Let g € G, ¥g denote the holomorphic automorphism corresponding to g. If g = kgexp Y,
ko € K, Y € P, then g(p) = ko exp pY = koexp Adk(pX) where k € K, X € A. Then

fo(g(p) : O) = a(p) € My, \I/g(p) = \I’a(p)a
Jug(p) (o(9(p) - 0)) = Ju,(a) = (ure(a))’,
\Ijg(p)(z) = \I}g(p) (50(9(1) : O)) =& (g(p)_lg(l) : O)
and Wy, (§o(g(p) - O)), where z = &(g(1) - O), i.e., a(l) = 2.

Let a(p) = z(p) +iy(p) € My. Then (z(p),y(p)) € Mo r. Obviously, kg exp pY exptY - O
is a curve in G /K which contains the point kgexppY - O. g(p)~! transfers this curve
as exptY - O which contains the point 0. The corresponding curves in M, are the curves
&o (koexp pY exptY - 0) and &y (kg exptY - O), these two curves contain the point &y (exp tY -

0) and &o(e-O) = 0 respectively. Thus W,y maps the curve a(p+t) to the curve & (exptY-0),
da(p) is the tangent of the curve a(p+t) at the point a(p) and d&)(%tty'o) lt=0 is the tangent
of the curve {y(exptY - O) at the point 0. We have

da(p)
dp

(Ju,,, Glg(p)-0)) = M

=0
It is easily to verify
déo(exptY - O)
dt
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where k = (kj¢) is a unitary matrix. Noticing

(Ju,,y (&0lg(p) - 0))) = (Ju,,, (alp) = (une),

we get on My,

n

Z dak ukg ZSCJ jl- (23)

o e
By (2.3), we obtain (2.2) immediately.

§3. Distortion of Biholomorphic Mapping

Moreover, we can prove the following distortion theorem.
Theorem 3.1. If the assumptions of Theorem 2.1 are satisfied, then

Bule2) o (B (00)
K (m,m) 0=be oMo \ Kz, (1, 7)

— c(f,Mo)
KM(Z Z) KI\/fo(e 6)
. Ku(2,2) K, (6,0) .
|det J¢(2)] < Kar(m, m) S or (KMo(n,n) oy

holds, where z =&(ka-0), 0 =& (a1-0), n=& (a1a-0), k€ K, a,ay € A,

1 n ) 1 2n
c(f7M0):Sup 2/0 Zldé;)(p)dp / 5 Z |a](X€)‘+1 ) €:17 , 4, ZEMO )
j=

1=q+1
dej(p) are given in Theorem A, and ogqq,--- , a9, are the positive roots (counting the

multiplicity) of the adjoint representations of A at G.
Proof. By Theorem 2.1, formula (2.2) and det J;(m) = 1, we have

1 Ky(z,Z
log |det J;(2)| = fngAj/[mm + Re pr/ Pl ZZdﬂ) ) —co | dp.
l,p=1

det J¢(2)

TR Kar o) is a biholomorphic invariant, we just need to estimate
M(Z,2 M{m,m

Z :cp/ pl 22(1(]) 76@ dp

£,p=1

Since

on My only. But at My, c, = 0 we have

det Jy(z) Re{ > 2w, kped%)(P)dp}
=e br=t .
VEum (2, 2) [ K (m,m)
Since e2%i = izzim, the previous equality is equivalent to
- ()
det J;(2) B ﬁ (1+tanhxp>];1p‘ Jo kpedy? (p)dp 52)
\/KM (2,2) /Kp(m,m) o 1 —tanhx, )
On the other hand, we already proved that (cf. [3])
_ 2n s s
K (2, 2) f[ 1 e (X) — gmoi(X) (3.3)

K, (0,0) 1-)2 ", 20j(tanh X) ’

J j=q
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where A\; = tanhz;,7=1,--- ,q,

a q q
tanh X = tanh Z:Eij Z (tanhz;) X; = Z
j=1 j=1 j=1

By the Dynkin diagram of restricted root systems of the adjoint representation of A at
real semi-simple Lie algebra of G, there are only the following possibilities for a;(X) (cf.
[M4]): for X = 21 X1 +--- + 24X, € A, we have

1) oj(X)=ap+a0, p# L 1 <p,l <g;

2) aj(X)=ap—20, p# L, 1 <pl < g

3) a;(X) = 2y

4) a;(X) = 2z,

For the case (1),

1 heni=p or ¢

o (Xq) = {0: Zsherwise;p ’

then we have
aj(X) _ pmai(X)  pmptwe _ o—Tp—ws

aj(tanh X)  2(\, + )

1 \? 3 $lay (X)]
:Q—%>(Lma U(LAJ '

Similarly for the cases 2), 3), 4), we also have
e (X) _ g—a;(X) 7 a 1 3o (Xp)l
20 (tanh X) 1- )2 :

e

=
From (3.3), we get

Ky, (2,2) 1 3 log (Xp)|
Rt = I T I ()

p=1 ”J q+1p=1

(3.4)

1 3 ) Z [ (Xp)|+1
— | I ( > j=q+1
—_ )2 .
i 1=X;

Let

q q
z=&o(ka-0) = E keXPZ%‘Xj‘O ; a:expzijjeA;
Jj=1 j=1

q
0 =¢&(a1-0) =& eXpZij 0], a=exp) yX; €4

n="¢(ama-0)=E& | exp Z(xj-i-yj)Xj -0

Then by (3.4) we have

2n
3 2 laj(Xp)|+1
> q+1
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where v, = tanh (x, +y,), pp = tanhy,. Obviously,

2n
] q 3 IT ey (Xp)l+1
1+ |[tanh x| LT
li I\/Io p ji=a 3.5
R oo 1] (i (32
and
2n
l a; (X 1
ot K00 (0,0) li[ 1 — Jtanha,|\ 2, 2L, 56
0—be oMo Ky, (1, 1) 1+ [tanhz,| ' '

p=1

From (3.2), (3.5) and (3.6), we have (3.1).

¢4. Proof of Theorem 1.1

We now give a proof of Theorem 1.1 based on Theorem 3.1. Gong Sheng® proved the
following result.

If My is the bounded symmetric domain, it is the Harish-Chandra canonical realization
of symmetric space G/K. If p(z) is defined as: ¢(z) =r, if 2 = rzg, 20 € OMy, and f is a
normalized biholomorphic starlike (with respect to origin) mapping on My which maps M
into C™, then

Vap(z)
sl 2200 (4.1)
where g =rank G/K.

Let {¢.(z )} be the othonormal system on M. Then the Bergman kernel function
KM(J(E) Z¢v )y()and

F(z) = f(rz) = /M K, () de = 3 e (r)du(2)
0 =0

where ¢, (r) = [, f(r&)¢u( ¢, (€)de. By Parseval’s equality, ioj e (M)|” = [y, 1£(r§) |” de.
v=0
Let w=rz, f(2) = (f1(2), , ful(2)), cu(r) = (c9><r>,--- 7c£"><r>). Then
OF (2) S 8¢y
3ZZ - ZC” ’

and 75 af‘ ( y=> cf,e)( )‘% »(2) By the Schwarz inequality,
v=0

N

Ofe
|52 )| < Mtro)l, (Za e >>
32 2
el (KM0<z7z>) . (42)
2 azj(?zj
By (3.4), it is easy to verify that
b 1 2 2N -
7 — K, (2,2) = Ky, (2, 2) 1;[ Z laj(ze)| +1 1_/\%1@-[ )

J q+1
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where z = (A1,--- , A4, 0,---,0) k, k= (kj¢) . Similarly, we get
O?K, (2, 2)
— 0 = Ky, (2,2 . (4.3)
92j0z; ’ pl;[l 1- )\2)
On the other hand, by (4.1),
(p(r§))”
5005 = [ 1o de < / D
? ¥y ( p(re))*
< c/ / (4.4)
where A = (A1,--, A4, 0,---,0), dx= d)\l, ,d)\q.
By the definition of ¢, the right hand side of (4.4) is O ((1 —r)~3).
Let z =1z, 20 € OMo, w =12 = (M1, ,04,0,- - ,0)l~c. Then
<)0(w) = T2 = SUP{WJU = 17 ’q}
and
1 q
<
1—r4*1—sup{n 1;[
We have
" 3
el =0 | 1] =2 (4.5)
j=1 mj

From (4.2), (4.3) and (4.5), we have
sy ] =0 (H1 : 2) (e 1T =5

But ﬁ =0 (ﬁ), so we get

|det J¢(w)| = O | K, (2, 2)

wf3
<~
Ll‘ Q
—
I =
=
N— —
N
|

2n
Since £ ) laj(xp)] +1>2, (3.4) implies
Jj=q+

and |det Jy(w)| = O (KMO(w7w)%) . Since

we have

_ 7n—2
Ky (w, w) <KM (0 9)) !

det J¢(w)| = O —> " sup lim [ ———"—=

|det J(w) ( K1, (0,0) gsbe a0 \ Kz (1,7)
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This argument proves the right hand side of inequality (1.3). The left hand side of inequality
(1.3) is obviously, because otherwise the left hand side of (1.2) will tend to infinity for every
point as z tends to the boundary of M.

§5. A Theorem on Bounded Domain

Theorem 5.1. Let U C C” be a bounded domain and By denote a ball centered at origin
with radius d. If B, C U C Bp let Sy denote the family of normalized biholomorphic convex

mapping on U which maps U into C™. If f € Sy and f(2) =2+ > dijzizj +---, then
ij=1

dij| <Rr 2, i,j=1,2,---,n. 5.1
J

Proof. The mapping ®(z) = f~' (3 f(2V) + f(2)) maps B, into U and ®(0) = 0 if
VeU,, feSy.
If ®(z) = 2Jy(0) + > P@;;2;2; + - - -, then

F(@(2) = ®(2) + > dij(D(2))i(D(2); + - -
= 2Jp(0) + D Bijzizy + D dij(2Jp(0)i(2Jp(0)); + - .
Since f(2V) = 2V + 3 dij(2V)i(2V); + -+~ and (@ (z)) = L(f(2V) + £(2)), we have
ZJqs +Z<I>”z1zj+2dw (2J5(0))i (2J5(0)); + - -

V+I (de (V)i (2V); +Zdwz7z])

if 2 € B,. Thus, J¢(O) = %(V+ I) and 3 dijziz; = Yo dij (5(1 = V), (3(1 +V)), . The
mapping

z
®(z) =z - 5(1r+v +Zdu< (I V))Z<§(I—V)>j+~-- (5.2)
is a biholomorphic mapping on B, which maps B, into U, and |®(2)| < R if z € B,..
Let £ = 22(1+ V), n=32(I - V). Then [¢]* + |n* = |2|* < r? and Re€f’ = 0.

Let & = O,n = rie Gej, where 0 < 71 < r and e; is the unit vector such that all the
components are zero except the j-th component is 1. Then by (5.2),

®(z) = rie*®d;; +--- €U C Bg. (5.3)

Multiplying (5.3) by e~2%¥, integrating with respect to @ from 0 to 27 and dividing by 2,
we get

T‘%djj c BR7 re<r. (54)

Let £ =0, n = riettefe;, + rle_”ewej, k # j, where 2r7 < r2, and ey is the unit vector
such that all the components are zero except the k-th component is 1. Then by (5.2),

D(z) = rie*® (e dyy + 2d;, + e *'dj;) +--- € U C Bp. (5.5)

Multiplying (5.5) by e~2%, integrating with respect to 6 from 0 to 2, dividing by 27, and
then integrating with respect to ¢ from 0 to 27 and dividing by 27, we get

2r2d;, € Br, 2ri <7’ (5.6)
Letting r — r at (5.4), 2r? — r? at (5.6), we get (5.1).
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Corollary 5.1. Assumptions are the same as Theorem 5.1, and U is the unit ball in C™.
Then
|dij| <1 (5.7)
foralli,j=1,2,--- ,n.

Zl DEEEEY Zﬂ'
1—2z1" ? 1—2z1

This estimation is precise, because the mapping F'(z) = ) is a normalized

biholomorphic convex mapping on the unit ball in C™; this mapping makes equality hold in
(5.7).

§6. Proof of Theorem 1.2
We start from formula (3.2). As we have already pointed out in [2],

sup Z kpid%) vp:]-a"'vna fGSMO
jl=1

is the same as
sup Zd%) A=1,--- n, fe S,
j=1
if (kpe) = k, and S (Mp) is an invariant family. By Theorem 5.1,
sup ng-) A=1,---,n, feSn, < nr 2R
j=1

since S (Mp) is the family of normalized Q-uniformly locally biholomorphic convex mappings.
We get the right hand side inequality of (1.5).

In order to prove the left hand side inequality of (1.5), we consider det ;)

VEwg(22) /Ky (0,0)
where f is the normalization of fo&o&; " and 2 =& o 71 (2) € My . By (3.4), we have

1 & 1
A=z 2 lo(Xe)l—3

ﬁ (1 — [tanh z|) i=at1

< ’det Jf(é)‘. (5.8)
=1 At X laj(Xe)l+3
(1 + [tanh xy]|) i=at1
Since det J§(2) is a holomorphic function on My and det Jz(2) # 0 for any Z € Mo,
2n
‘det J];(Z)‘ attends its minimum value on the boundary of My. Each A;—1 > |oy;(X()|—3
J=q+1

must be > 0, otherwise the left hand side of (5.8) would tend to infinity as Z approaches the
boundary. This proves the left hand side inequality of (1.5).
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