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LOCAL C-COSINE FAMILY THEORY AND APPLICATION**
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Abstract

This paper introduces the concept of local C-cosine family and inverstigate its basic proper-
ties. In particular, a characterization of the complete infinitesimal generator of a local C-cosine
family is obtained. As an application of this theory to the second order abstract Cauchy prob-
lems, a characterization of the local C-well-posedness of these problems is given in terms of the
local C-cosine family theory.
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¢1. Introduction

Tanakal'®! introduced the concept of exponentially bounded C-cosine family and gave a
characterization of its complete generator. Delaubenfels®l gave a way to construct some
exponentially bounded C-cosine family by making use of operator functional calculus which
is different from Laplace transforms and applied the results obtained by him to improperly
posed second order abstract Cauchy problems. However, as it is seen from Examples 4.1 and
4.2 in this paper, there exist C-cosine families which are neither exponentially bounded nor
defined on (—oo,00). In order to characterize them, in this paper we introduce the concept
of the local C-cosine family and attempt to give systematical study of the local C-cosine
family.

Arendt!], Neubrander!'?! pointed out that the characterization of exponentially bounded
n-times integrated semigroups unifies the classical characterization of Cyp-semigroups, cosine
families or exponential distribution semigroups. However, in contrast with this case, by the
analysis for Examples 4.1 and 4.2, the local C-cosine family theory does not be unified
by local C-semigroup and the local integrated semigroup theory in [17]. In particular, as
shown in Example 4.1, for the complete infinitesimal generator of a local C-cosine family,
its resolvent set or C-resolvent set can be empty. Therefore these cases can not be treated
in the classical method. Moreover, from applications to the second order abstract linear
Cauchy problems in Examples 4.1 and 4.2, we see that the local C-cosine family theory is
better than the local C-semigroup and the local integrated semigroup theory in [17].

In §2 we introduce the concept of the local C-cosine family on a Banach space and give
a few basic properties of the complete infinitesimal generator of a local C-cosine family.
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Section 3 deals with a characterization of the complete infinitesimal generator in terms of
its asymptotic C-cosine resolvent. In §4 we apply the local C-cosine family theory to the

second order abstract linear Cauchy problems and give two typical examples.

§2. Definition and Properties of Local C-Cosine Family

Let X be a Banach space. We denote by B(X) the set of all bounded linear operators
on X to X. Let T € (0,00] and C' € B(X). Throughout this paper we assume that C' is
injective and has dense range R(C).

Definition 2.1. A one-parameter family {C(T);|t| < T} in B(X) is called a local C-
cosine family on X if it satisfies the following conditions:

(i) C(0) = C,

(i) (C(t+s)+C(t—s))C=2C{t)C(s) for |txs||s||t| <T.

(iii) C(t)x : (=T,T) — X is continuous for every x € X.

From the definition, we have

Proposition 2.1. If {C(t);|t| < T} is a local C-cosine family on X, then

(i) C(t) = C(=t), for |t| < T;

(ii) for [t| < T,C(t) and C mutually commute.

For a local C-cosine family {C(¢); |t| < T} on X, we define a linear operator G as follows:

2
= %(C(t)c**lx)\tzo (2.1)
with D(G) = {z € R(C);C~'x € 0<%J<TC'2(5)}7 where C2(8) = {z € X;C(t)r : (—0,6) = X
is twice continuously differentiable}.

Afterwards we denote j—;C(t)xh:s by C)(s)z, 7 =0,1,2--- .

Lemma 2.1. Let {C(t) : |t| < T} be a local C-cosine family on X. For 0 < s,r <T,x €
X, letw=C7' [} [ Cu)C(v)zdudv. Then for |t| <T —s—r,

%;C(t)w = %(C(tJrqu slr—C(t+s—r)ja—Ct+r—s)x+C({t—s—r)x).
Proof. For [t| <T —r — s, we have

Cltyw = % /0 ' /0 (Ol + )+ Ot — w)C(0)a)dudy
1

Gzx

t

_1 /0 ' < tHS C(u)C(v)xdu + C(u)C(v)xdu) dv

2 t—s
1 r t+s
= 7/ C(u)C(v)xzdudv.
2 0 t—s
Therefore.
Loty = L / (C(t+ 5) = Ot — $)C(v)ado

= /T(C(t+s+v)+C(t+s—v)
0
—Clt—s+v)—C(t—s—v))zdv

C t+s+r t—s+r
=7 / C(v)zdv — / C(v)xdv)
¢ t

—S8—T
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and
d? C
@C’(t)w = Z(C(t +s+r)je—Ct+s—r)za—Ct+s—r)x+C({t—s—r)x).
Proposition 2.2. Linear operator G is closable with D(G) = X and for x € D(G), |t| <

T,

o 2C’( ) = GC(t)x = C(t)Gx. (2.2)
Proof. Let € X and 0 < 2a < T. Suppose z, = [; [, C v)zdudv. Then by
Lemma 2.1, for t < T — 2a, we have
P2 . c
EC’(t)C Tq = Z(C(t +2a)z + C(t — 2a)x — 2C(t)x).

So, z, € D(G). Since a~%x, — C%x, as a — 0, we have D(G) D R(C?) = X. Thus, G
is densely defined. Now, we prove that G is closable. Let x € D(G),|t| < T. Supposing
h < 27Y(T —t), by Definition 2.1, we have

Ot +2h) +(C(t — 2h) — 20(0)x = 50W)(C(2h) )0
- 222 (C(2h) — C)C'C(b)z.

4h2 (

Letting h — 0, we obtain

dt2 C( Jx = GC(t)x = C(t)Gz, for z € D(G),|t| <T.
Since C(t) = C(—t) for |t| < T, we have C)(0)z = 0 for x € D(G). Thus, for z €
D(G), [t] < T,

() — O = /O t /O " O () Gadrds. (2.3)

Let z,, € D(G) and xn — 0,Gz, — y, as n — oo. Substituting by z,, in (2.3) and letting
n — 0o, we get fo Js C(r)ydrds = 0. Also since

C’yz}gr(l)tj//C’ Jydrds = 0,

we get y = 0. Therefore, G is closable.

By Proposition 2.2, we can give the following definition.

Definition 2.2. Let {C(t);|t| < T} be a local C-cosine family. G is defined by (2.1).
Then G is called the complete infinitesimal generator of {C(t);|t| < T}.

Arguing as in the proof of [16, Theorem 2.1] we can prove

Proposition 2.3. Let {C(t);[t| < T} be a local C-cosine family on X. Assume that G
1s its complete inﬁmtesimal generator. Then CD(G) is a core of G, i.e., é‘CD(G) =G.

Let linear operator L,(\) be defined by

x—/ /C’ Jxdsdt, for ze€X and 0<7<T, (2.4)

where {C(t); |t < T} is a local C-cosine family on X.

Proposition 2.4. Let G be the complete infinitesimal generator of a local C-cosine family
{C(t);|t| < T}. Then

(i) C(t)x € D(G) and C(t)Gx = GC(t)x for x € D(G) and |t| < T;
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(i) Ly (\)z € D(G) and (\>—G)L;(\)z = Cx—e > C(T)z—Ae 7 [ C(t)zdt forz € X

and T € (0,T);
(iii) GL,(A\)x = L,(A\)Gx for x € D(G) and Ly(A\)L,(p)x = L ()L, (N)x for z € X;
(iv) forx € X, L;(\)x is infinitely differentiable in A, and there exists a constant M, > 0,

depending on T, such that

A2 gn
[ e <
for A >0 and n € Ny, where Ny denotes the set of nonnegative integers;
(v) for 0 < B <7 < T, there exists a constant M, g > 0, depending on T, 8, such that

AT n n+1
nl d\" ()\L ))H < M‘F,ﬁa for —— € (O,ﬂ},n € Np.

15 ;
Proof. (i) can be easily deduced from (2.2). Now, we prove (ii). Let G be defined by

(2.1). For « € D(G), |to], [to + t1] < T — 7, we have

Cto+t1) — C(tO)L )z
t 4

- / / (to+tr + 8)z + Clto + 11 — 8)& — Clto + )7 — Cls — to)z)dsdt
1

C T to+t+t1 to+t1
— e M (/ C(s)xds 7/ C(s)xds
t

2ty o+t to

Jr/_to C(s)xds/tt_to C’(s)xds)dt.

—to—t1 —to—t1

So
d C[7 —n
4 oty e =& (Clto + 1)z — C(t — to)a)dt
and
pe Cro,d d
aCLNe = /0 N (- Clto + ) = Z=Clt — ta)a)dr
Thus

CA0)L,(\)z
=C / e MOW () zdt
0

=CO(-Crx+eC(T)z + A/ e~ MO(t)xdt)
0

=C(=Cz+ e MC(T)x + N7 / t)adt + \? / / s)zdsdt).
0

Therefore L, (\)z € D(G) and

N -G, Nz =Cx — e MC(1)x — )\67)\7—/ C(t)xdt, for ze€ D(G).
0

This implies (ii) by Proposition 2.2 and the closedness of G. Also (iii) can be deduced from
(i) and (ii). In the following we prove (iv). Let M? = I[Iola)]( |C(#)|| and M, = 2M?. Since
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forn € Ng,x € X,

n+2 m
H(:H)vddw (57 / C(eyeat)

< H T;\Ti 'zn:()’ AN —”/ C(t)xdtH
n !

1 n: n+l—i _—A7
(n—&—l)!z%(n—i)!()\T) +Hl—ig=A

1=

< MY

= T

]

< M|z

and similarly

P L N
A 2 (2 - < M?°
| G ] e ewaan)] < a2la),

we have
)\n+2 n )\n+2 \
. - [ O(s)zdsdt H
H(n+1'd/\” H Hn+1'd>\" / / Jads
)\n+2 n 1 — AT 1 — At
H (n+1) 'dA( 2 /0 ct )xdt+A/() ¢ C(t)xdt)H
< M,|all.

Finally, we prove (v). For z € X, n € Ny, we have

)\n—i—l ()
|- L))

I

(ALI(A) + LD (A))xH

)\n+2 T t
= H(—l)” ' / e*)‘tt”/ C(s)xdsdt
n! Jy 0
)\n-i,—l T t
+ (=)t / e_)‘tt"_l/ C(s)dzdt
0 0

(n—1)!
_ _ n—l)\n+1 —AT,.n T _ n)‘n+l T —Atyn
= ||(=1)"" e T C(s)xds + (—1) ' e " C(t)xdt
n: 0 n: 0
A7) 1 )\n+1 T
< OO oo a2 [ e
n: n 0
A7) 1
< (e ) .

Thus, since F(t) = X (t7)"T1e™!™ is decreasing on [2H, 00), we get

An +1 (n+1 )n+1

for x € X,n € Ny and "TH € [0, 8]. Write a,, = M(%

lim &L = lim (1 + ;)HI(B)e /B = EeH/B <1, (2.5)

n—oo  (Qp n— 00

and so N, g = sup{a,;n € No} < occ. Setting M, g = M?(1+ N, g), we see that (v) holds.
The proof is complete.

L (W))W < (M e/ 0 |

n!
)n+1e*(”+1)7/ﬁ. Then
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§3. Characterization of Local C-Cosine Family

The purpose of this section is to give a characterization of the complete infinitesimal
generator of a local C-cosine family. For this reason we first introduce the concept of
asymptotic C-cosine resolvent.

Definition 3.1. Let A be a closed linear operator in X, 7 € (0,T) and § € (0,7). A
family {L.(X) : A > a} in B(X) is called an asymptotic C-cosine resolvent of A if it satisfies
the following conditions:

(a1) forx € X, A > a, L (N)x is an infinitely differentiable function of A;

(ag) forx € X and A\, > a, L ()L (N)x = Ly (A\) L (p)x;

(ag) Ly(A\)x € D(A) and (\2 — A)L,(N)z = Cz + V,(N)z for z € X and X\ > a, where

V:( Nz is infinitely differentiable for X > a and there exists a constant M. g > 0, depending
on T, 3, such that
| Ve e < M rme ] (3.1)
forz € X, A > max{a, %} andn € Ny;

(aq) AL;(N)xz = L (N Az for x € D(A) and X\ > a.

Theorem 3.1. A closed linear operator A in X is the complete infinitesimal generator
of a local C-cosine family {C(t) : |t| < T} if and only if it satisfies the following conditions:

(i) D(A) is dense in X;

(ii) for every T € (0,T) there exists an asymptotic C-cosine resolvent {L,(A); A > a} and
a constant M, > 0, depending on T, such that

H A2 e n+1
(n+ 1)l dAm A

(iii) for 7 € (0,T),8 € (0,7), there exists a constant M, 3 > 0, depending on 7,3, such

that

L <My for neNo, S (] and A>a  (32)

)\n—i—l dn
H nl  dA\®
(iv) CD(A) is a core A.

In order to prove the sufficiency of Theorem 3.1, we first prove some lemmas.

E} and n € Ny; (3.3)

— (AL ( ))H < M;g, for A> max{a,ﬁ

Lemma 3.1. Let A be a closed linear operator and satisfy the conditions (i) and (ii) in
Theorem 3.1 and 7 € (0,T). Then

(b1) forz € D(A),Cx € D(A) and ACx = CAx; (3.4)
(b2) L:(A\)Cx = CL.(AN)z forx € X and A > a; (3.5)
(bs) LN 0z = VIV ONL (V2 — VoWV T Nz — 240 + DI (N LAz —
n(n+ 1)L$n71)()\)LT()\), forxz e X and n > 1; (3.6)

(by) for xz € X,n € Ny,
(=1)" AL (Ve = Ca, (3.7)

I
Ao (n+ 1)
where L(Tn)()\)a: = Cﬁ\—nnLT()\)x, T(n)(/\)x = dd;; Vr(N)z.
Proof. First we prove (by) and (bs). Let 5 € (0,7). By (a3) and (ii), for z € D(A), A >
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max{a,1/8}, we have
AL, (\)z — Cal| < | L. () Az] + [Vs(\)e
= S Az + My pe™ ],
Therefore, AILH;OA2LT()\)x = Cz for z € D(A) and, since [[NL.(\)|| < M, for A >
max{a,1/7} and D(A) = X, we obtain
Jim ML, (N = Cu, for =€ X. (3.8)

Thus (a4) and (3.8) imply that (by) holds, since A is closed. Moreover, we can obtain (bg)
from (az) and (3.8). Now, we prove (bs). Let A > a, from (\2 — A)L,(\)x = Cx + V,(\)x
for x € X, we have

(A2 = ALY Nz + 2(n + DALY Nz + n(n + DL DNz = VD Nz, (3.9)
Multiplying (3.9) by L.()) and then using (ag) and (by), we get
LD (Cx + Ve (N)z) 4 2(n + DAL (V) Ly (N2 + n(n + 1)L DA\ Ly (M) z
= VDL (V).

Thus, (bs) holds. In the following we prove (3.7) by induction with respect to n. First,
(3.8) implies that (3.7) holds for n = 0. We now prove that (3.7) holds for n = 1. Suppose
B € (0,7),z € D(A) and A > max{a,2/8}. Differentiating the following equality

(N —A)L,( Nz =Cz+V,(\)z
and then multiplying A\3L,()\), we get
202L (N2 4+ LW WXL (V) — ALY N L, (AN)z = VYN L (M.
Also by (b;) and (bs), we have
|- SPLI A - Ol

= = LDV~ XL (N)) — SN LD WL ()
— (ML, (\)%z + (VL.(\)%z — C%x||

)\3

T

+ G INVONL e + (LA () - €.

<15 LD 107~ XLe (el + 5 IV LWL () Ax]
So for € D(A), A > max{a,2/8}, by (3.8), the condition (ii) and (as),
|- S EON)C — O
< M |Co = XL, (W)l + 205 Aal + 301, - M e o]
+ (WL (A\)? = C%z]| -0 as A — oo.
Thus, for z € D(A),

lim (—%)Ag’LSl)()\)Cx =C%

A—00
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and so (3.7) holds for n = 1 since CD(A) = X and ||%)\3L(T1)()\)H < M,. Now, supposing
(3.7) is true for n < k, we prove that it is true for n = k + 1. Suppose z € X, A >
max{a, (k +1)/8},8 € (0,7). It follows from (3.6) that

(DM s (k+1) () 2
Agx = AT LT (N Cr — C#x

(k+ )
(<k1+) g PV e — LED AV (N)a)
( )k+1 . )
(k+2)! 2(k+ 1A +4L(T)()\)LT(/\)I
( 1)k+1 s e 2
Gy kDX LEDNL(Na — Cx
((k _2;; A3V D (A2 — LEFD (AW, (V)
:J_: ((;(C+)1) AFZLE (NN L (N2 — sz)
tive (%)‘kHL(f—D(A))\QL(A)x ).

So, by (a3) and the condition (ii) we have

MT~ — — AT — AT
|Akz]| € 2o (AT)EF3 =202 || + M, - My ge ™ |||

(k+2)!
I LI ) O2L e — Ca)l
2:4‘:22 |(l(€+)1))\k+2L(k)(/\)Cm — 2|

N kLH”(ilk)' NFLLE=D () (XL (A)z — Ca)|

k+1||( Dl Ak“L(k D(NCx - C?a|.

Thus, the induction hypothesis and the condition (ii) yield

lim (-1t MNELEHD) (N Cp = C%x for ze€ X
A—00 (k + 2)' T ’

This implies that (3.7) is true for n = k+ 1 and = € X, since

. A +3
R(C)=X and \I(,{+2)ILS’“+1)<A>||SMT.

Lemma 3.2. Suppose that the conditions (i) and (ii) of Theorem 3.1 hold. Then

lim( Dl A”Hd AL;(A\))x=Cx for z€X and né€ N. (3.10)
Aooo  nl dan
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Proof. It follows from (3.7) that

lim ﬂA"“d—n(ALT(A))gc

o 5D e (D" a1 e

N )\hﬁn;o n! ATEL (Ve + Ahﬁn;o (n— 1)!/\ L e

_ . (=D" \ni2, ) =D (n—1)
=(n+1) )\ll}n;o et 1)!/\ LY Nz n)\h_)n;o o ALY (N
=(n+1)Cx —nCzx

=Cux.

Fix 7 € (0,7) arbitrarily. For n > |a|r, we define families {C), (¢) : |[t| < 7} and
{Sn,-(t);|t| <7} in B(X) by
CENH L (L (M), 0 <t <,
Cpr(t)z = 4 Cu, t=0,
Ch.r(—t)z, —7<t<0

and

EDENHL L L (Nl acnye, 0<t <,
Snv'r(t)x = 07 t= O,
—Spr(—t)z, —7<t<O.
We suppose that all the following lemmas satisfy the conditions of Theorem 3.1.
Lemma 3.3. C, (t) and S, .(t) are strongly continuous on [—T,7].
Proof. C, () are strongly continuous on [—7, 7] by Lemma 3.2.For A\ > max{a, (n +
D/t},
>\n+2
H (n+1)!

it follows that ||Sy, - (¢)|| < 2 |¢|. Thus, we see that S, - (t) is strongly continuous on [—7, 7].

L0 < M,

We will prove that C,, () uniformly converges to a strongly continuous bounded linear
operator family C,(¢) on [—5, 8](o < 8 < 7), and {C;(¢) : |t| < B} is a C-cosine family on
X. By using this fact, we construct a C-cosine family {C(t) : |t| < T} with its complete
infinitesimal generator A. For this reason, we first found some lemmas.

Lemma 3.4. Suppose x € D(A?) and B € (0,7). Then for 0 <t < 3 and n > 2,

%cw(t)cx _nt2g  ace—-"Tlg . (" 1t>AOx + My, (e
and || M, -(t)z| uniformly converges to 0 on (0, 3] as n — oo.
Proof. Let
—1)n! 1
Pattye = Sy O ) Lo 002 — Vo) LD (1)),
_ (_1)n n+2 71 (n) 2n+2 (_1)n n+1y(n—1) n+1
Q02 = (S 2o 222 4 S 200000 20, /00,

Mm+2  (—1)"
t + (n—1)

Rua = [T w60 (a1

n—1r(n—1 n+1 2
| /" LD (/) 2 L (00 A%,

3
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Using (a3) and (3.6), we get

%Cn,r(t)Cx
_ %(n/t)’“ﬂ( t%)ﬂ”“ (n/t)Cx + ( ;)n( +2)(—%)Lﬁ")(n/t)056
i - )L /) C
" (fl_”f)!(n/w”(n 1) (=) LD (/1)
_ (_ZLA( DG WD (/)L () — Vi (/) LD (1)
- ww)(n/t)um/wx = n(n+ DL (n/t) Lo (n/t)Ca]
L& ) (n/t)nr2t T2 ;r 2 L0 (n/t)C + ﬂ(n/t)”?’ﬂf") (n/t)Cx
; (‘171)!" 0+ DL D ) C
= P.(t)z + (’nﬁ(n/t)nﬂw) (n/t) [2" S 2( /0L (n/t)x — mr 20%}
e LD 00 [ 00 L2 — "]
= P+ S gy 210 00 2R (L) A+ Ve /1))
N (7(1—_1)1’;' (n/)" LD (/) "L (L (n)0) A + Vi (n/8)2)
= P+ Qut) + 0y L 001y 22 (L 1) A% 1 AC 1 Vs (/1) A)
. (;—_1)1")! (0" LOD (/) "L (L (/1) A% + ACT + Vi (n/t) Ax)
— Po(t)a + On(t)z + Qu(t) Az + Ru(t)z + 225, (1) ACe
n+1 n

-1
- Sp_1.+(—t)ACxz.
n n

Now, let M,, -(t) = P,(t)z + Qn(t)(z + Az) + R, (t)x. Then, using (az) and the condition
(ii) of Theorem 3.1, for 0 < ¢t < /3, we have

[ M 7 ()] < [[Pa(t)z]| + [1Qn(t) (z + Az)|| + || Rn (t)]]

M. -M;g nt., 1 _nr n+1 _ar
< S PR R e a4+ My Mg e
n! t t
2n+1)?2 nn+1 _nr
+MT-MT,g(< ; L <t ))e E ||z + Az

+1 n+1
+ || 4%].

+ M2(t/n)? [2(L)2t
n
Moreover (2.5) shows that the first three terms on the left of the above inequality uniformly
converges to 0 on (0, 3) as n — oo. Therefore, M, ,(t)z uniformly converges to 0 on (0, 5]
as m — 00.
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Using arguments similar to those in the proof of Lemma 3.4, we have
Lemma 3.5. Let © € D(A),3 € (0,7). Fort € (0,0], we have
d
dt
and Ny, - (t)x uniformly converges to 0 on (0, 5] as n — oo.
Lemma 3.6. Let © € D(A),B € (0,7). Then S, .(t)Cx — Sp_1,(%=2)Cx uniformly

n

Sy (t)Cx = C,p, +(t)Cx + Ny, (t)z

converges to 0 on (0, 8] as n — co.

Proof. Let

_ (_1)n—1 n—17(n—1

F(t)Cx = W(n/t) L= (n/t)Cx.
Then
1 1)t n—2 n—1)n n—1
F'(t)Cx = ((n>1)l(n/t) (—(T))L(T )(n/t)Cx
_1\n—1 n

+ ((nl_)l)!(n/t)"l (?)L@ (n/t)Ca
= S, (1)Cz — = 1S,L_1,T(” - 1t>C’x.

Also since F(t)Cx = 1S, -(t)Cxz, using Lemma 3.5, we get

1
()0 = - 8, (1)C + %(Nn,f(t)m + Cor (£)C).

Thus,

t

t) €2 = ——=(Nur (D)2 + Cp s (1)C).

From condition (iii), for any n € No,t € (0, 8], ||Cn.(t)|| < M- g; the proof is complete.
From Lemmas 3.4-3.6 and the fact that [|S,, - (¢)|| < ZtL|¢| for ¢ € [-7, 7], we obtain
Lemma 3.7. Let x € D(A?),8 € (0,7). Then for0 <t < and n > 2,

4
dt

where M, - (t)z uniformly converges to 0 on (0, 5] as n — oo.

n—1

Sn(t)Cx — Sy1 4 (

Chrt)Cx =5, (t)ACx + M, . (t)z,

In the following, we prove Theorem 3.1.

Proof of Theorem 3.1. The necessity follows from Propositions 2.3 and 2.4. Now, we
prove the sufficiency.

In the following we will use the fact that for ¢ € (0, 3],

[Crr (O < M7 g and |[Sn - (t)[| < 28M-, (3.11)
where 8 € (0,7). The proof is divided into four steps.
Step 1. We prove that C,, ;(t)z converges to a strongly continuous function on (—7,7)

asn — 00. Let 0 < s < 8 < 7 and take € > 0 satisfying 0 < ¢ < s <7 — ¢ < 7 and suppose
n,m > |a|r and z € D(A?). By Lemmas 3.5 and 3.7,

C%Cnﬂ-(s)cgv = Sn.r(8)ACT + M, -(s)z (3.12)
and
diSn’T(s)Cx = Cp(s)Cx + Ny, . (s)z, (3.13)
s

where M, -(s)x and N,, (s)z uniformly converge to 0 on (0, 5] as n — oo.
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So,

d
%CH,T(S)CWT(IS —5)Cx

= (Sn,r(8)AC + My, +(8))Crr(t — 8)x — Chy 7 (8) (S, r (t — $)ACT + My, - (t — 5)T).
Integrating this equality from € to ¢t — € and then letting € | 0, we obtain
Cor(1)C?x — Cpp 1 (1) C%2

t

¢
= / S, 7(8)Cr - (t — 8)ACzds — / Ch.r(8)Sm,-(t — s)ACzds
0 0

t t
+ / M, +(8)Cry . (t — s)ads — / M (t — 8)Chp - (s)zds
0 0

0

¢ ¢
= —/ S, 7(8)dSm - (t —s)ACx — / Spr(8) Ny - (t — s)ACzds
0
¢ ¢
- / Cnr(8)Sm,-(t —s)ACzds + / My, +(5)Cp r(t — s)xds
0
/ Mm 7' - n 'r( )Z‘dS
t
= / Sz (t — 8)Np +(s)ACzds — / S, (8) Ny - (t — s)ACzds

/MnT mTt—sacds—/Mw” — 5)Ch, +(s)xds.

Thus from (3.11), for € C2D(A?) and t € (0, 8], Cy .+ (t)z uniformly converges on (0, 3] as
n — oo. Also since C2D(A?) is dense in X, it follows that forz € X, lim C, .(t)z = Cr(t)x
n— oo

uniformly for ¢ € [0, 5] and C;(¢)x is continuous on [0, §]. By the arbitrariness of 3, we see
that C-(t)x is continuous on (0,7) for x € X. Moreover, by the definition of C,, (t) we
have C,(t)x = C-(—t)x for x € X and t € (—7,0).
Step 2. We prove that for |s|, |t + s|,|t —s| < 7 and z € X,
[Cr(t+5)+ Cr(t — 5)]Cx = 2C,(t)Cr(s)x. (3.14)
Now, suppose 3 € (0,7), |t + s|, [t — s|,|s], [t| < B and z € D(A?). Let
F(r)e =[Cn (t+7r)Chr(s—7)+Cph(t —7)Cp (s —7)|Cz, for 0 <71 <s.
Then, by (3.12) and (3.13), we get

%F(r)x =P, (r)z+ [Snt+7)Crr(s—7) = Chr(t+7)Sn (s —71)ACx
—[Cnr(s—=71)Sn(t—7)+Cpr(t —7)Sn (s —1)]ACL, (3.15)
where
Py(r)z = My (t+7)Cpr(s — 1)z — My 7 (s —7)Crp r (t+ 1)z
— M,y (t—=7)Chr(s—1)x— My (s—7)Cp(t — 7).
Let

O
3
—~
=
v

Snr(s —=7)[Np(t+7)+ Ny (r—1t)]ACx,
Rn(r) =Ny (s=1r)[Cph(t+7)+ Cph . (r—1t)]ACz.
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Integrating (3.15) from e to s and then letting € | 0, we get
Cor(t +5)C%x + Cp o (t — 5)C%2 — 20, +(5)C, - (t)Cr

= /S P, (r)xdr + /S Chr(s —1)[Snr(t+7) 4+ Sp(r —t)ACxdr
0 0
7/ Snr(s—1)Cp (t+7)+Cp - (r—t)ACzdr
/ P, ( xdr+/ Crr(s=7)[Sn(t+7)+ Sp-(r—t)]ACzdr
+ /0 Qn(r)2ds — Sy (5 — 7)[Sr (7 + ) + Soor (r — )] AC|"=S
+ /S R, (r)zdr — /S Crr(s=7)[Snr(t+7)+ Spr(r—2t)]ACzdr
/ Ry, (r)zdr — / Cpr(s— nr(t+ 1)+ Sp - (r—1t)]ACzdr

= [P0+ Qulra + Ra(r)alar
Thus, for x € C2D(A?) and |s|, |t], [t + s, |t — s| < 3, we have
[C-(t+5)+ C(t — 5)]Cx = 2C, (t)Cr(s)x.

Since C2D(A?) is dense in X and 3 € (0,7) is arbitrary, we see that (3.14) holds.
Step 3. First we show that for z € D(A) and [¢]| < T,

C;(t)x € D(A), AC;(t)x = C,(t)Ax. (3.16)
This can be deduced from (as) and (3.4) and the fact that A is closed. Next we prove that

for x € X, |t] < 7,
t s
/ / Cr(r)zdrds € D(A)
o Jo

Cr(t)x—Cx = A/Ot /OS Cr(r)zdrds (3.17)

and

and

¢
t) = / C-(s)zds, (3.18)
0
where S, (t)x = li_>m Sy (t) for |t] < 7 and z € X.
Let B €(0,7) and |t| < B and x € D(Az) By Lemmas 3.5 and 3.7, we have S;(t)Cz =

fo t)Cxdr and C,(t)Cx — C?%z = fo r)ACxdr for |t| < B and x € CD(A?). By the
closedness of A, we have

t s
C.(t)Cx — C?%z = A/ / C.(t)Cxdrds
0
and
¢
Sf(t)C’:c:/ Cr(s)xds.
0

Thus by the arbitrariness of 5 € (0,7) and CD(A?) = X, we see that (3.17) and (3.18) hold.
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Step 4. We define a local C-cosine family and prove that A is its complete infinitesimal
generator.
Define C(t) on (=T, T) by
Ct)yr =C.(t)x for te(—7,7),7€(0,7) and z€ X.
Then C(t) is well defined. In fact, let 71,75 € (0,7),[t| < min(r1,72). For x € D(A?), by
the results of Step 3, we have

07'1 (t)l‘ - 07'2 (t)l‘
td
:/0 g[C’T1 (t —8)Cr,(s)]xds
=— / AS; (t — $)Cry(s)xds + / Cr (t — s)AS,, (s)zds
0 0
= —AS,, (t —5)S,(s)x] — A/ Sty (8)Cr,y (t — 8)xds
0

¢
+ A/ C (t —8)Sr,(s)xds
0
(3.19)
Also since D(A) = X, (3.19) holds for € X. This means that C(t) is well-defined.
Moreover, from (3.10) and (3.14), {C(t);|t| < T} is a local C-cosine family.

Finally, let G' be the operator defined by (2.1). Then we need to show A = G. Let
x = Cy, where y € D(A). From (3.17), we have

c)c~ x—x—/ / r)Aydrds = A / / ryydrds, for |t| <T.

So, C(t)C~ 'z is twice continuously differentiable on (—7,7). Thus, 2 € D(G) and Gx =
CAy = ACy = Axz. Therefore, A|cpa) = Glepay C G and so A C G by the condition (iv).
Conversely, let z € D(G). Then there exists a sequence {z,} in D(G) such that z,, — =
and Cz,, — Gz as n — oo. Since z,, € D(G) C R(C), we have L,(\)x, € R(C) by (3.5)
and

GL( Nz, = (Ct)C L (N )P |10
m C(h)c_lL'r()‘)mn - LT()‘)‘rn

=2 ALO h?

B ) (h)Ctz, —x,
= L, (A) -2 Jim h -

= L.(\)Gzp,

where we used the fact that L. (A\)C(¢t)x = C(t)L-(N)x by (ag). In the above equality letting
n — oo, we get L.(\)z € D(G) and

GL,(\)x = L,(\)Gz for x € D(G). (3.20)
Since L,(A)z € D(A) for z € X by (a3) and A C G, it follows that AL, (\)x = GL,(\)z
for z € X. By (3.19), we have A2L,(A\)Gx = G(A\’L,(\))z = A(AN?L,(\)z) for z € D(G).
Also since A is closed, (3.8) implies Cx € D(A) and ACz = CGz = GCz. This means that
Glep@ = Alop@ € A and so G C A by Proposition 2.3. Therefore G = A.
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§¢4. The Abstract Cauchy Problem and Examples

Let A be a linear operator in a Banach space X. Now, we consider the abstract Cauchy
problem on (=7,T),
i(t) = Au(t), -T <t<T,
acen {1675 07
where T € (0, o0].

In order to clarify the relationship of Cauchy problem (ACP,T) and local C-cosine family,
we introduce the following concept.

Definition 4.1. Cauchy problem (ACP,T) is called C-well-posed if for every x,y €
CD(A) there exists a unique solution u(t,z,y) to (ACP,T) with initial value u(0) = z and
w(0) =y such that ||u(t,z,y)|| < M@#)(|C x| + |C~y|) for t € (=T, T), where M(t) is
bounded on every compact subinterval of (=T, T).

Theorem 4.1. Let A be a linear operator on X. A is the complete infinitesimal generator
of a local C-cosine family {C(t) : =T <t < T} on X if and only if the following conditions
hold:

(i) A is closed and D(A) = X ;

(ii) Cx € D(A), ACx = CAx for x € D(A);

(iii) CD(A) is a core of A;

(iv) (ACP, T) is C-well-posed.

Proof. Necessity. By Propositions 2.3 and 2.4, we get (i)-(iii). For z,y € CD(A), letting

u(t) = C(t)C e + /t C(s)C™ tyds, -T<t<T, (4.1)

we see that u(t) is a solution to (ACP, T) by (2.4). To verify the uniqueness, suppose
that w(t)(—T < ¢t < T) is a solution to (ACP,T) with u(0) = 0,%(0) = 0. It is clear that
v(t) = fg u(s)ds is a solution to (ACP,T) with v(0) = 9(0) = 0 and v(t) € D(A) by the
closedness of A and the continuity of Au(t). Define function

t—s

F(s)=C(t—s)'(s)+ A C(r)v(s)dr for 0<s<t<T.

0
Since AC(t)x = C(t)A:mAfot C(s)zds = LC(t)z for x € D(A) and t € (—T,T), we get
F'(s) =C(t — s)Av(s) — dilSC(t —s)v'(s) — C(t — s)Av(s) + ; h C(r)Av(s)ds

=0 (0<s<t).

So, F(t) = Cv'(t) = Cu(t) = F(0) = 0. Since C is injective, we see u(t) = 0 on [0,T]. The
same is true for ¢t € (=7,0). Thus we prove the uniqueness of solution to (ACP,T). Also
from (4.1) we can conclude that (ACP,T) is C-well-posed.

Sufficiency. For x € CD(A), let u(t,x)(|t| < T) be a solution to (ACP,T) with initial
value ©(0) = x,4(0) = 0. Write C(t)xz = Cu(t,x). Clearly, Cu(t,z) and u(t,Cz) are both
the solutions to (ACP,T) with initial value w(0) = Cx and %(0) = 0. Thus the uniqueness
of solution implies that C(t)z = Cu(t,x) = u(t, Cz) and

CC(t)x = Cu(t,Cx) =C(t)Cx  for xe€CD(A) and [t <T. (4.2)
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For given z € X, since D(A) = X, there exists z,, € D(A) such that ©, — = as n —
0o. Thus, the C-well-posedness of (ACP,T) implies that C(t)x, = u(t,Czy,) converges
uniformaly on compact set of (=7,T). Let C(t)x = nl;rr;o C(t)x, for x € X, where z,, €
D(A) and z,, — = as n — oco. Then C(z) is a strongly continuous bounded linear operator
function for t € (=T, T). Also, from (4.2) and CD(A) = X, we have

C(t)Cx =CC(t)x for reX and [t <T. (4.3)

Moreover, for |t|,|s|,|t + s|,|t —s| < T and z € C2D(A), emulating the calculation in |7,
p-89], we have

u(t — s, x) + u(t + s,2) = 2u(t, u(s,z))

where u(t,z)(|t| < T) denotes the solution to (ACP,T) with initial value u(0) = s and
%(0) = 0. Thus,
Clt+s) +C(t — 9)]Cx =2C(t)C(s)x. (4.4)

Also since C(t) is bounded on (—7,T) and C2D(A) = X, (4.4) holds for z € X and
t], |s], |t + s, |t — s| < T. Thus, we obtain a local C-cosine family {C(¢);|t| < T} on X.
Let G be the complete infinitesimal generator of {C(t);|t| < T}, where G is defined by
(2.1). We need to show A = G. Let € CD(A) and u(t,z)(|t| < T) be the solution to
(ACP,T) with initial value u(0) = z and (0) = 0. Then u(t,z) = C(t)C~tz(|t| < T). So,
j—;C(t)C‘lJSh:o = u(t, r)|t=0 = Au(0,7) = Az. Thus, z € D(G) and Az = Gx. Therefore
Alepay C G. By condition (ii) we have A C G. Now, we prove G C A. Let

T t
L (Nzx = / ef/\t/ C(r)zdrdt, x€X and 7€ (0,7). (4.5)
0 0
We prove that for x € X and 7 € (0,T), L,(A)z € D(A) and
AL;(N)z = NL,(\)z — Cz 4+ e MC(T)x + N7 / C(t)xdt. (4.6)
0

In fact, for z € CD(A), we have C(t)r € CD(A) by (4.3) for t € (0,7). So AC(t)x =
GC(t)z = C(t)Gx for z € CD(A). From the closedness of A we deduce that

AL.(N)z = L,(\)Gz for x € CD(A).

So, by Proposition 2.4 (i), (iii) and (4.5) we see that (4.6) holds for z € CD(A). Thus from
CD(A) = X and the closedness of A, it follows that L,(A)x € D(A) and (4.6) holds for
r € X. Letting € D(G), by Porposition 2.4 (ii), (iii) and (4.6), we have A(\2L,(\)x) =
AL, (\)Gz. Also by Proposition 2.4 (i) and (3.8), we get Cx € D(A) and ACx = GCx or
Glepa) € A. Observing that CD(G) is a core of G, we see A D G. Thus A = G.
Example 4.1. Let m be Lebesgue measure on C, the complex plane. On L?(C,m), let
(Af) () = puf(p) for f € D(A) ={g € L?>(C,m); Ag € L?(C,m)}. We now define a bounded
linear operator family {C(t)}icr by C(t) = (" + et )14 for t € R. Tt is easy to sce
that {C(t)} is a C-cosine family on L2(C, m) with C = C(0) = e~14*. Since for |t| > 1,

1 2 1 2
IO = sup{5let +e e e €y > (e ~1),

{C(t)}+er is not exponentially bounded. Moreover, it is easy to show that G = A? is the
complete infinitesimal generator of {C(t)}+er with pc(G) = p(G) = ¢, where po(G) = {\ €
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C; (A — @G) is injective, R(A — G) D R(C) and (A — G)~'C is a bounded linear operator} is
the C-resolvent set G and p(G) the resolvent set of G.

Set A = (g é) Then D(A) is dense in L%(C,m) & L?(C,m) since D(G) is dense

in L2(C,m). Moreover, it is easy to check that p(A) = ¢ from p(G) = ¢. Therefore, by
Proposition 4.5 in [17], A does not generate a local integrated semigroup on L?(C,m) @
L3(C,m).
In order to make arrangements for the following Example 4.2, we first establish a lemma.
Lemma 4.1. Let H be a Hilbert space with an orthonormal basis {€,}52,. Assume
that A € B(H) satisfies A = {an}22, with an # am asn # m, ie., Ax = i anTney for
n=1

x =Y xpe, € H. We have
n=1
(i) if C € B(H) satisfies CA = AC, then (Cep,em) =0 asn #m, i.e., C={c,}22,;
(i) if B = By BQ) € B(H @ H) satisfies BA = AB, where A = (O A
Bs B, I 0
By =By = {bln}zozla B3 = {b2n}$lo:1 and By = {aann}%o:r

o)
Proof. (i) Let ¢,; = (Cen,ej), n,j=1,2,--- . Then Cx = ) ¢jnxje,. Thus

) , then

n,j=1
oo oo

CAx = E cin(Ax)je, = E Cin; T €n
noj=i nyj=1

and

oo o
ACr = A g CinTj€n = E Cinjn ey,

n,j=1 n,j=1
and so from AC = CA,
o0 o0
E CinTjlpn = E Cin@jT;, m=1,2,---.
i=1 i=1
Setting = (x;) = em,m =1,2,---, we obtain ¢nam = Cmntn,n,m =1,2,---. Therefore

Cmn = 0 as n # m since a,, # a,;, as n # m. So (i) holds.
(ii) We have

Bi B\ [0 A\ (By BiA\ (0 A\ (B, B,\ [AB; AB,
Bs B, )\1 o)~ \B, Bsa)'\r 0)\B, B,)=\ B, B, )
Thus from BA = AB, we obtain By = By, Bo = AB3 = B3A. Therefore By = {b2,}22,

by (i) and By = AB3 = {a,b2,}% ;. Also since A? = 61 1(4)1 and BA? = A%B from

AB = BA we have BiA = AB;, and so By = By = {b1,}321 by (i). The proof is complete.

Example 4.2. Let H be the Hilbert space of all sequences x = {x,}>2; of complex
o) o0

numbers such that Y |z,,|* < oo, with the norm ||z = ( 3 ||:cm||2)1/2. Let T'> 2 and
m=1 m=1

set

_m o eMia mi2,1)2
am—f—i—z{(ﬁ) (T)} for m € N,

the set of all nature numbers. We define C(t) by

C(t)x = {|am|71 (M)xm}:d for z={z,}¢€H.
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Let C = C(0) = {|am| 1} ;. It is clear that C € B(H) is injective with R(C) = H.
Observing |a,,| = m~te™ since Te™ > m? for T > 2 and m € N, we have

T (en(# 0 - o) < 1

eamt + e—amt ‘

= am] 2
< %(e’"(‘%“l) +e‘m(%+1>).
Therefore we see that
amt —amt
@ = sup{ o || —5—|m e N} < o0

if and only if |t| < T. Moreover, it is easy to show that {C(¢);|t| < T} satisfies (ii) of
Definition 2.1, while (iii) of Definition 2.1 can be obtained by a calculation similar to that in
[17, p.76]. Hence {C(t);|t| < T} is a local C-cosine family. Clearly, it cannot be extended
to |t| > T.

A simple calculation shows that G = {a2,}2°_; is the complete infinitesimal generator of
{C(t);]t] < T} with D(G) = {{a;,”2m}i {zm} € H}. For x € CD(G) = {{a;,” fm }; {fim} €
H} and y € CD(GY?) = {{a;2 fm}; {fm} € H}, the Cauchy problem
d*u
Cl =Gu, te(-T,T)
dt2 ) ) ) 4.7
L D
has a unique solution

¢
u(t) = Ct)C 'z +/ C(s)C 'yds
0
which satisfies

lu@)ll < M@)(IC™ 2l + [C™yl)),

where M (t) is a locally bounded positive function (0,T) with M (¢) - o0 ast — T.
(0 I _ (B1 B
LetA—(G O)andB_ B: B,
a local B-semigroup T'(t) on H @ H ([17]), then BAu = ABu for uw € D(A). Obversing

G™' = {a,?} € B(H) (so p(G) # ¢), we have A~ = <?. Gol) and BA™! = A7'B.

Thus by Lemma 4.1, By = By = {bim}, B3 = {bam} and By = {a,,2bam }, s0
blm a_2b2m
B= m .
{ (me blm
Moreover, it is easy to check that

T(t) — blm G/;Lzb2m %(eamt + e—amt) i(eamt _ e—amt)
b bim )\ (et —emont) (et 4 ement) ) f

2 2

€ B(H & H) be injective. If A generates

Therefore T'(t) is a strongly continuous B-semigroup on [0,7] only if there exists M > 0
such that by, = a1ma,?, bam = qama,,’ with |aj,| < M,j = 1,2, and (of,, — a3,,) # 0
for m =1,2,--- . By the local C-semigroup theory in [17] for

() € BD(A) = { (i oo, ) (ST (), (g0 < 1

O‘Q’rnay_n QA1m a"r_n 9m

= { < alm(l;;lfm + a2ma’r_n3gm> 5 (fm)7 (gm) S H} y

-3 —2
aom > fn + Q1m @ gm
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(m)=a(n). reom, »
u1(0) = =, ux(0) =y

() =m0 ()
()] <2 (2) o

such that u;(t) is a solution of (4.7). We show that BD(A) C CD(G) @ CD(G/?). In fact,
for any

the Cauchy problem

has a unique solution
which satisfies

(fmemdr § eemimat ) < 5D

— —2
a?mam fm + almam 9m

the equation

a/'r_n Tm = alma;;lfm + a2ma;13gm7 (4 9)
a;LQym = a2ma;bgfm + alma;ngm '
has a unique solution {z,,} = {a1ma,! fm + c2mgm} € H and {yn} = {aama,,! fm +

Qmgm} € H for {fm}, {gm} € H, so BD(A) C CD(G) @ CD(G'/?). Conversely, for given
Ha2zm}, {a2ym}} € CD(G) @ CD(G'Y?), the equation (4.9) has a unique solution
{fm} = {(O‘%m - O‘%m)ilam(almzm — Qom¥Ym)}

and

{gm} = {(a%m - agm)_l(almym - a2mmm)}'
Thus {fm},{gm} € H for any {z,,},{ym} € H if and only if there exists N > 0 such that

|(a%m - CY%m)_la“rnajrn| S N. So

. Qom A1m
\am\ §m1n{N|a2m——a1m s N|Oélm77062m .
A1m Q2m
Hence |aimag,| — oo and |ag,aq,l| — oo since |ajm| < M,j = 1,2,m = 1,2,---, a

contradiction. Therefore
BD(A) & CD(G) @ CD(G'?).

From the above, the local C-cosine family theory cannot be unified by the local C-
semigroup and the local integrated semigroup theory in [17]. In particular, from application
to the second order Cauchy problems, we see that the local C-cosine family theory is better
than the local C-semigroup and the local integrated semigroup theory.
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