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REGULARITY ESTIMATES FOR THE OBLIQUE
DERIVATIVE PROBLEM ON NON-SMOOTH DOMAINS (I)**

GUAN PENGFEI* E. SAWYER*

Abstract

The authors consider the existence and regularity of the oblique derivative problem:

Pu=f in Q,
=
fu=g on 0L,

where P is a second order elliptic differential operator on R™, Q) is a bounded domain in R™ and
i

£ is a unit vector field on the boundary of  (which may be tangential to the boundary). All
above are assumed with limited smoothness. The authors show that solution w has an elliptic
gain from f in Holder spaces ( Theorem 1.1). The authors obtain LP regualrity of solution
in Theorem 1.3, which generalizes the results in [7] to the limited smooth case. Some of the
application nonlinear problems are also discussed.
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¢1. Introduction

The oblique derivative problem was first posed by Poincaré in 1910 (see [11]):
Pu=f inQ,

— (1.1)
Lu=g on 09,

where P is an elliptic second order differential operator on R™, ) is a bounded domain
in R™ and ? is a unit vector field on R™. The prototypical example is the Neumann
problem where P is the Laplacian A and ? = H, the unit outward normal to 9). In this
case the existence, uniqueness and regularity for (1.1) are explicitly known under very weak
smoothness requirements on the structures P, £ and 7 Roughly speaking, a solution u
exists if and only if |, 909 = fQ f, is unique up to constants, and isj degrees smoother than f
and 1 degree smoother (plus % from the extension to ) than g. If ¢ is everywhere transversal

to 09, then (1.1) is an elliptic boundary value problem and the existence, uniqueness and
regularity results are the same as those for the Neumann problem, except that the existence
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requires finitely many compatibility conditions, and the uniqueness holds only up to a finite
dimensional space (see [1]).

When ? is permitted to become tangent to 02, the situation is significantly different.
For example, as shown in [3], if P = A, Q is the unit ball in R3 and Z = 8%’ then any
harmonic function v = u (z,y, z) that is independent of = satisfies (1.1) with f = 0 and
g = 0, thus exhibiting an infinite dimensional null space. On the other hand, infinitely
many compatibility conditons are required for the existence in the same problem but with

) taken to be the complement of the unit ball. These examples suggest, as established in [9]
- =

and [5], that the values of u should be prescribed on the manifold T" on which ¢ = T + an

—

changes from pointing into 2 to pointing out of Q (i.e. a changes sign from — to +) as ¢

—
crosses I' in the direction of T, and that a jump discontinuity should be accepted on the

manifold where a changes sign from + to —. Thus in the event I' # ¢, we consider the
problem
Pu=f inQ,
=
fu=g on 09, (1.2)
u=h onl.

In 1969, Egorov and Kondrat’ev!®) showed that in the case where the structures P, 052,
Z and I are smooth, then w in (1.2) gains 1 derivative from f and 0 derivatives (plus % from
the extension to ) from g. Moreover, they showed that the gain of 0 from g was sharp,
but left open the sharpness of the gain from f. Subsequently, the question of completely
characterizing the gain from g was solved in the smooth case. In his book [4], Egorov showed
that u gains k%rl derivatives (plus % from the extension to ) from g in the LP-Sobolev scale

of spaces, if and only if Z is of type k on 9. As for the gain from f, Guan!® and Smith?!
showed in 1990 that w actually has the elliptic gain of 2 derivatives from f in Holder and
LP-Sobolev spaces respectively provided ? is of finite type on 92. More recently, the elliptic
gain of 2 from f in Holder spaces was extended to general smooth ? by the first author (see
below where this is proved for less regular structures). The gain from f was characterized
completely in [7] in 1993. The result is that u gains 2-¢ derivatives from f for every € > 0,
and achieves the elliptic gain of 2 derivatives from f in the LP Besov-Sobolev scale of spaces
if and only if 7 is of finite type in 9Q \['* and satisfies the A} condition on I' (see subsection
1.1 and Section 2 of in [8] below for precise definitions).

This paper is a sequel to [7], in which we considered (1.2) for smooth P, 0, Z and T
However, in dealing with nonlinear versions of this problem, it is necessary to consider the
case where P and ? in (1.2) have limited smoothness. Thus the purpose of this paper is
to consider the same problem, but with nonsmooth structure, namely where P has leading
coefficients in C*, Q has C**3 boundary 09, ? = ’f‘ +an is a C*2 unit vector field, and
' is a C**2 manifold. Of course, the methods used in [7] in the smooth case carry over for A
sufficiently large depending on the dimension n, but we will obtain optimal results for A > 0
in any dimension. Here C¢ denotes the usual Lipschitz space of continuous functions whose
derivatives of order [d] are bounded (when d is an integer), or satisfy a Hélder condition of
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order d — [d] (when d is not an integer). See Theorems 1.4 and 1.5 below for applications
to the regularity and existence of a nonlinear problem. More general nonlinear oblique
derivative problems will be considered in a future paper.

In the case of limited smoothness, the techniques in [7] cannot be used for the reduction
to the boundary, nor for the pseudodifferential calculus. For example, in the reduction to
the boundary, we use here the solution to the Neumann problem to construct an approxi-
mate Poisson operator, and for the pseudodifferential calculus we use the method of symbol
splitting. Several new features arise that were not present in our previous paper [7]. For
example:

e The gain from f in the LP Besov-Sobolev scale of spaces can be strictly less than 2,
and this is characterized by fractional variations on the AF condition.

e The gain from g in the L? Besov-Sobolev scale of spaces takes the form v + ]%, where
v can be any number in [O, %} U {%}, and this is characterized by a generalized “type”
condition on 0f2.

e The gain from A in the LP Besov-Sobolev scale of spaces, which had not been considered
at all in [7], takes the form T + %, where 7 can be any number in [0, 2] U {4}, and this is
characterized by a generalized “type” condition near I'.

e In addition to the LP Besov-Sobolev scale of spaces, we obtain analogous results for the
Hélder scale of spaces, A® (Q).

e In the elliptic setting, the solution u to (1.2) can be taken in A® (Q2) for s all the way
up to A+ 2, and up to A +2 — e in Hy () (recall the leading coefficients of P are only in
C*). This realization of the smoothness “cap” in the case of limited smoothness is achieved
with the aid of symbol smoothing.

e In this paper, we need to construct a left parametrix (in [7] we used the left parametrix
from [10]).

Our approach to solving (1.2) can be summed up as:

1. reduction of (1.2) to a pseudodifferential equation on 9.

2. construction of a parametrix for the boundary problem and reduction to the operators
K, K and T

Kf(a.t) = / i Sem I ol Q00D f(¢)de,
t
Kf(x,t)z/ e“”'f/ e~ Jir al@0Q0.d0 g~ (¢ 41! g,
0

t
Tf(x, t) _ / eiz-g/ a(m7 t/)Q(:C, t/, 5)6— Jh a(ac,G)Q(x,&{)dOJcm(g7 tl)dtldf,

" 0 (1.3)
forx € R™ and t € (—1,1).

3. reduction of boundedness properties of T' to weighted norm inequalities for the Hardy
operator, and corresponding estimates for K and K.

The first two points will be taken up in the next section, while the third point is part
of the subject matter of the adjoining paper [8], concerned with mapping properties of the
special classes of pseudodifferential operators that arise in the oblique derivative problem.

1.1. Statement of Theorems
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Let H3(R"*?), ByP(R"2) and A® (R"?) be the L, - Sobolev, Besov and Holder spaces
respectively on R"*2. Let Q be a connected open set in R"*2 with C**3 boundary 9 Q = X.
Let

n+2 n
P(z,D) =Y aj(x a R +Zb c(z)
i,j=1 J i=1

be an elliptic second order real differential operator on R**2 with C* coefficients, i.e. there
are C, § > 0 such that
n+2
CIEP > ) ay(0)&&; > 6lEf?,  x,6 € R,

ij=1
—
where a;;, b; and c are C» on R"2. Let ¢ (x) be a real C*2 unit vector field in R"*2 with
— — N
llg =T +a(z)n,

N

where 1 is the unit outward normal to ¥ at z and T is tangential to X. Finally let
—

N ={z € X:a(x) =0} # ¢. We assume throughout the following restriction (R;,:) on T :

=
No integral curve of Tin ¥ lies in A for an infinite interval of time. (1.4)

Furthermore, we suppose that 7 satisfies one of the following two cases:

Case (I) a(x) > 0 for all x € ¥ or a(z) <0 for all x € X.

Case (II) a(x) takes on both positive and negative values and there is an n-dimensional
C*? submanifold T' (possibly with several components) contained in A" and open subsets
¥+ and X~ of ¥ such that ¥ is a disjoint union of ¥*, ¥~ and I" and

(i) a(z) >0 for x € &F,

(ii) a(x) <0 for x € 37,

(iii) 02t = 0%~ =T,

(iv) £is transversal to I and points in the direction of XF.

For case (I) we consider the problem

Pu=f inQ,

. (1.5)

fu=g on 0N,

and for case (II) the problem is

Pu=f in Q,

—

fu=g on 0f, (1.6)
u=h onl.

We always assume that either u € A® (Q2) for s > 1, or that u € Hy (Q2) for s > 1+ %, S0

—
that the traces of £u on 992 and u on I' exist.
To define the A, , conditions, we will use the flow for T on X. Given z € 3, let 5 (z,s)
denote the integral curve of T through x, i.e.

5.7 (@5) =T (F(x.5), sreal (1.7)
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We will also need some more notation. Let y € N. Define I, to be the largest closed
interval containing 0 (which may be {0} itself) such that ¥ (y,I,) C N, i.e. a (¥ (y,s)) =0
for s € I,. Then F, =7 (y,I,) = {7 (y,s) : s € I} is the longest segment of integral curve
of T through y that lies in A" and is thus bounded by restriction (Rin) (see (1.4)). We refer
to Fy as the fibre of N at y. Set I'* = ygFFy.

Definition 1.1. The vector field Z(or equivalently a) satisfies the A}, condition at the
fibre F,, y € T, if there are constants r >0, R~ <0 < R", such that a (Y (z,R™)) # 0 and
a(¥(z,RT)) #0 forxz €T, |z —y| <r and both of the following conditions hold:

[fﬁldt /B 7 (z, )" dt] " < C’ﬁ U;a(y (x,t))dt}l_m (1.8)

forallm GF, [t —yl < rand all0 < 0 < B < v < R" wzthfﬂ ¥ (x,t))dt =
fﬁ )) dt, and also

[f |dt/ la (5 (2,0))" dt] <c V la (3 (2, 1)) |dt] (1.9)
ﬁ

forallx el lz—yl <randdl R~ <o < f <v<0 wzthf la (¥ (z,t))|dt =
fﬁ la (¥ (z,t))|dt. If the above holds for all y € T', we say that v satisfies the A}, con-

dition on I'.

Definition 1.2. The vector field I (or equivalently a) satisfies the A, condition at
the fibre Fy, y € (ST NN)\ T'*, if there are constants r > 0 , R~ < 0 < R, such that
a(’"y’(x,R_)) #0 and a(§(z,R")) #0 forxz € (ETNN)\T*, |z —y| <r and (1.8) holds
for all z € (E"'ﬂ/\/)\l‘* |t —y| <rand all R~ <o < B <y <R with fﬁ ¥ (z,t))dt
= fﬁ (z,t))dt. If the above holds for all y € (St NN)\T*, we say that { satzsﬁes the
AZ condztwn on (Xt NN)\T*.

pocx
Definition 1.3. The vector field 7 (or equivalently a) satisfies the .A;a condition at
the ﬁbre F,, y € (- NN)\T*, if there are constants r > 0, R~ < 0 < R™, such that
a(¥(x,R7)) #0 and a(Y(z,R")) # 0 forz € (X~ NN)\T*, [z —y| <7 and (1 9) holds
forallz € (Z NN)\T*, [z —y| <rand all R~ <o < < < R" with fﬁ\a (x,t))|dt
= f,@ la (7 (z,t))| dt. If the above holds for all y € (S~ NN)\T'*, we say that € satisfies the
AL, condition on (X~ NN)\T*.

Definition 1.4. The vector field ¢ (or equivalently a) satisfies the (T,) condition on % if

—a<C</ la (¥ (z,t)) |dt> forall o< B, and z€X.
Definition 1.5. The vector field E(or equivalently a) satisfies the (P) condition on I' if

8 Y
/0 0 (5 (2. 1)) dt

1Bl < C forall B€ R, and zcT.
Remark 1.1. We remark that for the purposes of the above five definitions, the family of

integral curves 7 (z,t) can be replaced by any smooth family ¥ (z, t) satisfying the following



304 CHIN. ANN. OF MATH. Vol.16 Ser.B

condition, weaker than (1.7):

H;j(m’t) - ’f‘(?(ax,t))H <Cla(z,t)]|,

¥ (z,0) = x.
This is a simple consequence of Lemma 6.38 of [7], which required only that the curves be
C' and that the vector fields be Lipschitz.
A2

We can now state our main theorems. Fix 0 < o < min {1 -6, m} and set p, =

min{l -6 — ﬁ, %} for 1 < p < oo where 6§ = max{%,/\%q}. We point out that
the choice of ¢ is dictated by (2.13) below, and that y, arises in Lemma 1.7 of [8].

(1.10)

Theorem 1.1. Suppose that P, Q and 7 are as at the beginning of this subsection with
A>0.

(i) Istatisﬁes case (I) and the T, condition on ¥ for some v > 0, then for all 1 <
s < A\ +2, there is a subspace F of finite codimension in A~2(Q)x A*~¥(0Q) such that for
(f,g) € F, there exists u satisfying (1.5) and u € A*(Q). Moreover, if u € A* (Q) for some
s' > 1 satisfies (1.5) with f,g as above, then u € A*(Y), and there is Cs such that

[ulla=) < Cs (I f]

Furthermore, if the zero order term c(x) in the operator P is negative, then for every
(f,9) € A572(Q)x AS7V(0R), there is a unique solution u € A*(Q).

(ii) If 7 satisfies case (II) and the T, condition on ¥ for some v > 0, then for all
1 < s < \+2, there is a subspace F of finite codimension in A*~2(Q)x AS7V(9Q)x A*(T)
such that for (f,g,h) € F, there exists u satisfying (1.6) and u € A°(Q). Moreover, if
u € A°(Q) for some ' > 1 satisfies (1.6) with f, g, h as above, then u € A*(Q), and there
is Cs such that

As—2() llg] As—v () T [[ul AS*M(Q)) :

[[ul

as@) < Cs (1 Flas—20) + lgllas—r@0) + IRllas@y + [l as—re (@) -

Furthermore, if the zero order term c(x) in the operator P is nonpositive, then for every
(f,g,h) € A72(Q)x A7 (0Q)x A*(T), there is a unique solution u € ().

At this point we could immediately obtain a regularity theorem for a semilinear oblique
derivative problem. However, in order to handle a fully nonlinear equation with semilinear
oblique derivative in the next subsection, we need the following result which establishes an
additional gain from g when it is multiplied by a tangential derivative of a.

Theorem 1.2. Suppose that P, ), and  are as at the beginning of this subsection with
n+2 . _
A>0, and let D= Y by (z) 6% € O 2 (Q) be a vector field tangent to O for x € 0Q. If
k=1

k

for some s >0, u € KS(Q) and satisfies

Pu=0 in €,
~ (1.11)
lu=(Da)gr on N
in case (I) and
Pu=0 in Q,
5
lu=(Da)gy, on 09, (1.12)

u=0 on I’
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in case (II) with gy € AN~ 341 (9Q) as above, then u € A (Q), and there is Cy such that
||U||AA+1(Q) < Cx (HngAAf%H(aQ) + HU'HA*“*MOO(Q)) .

Now we state the Sobolev space analogue.

Theorem 1.3. Let 1 < p < o0 and a,v > 0. Suppose that P , 2, and 7 are as at the
beginning of this subsection with /\%_1 > .

(A) Suppose that [ satisfies the AT, condition on T, A, on (ST NN)\T*, AL on
(X" NN)\T*, and also the T, condition on ¥. Then:

(i) Assume that { satisfies case (I) above, and let 1 + % < s <A+2—a. Thereis a
subspace F of finite codimension in H5~>T*(Q)x B;_D_%’p((?Q) such that for (f,g) € F,
there exists u satisfying (1.5) and u € H,(Q2). Moreover, if u € H;/(Q) for some s’ > 1+ %
satisfies (1.5) with f,g as above, then u € H;(S2), and there is Cs such that

lallzey < Co (15 lg-2vecy + 1+l )-
Furthermore, if the zero order term c(x) in the operator P is negative, then for every
s—v—1, . . . .
(f,9) e Hy 2T (Q)x B, = * ”(89), there is a unique solution u € A®(Q).
(ii) Assume that U satisfies case (II) above and, in addition, the P, condition on T for
some v > 0, and let 1 + % < s < A+2—a. There is a subspace F of finite codimension
s—v—21, s—2X-1 .
in Hy 72t (Q)x B, = 7 P(09) x B, * * P(T) such that for (f,g,h) € F, there exists u
satisfying (1.6) and v € Hj(Q). Moreover, if u € Hy () for some s" > 1—1—% satisfies
(1.6) with f,g,h as above, then u € H;(S2), and there is Cs o such that

T ||u||H;M(m) .

Furthermore, if the zero order term c(x) in the operator P is nonpositive, then for every
(f,9,h) € Hy2T(Q)x B;_U_%m(aQ)x B;_%_%m(l“), there is a unique solution u € A*(Q).

Finally, the above statements are true when o =
and A?

P,

Il < Cun (Ilgoroiay + ol oo g+ I

B, B,

m, since in this case the A}, A,
conditions automatically follow from the smoothness of a.

(B) Conversely, suppose that € satisfies case (I) or case (II) and X > 0 satisfies p, > 0.
Then:

(i) If for some 1+ % <s<A+2—a, a>0,€>0 and for every f € H3~>T*(Q), there
is an approzimate solution w € Hy(Q) (with g =0, h = 0), such that

[ Pu— f”H;*”a*e(Q) < CS,EHfHH;*Ha(Q)v

17 <o (W lg-2reey + ol )

s—1,
B, 7" 00

ol ) < Co (17 g0m ) + 1)

then [ satisfies the AF, condition on T', A7

on (St NN)\T*, and A}, on (X~ NN)\T*.

(e P,

(ii) If for some 1 + % <s<A+2—a,v>0,e>0 and for every g € B;iyig’p(aQ),
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there is an approzimate solution v € H3 () (with f =0, h = 0), such that

”Pu”fzifhmiw o)) =G (”g| " |u||H;_1(Q)> 7

s—u_ 1,
B, 700

Cu—gl| .1, <C
18 = gl o ) < Cnelgl] omvgr

B:_V_%,p(m) + |U||H;;1(Q)> ,

]

e (||g|
B, ()

P

then Fsatisﬁes the T, condition on 3.

(iii) If for some 1 + % <s<A+2—a,vy>0,¢€>0 and for every h € B;_E_E’p(F),
there is an approzimate solution v € Hy () (with f =0, g = 0), such that

s—X_1, + ||u s— s
i3 )

1
p(A+3) ()

Pul e o <0 (||h|
HP

fu o1 < Cs | ||h
Jul s,y < e (11

p

oY1 + |l s— ,
;) P pyp( ) H ||H1D 1(&2))
|lu— hl

<Coclbll 310

s Ly 1,
B, * P »"(r)

B,

then [ satisfies the P, condition on T'.

Remark 1.2. In part (A) of Theorem 1.3, we can weaken the requirement p, > 0 to

simply 1 — 6 — « > 0 (see the remark following Lemma 1.7 in [8]).

Remark 1.3. In Theorems 1.1 and 1.3, the assumptions that lz T are C*2 and 99 is
C 3 can all be relaxed somewhat. More precisely, if we assume that lz I’ and 99 are C
with \ + % < A+ 2 — «, and assume that there is a ¢ flow for T in a neighbourhood of
N (the assumption above that Q be in C**3 is used only to guarantee the existence of a
C*? flow), then Theorem 1.1 remains true for 1 < s < ), and Theorem 1.3 remains true
for 1+ 1% < s < X, but with the gain of p(/\ilﬁ) from f replace(i by m. The proofs are
the same. Furthermore, the above smoothness assumptions on ¢, I" and ¢ are needed merely

in a neighbourhod of A/. Away from A/, only the usual elliptic smoothness is required.

Remark 1.4. If 7 satisfies the AJ condition on T', etc. as in part (A) of Theorem 1.3,
and if V' =T, then the a priori inequalities in part (A) hold with s =2, a = 0 and ), = 3
provided P € C°, and ZF,@Q € C2. This can be proved by locally approximating P by
constant coefficient elliptic operators and using a = 0.

1.2. Applications to Nonlinear Problems

Here we give two nonlinear applications of Theorem 1.1 — first to the regularity of a fully
nonlinear elliptic equation with a semilinear oblique derivative. In particular, we show that
if the data and structures are all smooth, then so are the solutions.

Theorem 1.4. Let P (x,u,&,¢) be a function of the variables (z,u,&,() € R"2 x
R x R"2 x R(”+2)2, g be a function on 09, and h(x,u) be a function of the variables
(z,u) € R""2 x R. Suppose that P,0;P € C* and g,h € C*?2 for some noninteger A\ > 0.
Suppose further that uw € A® (ﬁ), s > 2, is such that both 0P and O,h are elliptic, i.e. for
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some C,c > 0,

Cln|? > Z TP (z,u, Vu, V2u) pin; > cn|?, x,n € R™2,
C > 8uh7(]x,u) > c, x € R"2.
(i) Istatisﬁes case (I) above, and if in addition u satisfies
P (x,u,Vu,V2u) =0 1in
{ ?u =g(x) on 99,
then u € AM2 ().
(ii) If ¢ satisfies case (II) above, and if in addition u satisfies
P (x,u,Vu, V2u) =0 inQQ,
?u =g(x) on 09,
h(xz,u)=0 on T,
then u € AM2(Q).

In particular, if the functions P, g, h and the manifolds T', 02 and the vector field ¢ are
all smooth, and if u is a A® solution to (i) or (ii) as above with s > 2, then u is also smooth.
Finally, if P is linear in the second order derivatives, i.e.

n+2 2u
Pu= Z a;; (z,u, Vu) 92:01, -+ c¢(z,u, Vu),

ij=1

then the above conclusions follow from the weaker assumption u € A*® (ﬁ), s> 1.
Proof. We prove only case (II), the other case being similar but simpler. So suppose
u € A (ﬁ) with 2 < s < s+ l < A+ 2. We will show that u € Atz (ﬁ) For this, let

D= Z bi (z) 52~ € C*2(Q) be a vector field tangent to O for = € 9, and commuting

with T , 1.e. [T , D} = 0. Applying D to the nonlinear equation above we obtain

n+2 2
0 2,,) 2°(Dw)
ijZ::I acijP (a:,u,Vu,V u) 92,0,

= fDP (:17 u, Vu, V2u) — Oy P (a:,u, Vu, Vzu) Du

72 8P(:L’uVuV2) (%u)

n+2 5
+Z 88 P(IUVUVU)[ﬁ,D}u in Q,
J=1 o
— o —
K(Du):g(m)—i—{é,D}u on 02,
Ouh (z,u) (Du) = —Dh (x,u) onT.

—

Since {é,D} u = [afi, D] = —Da (z) fiu, this can be rewritten as

2 ai]( )a;p 9z, (Du) = f () inQ,

=g(x)+ Da(x) g (x) on IR,
) onT,
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where a;; = 32-P (z,u, Vu, V2u) € A°2(Q), f € A°2(Q), g € AM2(09), g1 = 1iu €

9Cij
AS7L(0Q) and h = —al?fi((ﬁ% € Amin{Atls} < As=1+3(T). By Theorem 1.1, there is
w e ASTIHE (Q) such that
n+2 pe .
‘2—31 aij (¥) 5750, w = [ (z) in €,
i
Lw=g(x) on 99,
w = h(x) onT,

and by Theorem 1.2, Du — w € AS~1+1 (). Thus Du € AST1tE (). To obtain u €
ASTE (Q2), we note that we have proved VDu € AS=2FE (Q) for any tangential derivative
D, and now using P (a:,u,Vu,VQu) = 0 together with the implicit function theorem, we
obtain V2u € A2+ (Q)7 and hence u € AST3 (ﬁ) as required. Finally, if P is linear in the
second order derivatives, we need not differentiate the problem, but can immediately apply
Theorem 1.1 provided s > 1.

Our second application of Theorem 1.1 is the following nonlinear existence theorem for
small data.

Theorem 1.5. Let Q and ? be as in Theorem 1.1. Suppose that A > 0 is nonintegral
and that

P (,u,6,¢) € C* (A x R x B2 x RO,
OuP.0¢P, 0P € C* (U x R x R™? x RO+,

Moreover, suppose P (x,0,0,0) =0 and that there is C > 0 such that

n+2
0 _
ClnP> >y ac T (©:0,0,0)mm; 2 C Yl
ij=1_>%

—C < 0,P(2,0,0,0) < —-C~',  forallxzcQ.
—
(i) If € satisfies case (I), then there is co > 0 such that if || f|| xa(q) and [|g]lxx+2(a0) < co,
then there is u € A2 (Q) satisfying
P (w,u, Vu, V2u) = f(z) inQ,
N
lu=g on 0f).
—
(ii) If € satisfies case (II), then there is co > 0 such that if | f||xx(q): [|9lar2oq) and
Al ax+e(ry < co, then there is u € AM2(Q) satisfying
P (:mu, Vu, V2u) = f(z) inQ,
—

lu=yg on 01,
u=nh onT.

Proof. We prove only part (ii), the first part being similar. Let
—
X = {w cw e AM?(Q) and fw e AM? (89)} ,

V=AM (Q) x AM2(99) x AM2(T).

Then X and Y are Banach spaces with the obvious norms. Consider the map F : X — )
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given by
N
F(w) = (P (z,w, Vu, V2w) , fw,w 1") .

By our hypotheses, F'(0) = 0 and F has continuous first Fréchet derivatives. Furthermore,
since 0, P (x,0,0,0) is negative, Theorem 1.1 implies that F’(0) is invertible. Thus the
implicit function theorem (see e.g. [12] ) shows that F is an open map near w = 0, and this
completes the proof of the theorem.

In the next section, we reduce (1.2) to a pseudodifferential equation on the boundary,
and then use our results on a special class of pseudodifferential operators (see the following
paper [8] in this journal) to prove Theorems 1.1, 1.2 and 1.3.

§2. Transference of the Oblique Derivative
Problem to the Boundary and Proofs of Theorems

In this section we reduce the oblique derivative problem to the boundary using the solution
to the Neumann problem to consttruct an approximate Poisson operator. This is achieved

largely via the method of symbol splitting. For example, if o € C’\ST57 then o = of 4 o”
m—A(y—4)
1y

[8]. In particular, this applies to the operator of multiplication by the function a (z), and

where of € ST, is smooth and o’ €C'S has better order. See Proposition 1.1 in
we will repeatedly interchange a and a' whenever convenient. We will also make use of the
boundedness results for special operators in [8].

2.1. The Neumann Problem and a Change of Variables

We study the oblique derivative problem by reducing it to a pseudodifferential equation
on the boundary. In an earlier paper (see Section 3 of [7]), we dealt with this problem in the
case of smooth data, following the line of argument in [2]. In order to simplify the equation,
we straightened the normal direction with respect to (g; ;) (where P =" g; ; %% + lower

i L

— — —
order terms) and then the tangential direction T to % (where ¢ =T + aﬁ). We shall do
the same here, but since the structures are no longer smooth, the process must be modified.

First, in order to simplify the computation of ? on the boundary, we pick a constant c
such that the Neumann problem
PF+cF=f on?(,
{ nF =0 on 0f)
has a unique solution F', which we denote by F' = Nf. Then, by the theory of elliptic
boundary value problems, N : A®%(Q2) — AT2(Q) is bounded for 0 < s < ), and N :
H5(Q) — Hst2(Q) is bounded for 0 < s < X\. With v = u — Nf, the oblique derivative
problem reduces to

Pv = CNf on Q7
7 7 (2.1)
lv=g+(Da)gi —TNf on 09,
or
Pv=cNf on €,
- —
lv=g+(Da)gr —TNf on 09, (2.2)

v=h—Nf on I
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Since N : A*(Q2) — A%(2) is compact, our main theorem will follow if we can solve the
following equations with the appropriate estimates:

Pv=0 on €,

{” o (2.3)
tv=g+(Da)g — TNf on 0Q

and

Pv=20 on (2,
— —
v =g+ (Da)gr — TNf on 99, (2.4)
v=h-—Nf onT.

As in Section 3 of [7], we now change variables repeatedly to simplify calculations. As

indicated there, we want to choose the coordinate charts such that a(z,t) # 0 on the top

=
and bottom of the t-interval (where % = T) to ensure that singularities will not propagate

out of the local charts
Now E = T +an. Ifa # 0 on the boundary, the problem is elliptic, so the result is
well-known. Suppose N' = {a = 0} # ¢. Fix p € N, and let v be the integral curve of the

vector field 'f‘ through p with v(0) = p. Then ~ is C**?2 and, by the finite length restriction
(R), there are s1 < 0 < sz such that | a(y(s1)) [> 0, ] a(y(s2)) |> 0 and y((s1, $2)) is not self-
intersecting. Here, s1, s2 can be chosen so that a(y(s)) is as small as we wish for s; <s < s9
and so that either v((s1,82)) NT = 0 or y((s1,52)) NI consists of a single point ¢ and the
segment of v between p and ¢ is completely in A/. (Note that v can’t intersect I' in more
than one point since once 7 is in Z+ (resp. >_7), it must remain there for all future time by
assumptions (iii) and (iv) in case (IT) of Subsection 1.1. Suppose v((s1, $2))NI" = {q}. Now T
is transversal to I" at ¢, and so by the theory of ODE, there is a small neighborhood V of ¢ in
00, and t; < 0 <ty and a C**?2 diffeomorphism ® : I"™ x (t1,t3) — V, such that ®(z,-) are
the integral curves of the vector field ’f‘ and ®(0,0) = ¢, ®(-,0) C T, | a(®(-,¢1)) |> 0, | a((P
(,t2)) |> 0. So, p € V automatically as ®(0,s) passes through p. On thi other hand, if

v((s1,82)) NT" = ¢, choose any hypersurface H of 9 through p at which T is transversal.
We can then find V and @ as above with ®(-,0) C H, but VNI = 0.

By introducing geodesic normal coordinates with respect to 02, and denoting by r the
normal variable, then for any local coordinates yi,:-- ,yn+1 in 9€, in particular for the
charts (®, V') constructed above, we have

2 o5 5 ol 9 o
P = 53 + b’“a o Z gija—%a—% + lower order terms. (2.5)

In summary, for every p € 99, if a(p) = 0, we can find a neighborhood U of p in the

boundary which has the following property:

U=1"xI, I=(-11), [a(z,-1)[#£0, [a(z,1)]|#0, Vzel™,
either UNT =0 or UNT = {t =0}.

—
In the above coordinate chart, P satisfies (2.5) with « > 0, and ¢ = % — a%. Fur-

N
thermore, the coefficients in P and ¢ have the same degree of smoothness (C* and C*?2
respectively) as those in the original variables by the theory of ODE. By shrinking U if
necessary, we may assume that a is as small as we wish on U. For points p € 99, a(p) # 0,
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we simply choose a neighbourhood U such that a # 0 on U. Since 0f) is compact, there
is finite collection Uy, - -, Uy of neighbourhoods as above covering 0f2 such that each U;
either has the property (x) or a # 0 on Uj. Extend U; to be an open set in R"*? such
that U; = I" x I x I, I. = (—€,€),U; NOQ = I" x I x {0}, and U; N Q = {r > 0}. Let
k _
Up = {r > 4}, so that if J is small enough, then ‘Uon D Q.
j=

2.2. Pseudodifferential Equations on the Boundary

On those U (we drop the index j for the convenience) with property (x), equations (2.3)
and (2.4) now become

Pv=0 inr >0,
D = = (2.6)
Lv=g+ (Da)gs — TF onr =0,
and
Pv=0 inr>0,
- —
lv=g+(Da)gy — TF onr =0, (2.7)
v=h-F ont=r=0,
where
82 n+1 9 o n+1 9 9
P:ﬁ—kgbkafma—!-i;lgij@afyj—klower order terms,
- 0 0
L =— —a—.
ot “or

Now, if wg = w |,—¢ and F # f |sq, then w is uniquely determined by wy via the Poisson
operator E of P, namely w = Ew. Therefore, to solve (2.6 ) and (2.7), we need only to
calculate ?Ewg and then solve for wg on the boundary. The calculation is standard if the
coefficients of P are smooth (see e.g. [2]), but otherwise some care must be exercised. Here,
E is defined by the theory of the Dirichlet problem for elliptic operators (see e.g. [1]), but
we will instead use an approximate version E defined as follows.

Write

P= iQJrZB(xD)ngP(ID)
- Or2 y M or 14y M
+ B'(r,x, DT)2 + P{(r,z, D;) + lower order terms,

or
where B'(0,z,D,) = P{(0,2,D;) = 0. Now set § = max{%ﬂ,%}. Using the symbol

splitting in Proposition 4 in [8], we define an approximate Poisson operator by

i —r —PH(x,i x,1 x,1 N
(Eug) (r,z) = /e“"fe [V=-Plier+BE @i+ 5% ’5)]uo(§)d§7 (2.8)
where £ = (&1, -+ ,&,41) is the dual variable of = (21, ,x,41), and
B=B'+ B P =P +P, (2.9)
with
n+1 n+1
B =i b (2,8 & Pi=- gl (2.9&¢, (2.10)

k=1 ij=1
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where
b, gb; € SYs,
by, = by — b’Q gi,j =Gij— g?,j € C/\Sf,é\é,
and where
i, =gf, — bt (2.11)

is positive definite for |£]| large.
Since E is a Poisson integral, we have that E : A®(0Q2) — A®(Q) for 0 < s < X and
E: B;ii’p(aﬁ) — H5(Q) for 0 < s < A\. We now compute PE:
PE = (82 +2B(z,D;)— 0 + P (z DI))E
or? or ’

0
+ B'(r,z, D) =—E + P|(r,x, D, )E + lower order terms

or
8—2+2B( D)3+Pﬁ( D.) | E+ B'( D)3E+P’( D,)E
8 2 337 xT 37’ 1 SL', xT 7’737, xT ar 1 T,.’E, T
2 <B|’(m, Dm)a2 + P! (x, DI)> E + lower order terms. (2.12)
r

Since B'(0,z, D) = P{(0,x, D,) = 0, the second, third and last terms in (2.12) are bounded
s—% s—min

operators A*(9€) — ASmIn{MYQ) for 0 < s < A+ 1, By 7 (09) — Hy ™™ Q) for

% < s < A+ 1. A direct calculation shows that the first term, (aﬂ + 2B + P1) E, isa

combination of bounded operators A*t19(9Q) — A%(Q) for 0 < s < A, B, (09) —

H(Q) for O < s < A Also g;”jaiaj o E maps A*T2792(9Q) — A%(Q), for 0 < s < A, and

s &
BpJr2 A (6(2) — H3(82), for 0 < s < A, 1 < p < oo by Proposition 1.1 of [8]. Thus these

error terms have order 1 + § and 2 — §\ respectively. Note that our choice of § equalizes

p+1+6-,p

these orders for A < 1. To summarize,
PE = By, (2.13)
where
By : A*TI9(9Q) — A*(Q), for 0 < s < )\,

BBy (00) 5 H3(Q), for 0< s < A 1< p < oc.

-
Now we compute ¢ E |sq. We have

—

LE |po= L

where

—
Li=T+ aJPf(x, D) - B(z,D,)? + aB(z, D)

n+1 n+1
a | Y G (@0 && +iay b (2,€) &, (2.14)
1,5=1 k=1

by (2.10) and (2.11).
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Thus we have reduced the solving of (2.6) and (2.7) to the solution of the pseudodifferential

equations

N
Liw=g—-TF (2.15)
and
L g T“F
w=g=a b (2.16)
U|t=0:h—F.

2.3. Microlocalization

Note that the pseudodifferential operator Ly is elliptic on the cone {| &,41 |> A | ¢ |} for
any A > 0, and thus we can easily invert L; in this cone. So it remains to investigate L
on a cone {| &1 |[< A& |}. Asin [7], our goal now is to eliminate &,41 from underneath
the root sign in (2.14). First we change notation. Set t = X1, 7 = &ny1, 2 = (21, , Tn),
and £ = (&1, ,&,) (which used to be denoted by &’) so that on the cone {| 7 |[< A | £ |}
we have

Ll(xatagvT)
n+1
:i7+a(t,x) @?ﬂd n+17 +Zgn+1] z,t,&,T 525] + Z g” x,t,§,7 )glgj
Jj=1 1,j=1
n+1
+ia(t,w) Y 0f (2,1,€,7) & +ia(t, )b,y (2,,6,7) 7.
k=1

Now decompose
a (‘r’ t? 67 T) = a# (x7 t? 57 T) + ab (:L.’ t? g’ 7—)

with a# € 5?75 and a® € C’\JFQS;:;O‘“) where § = max{i, %}, and let

A+1
El(z7ta£77-)
n+1
=it +a¥ ($7t7§>7—) gn+1 n+1T +Zgn+1ﬂ z, 4,8, T gzgj + Z gz] x, 1,6, T )§Z§J
j=1 i,j=1
n+1
+ia® (2,4,6,7) Y bf (2,4,€,7) & +ia® (x,1,6,7) b, (0,t,6,7)T.
k=1

Since a is small in U, we may assume that a? is also small there.

Lemma 2.1. Ly (z,t,£,7) = Lo(x,t,&,7)L (z,t,&,7) where
E(a:,t,ﬁ,r) =ir +id'Q (m,t,{,aﬁ) ,
with Q, ()" Q (,,€,2) € S1;, c|¢| < ReQ < =1 |¢] for some ¢ > 0; and
Lo (z,t,6,7) = 1+ d* Qo (,t,€,d%),
with Qo € Sié.
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Proof. Let z = a! and write

El(z7ta€77-)

n+1 n+1
=T+ 2z Tt + Zgn—i-l DY gi 66 +iz Z by + Va7

Jj=1 i,j=1
= f (v, t.E7.2) I¢l,

where £ = % T

|T—| and

Lf (m,t,a?, z) |;:0‘ > 1—c|z| for some constant ¢ > 0. Since

=
z is small, 8 5=/ |7=0 and so by the Malgrange preparation theorem,

f xt,é?,z) f0<xt§T )(W—i—go(xtf, )), fo#0.
Butf(a:,t,g,?z

N—

=0 and so gg (ac,t,{, ) (a:,t,g,z) and ‘ 52 g‘ < C%. Now let

L(wt,6,7) = ¢l (7 + g0 (0,6,6.0%) ) = i7 + ¥ le g (,1,€,0) = ir + 0%Q

and
Lo(a.t,67) = fo (v.,6.7.af) .
A simple computation shows that % is bounded above and below by two positive constants

and that fy (m, t, §~, T, O) = 1. This completes the proof of Lemma 2.1.

We now give the corresponding operator decomposition.

Lemma 2.2. Let L and Lo denote the operators with symbols it + aQ (x,t,&,a) and
1+ afQo (m,t,ﬁ, aﬁ) where Q and Qg are as in Lemma 2.1 respectively. We have

Ly =LooL+aBs+ B_s, (2.17)
where B € @?0))\+2) and B_s € @&fAJrz).
Proof. Since o’ € C’\+2S£§71, Ly — L € 6(_0%%). By Lemma 2.1 and Propostion 1.2
in [8],
LooL— L, = (aﬂQo) o (a"Q) — a*Qoa*Q
= (aQo) o (¢*Q) — aQoa*Q + B_s
=a{Qoo (a’Q) — Qua*Q} + B_; = aB; + B_s.
On the other hand,

L—L=dqQ (x,t,f,au) —aQ (x,t,¢,a) = a’B, = B_y.
If we now write
L1 =E1—|— (L1 —E1> :Eooz—F (El —Eooi) + (Ll—il>
:ZOOL+ZOO (Z—L) + (fl—fooz) + (Ll—L),
the lemma follows.
2.4. A Parametrix
An operator K is called a left (respectively right) parametrix of an operator L if KL =

I+ S (respectively LK = I + S), where S is a smoothing operator. In this paper, however,
it will be more convenient to call K a left (or right) parametrix of L if KL (or LK) =1+ S
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provided there is 6 > 0 such that S is in @I_é for some appropriate interval I. As we shall
show, this definition is sufficient to carry out the estimates we need.

In our local setting, the conditions in cases (I) and (IT) in §2 can be restated as follows:

(I) a(z,t) > 0 for (x,t)e I™ x I or a(z,t) <0 for (x,t)e I x I a(x,+1) #0 for z € I".

(IT) a(x,t) > 0fort > 0, x € I and a(z,t) <O0fort <0,z e I"; a(x,+1) # 0 for x € I™.

First, we will construct a left parametrix K for L microlocally in the cone {|7| < A ||}
in cases (I) and (II). Then we use this to obtain a parametrix for L, and finally to obtain
a parametrix and a priori estimates for the original problem (2.1) and (2.2).

By the choice of the coordinate charts, there exist ¢ > 0, 1 > ¢/ > 0, such that |a(z,t)| > ¢
for |[t| > ¢/. Since p = p; in the previous section is compactly supported in I"™ x I, we may
pick p* and p € C°(I" x I), p* = 1 on supp p, and g = 1 on supp p*. By making the
change of variable ¢ — —t if necessary, we may assume that a(z,t) > 0 in case (I). Recall
that L in Lemma 2.1 is given by

L(t’ x? T’ g) = i’r + a(t’ x)Q(x’ t7 5’ a)7
where c|¢| < |ReQ| < ¢t [£]. Now, let

t
At t',€) = / a(,0)Q(z,0,€,a)d0
t/
t
A(x,t,t'):/ a(x,0)do,
t/

K(z,t,t',&) = p(x, t)e*A(:L’,t,t’,g).
Define

Ku(z,t) = (2m)~ / /§|>1 K (2, t, 1, E)u (€,¢)dedt,

Tu(a,t) = (27) / /M K (2, 1,1, E)ala, 1)Q (x, ¢, € a (2, ) w7 (€, 1')dedE,

Kuo(z,t) = —(27) "% / €€, to)e~ A0y (£)de, (2.18)
1€1>1
where u* = p*u , u* = [pn e " Cut (@, )da, uf (x) = p*(2,0)uq (z) , 1%(«5) =
Jpn € ug(x)dz, and to = —1 if a satisfies case (I), while ¢ty = 0 if a satisfies case (II).

Remark 2.1. The choice of g is crucial. With the above choice, a(z, 8) keeps the same
sign in (¢',¢) for ¢ € (to,t), and Re(i(;c,t,t’,g)> >0 and A(z,t,#') > 0 for t' € (o, 1).

Claim 2.1. If p, = min{l -6 — m, %} > 0, then the operator K is a left
parametrix for L in Case (I), and a left parametrix for L in Case (II) for functions v with
u vanishing at t = 0 (i.e., KLu = u + Su if u |;—9= 0).

Proof. We have
KL=Kod+ K oaQ.
Performing integration by parts in K o 0; we get

KLu—u—Ru—lCuo-i-O Tat2)
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where uy = u (t, x) and
// et (') Q (1 x, & a) e A )G (¢ €)dgdt + K o aQ.

By Lemma 1.7 in [8] we have that R is in (’)(71,>\+2). We get
KLu=u+ Su— K oug,

where S’ is in O( Tata) - In Case I, ug = u(x,—1) = 0 since suppu is compact. This
completes the proof of the claim.
Now we turn to constructing a left parametrix for Li. Since Ly € CA+2S%5 is elliptic,

there is Lyt € ¢M280 5 such that Ly' o Lo = I+ J where J is in 5(7()?/\+2). Now set
K=Ko Lo_l. By the rough do calculus and Lemma 2.2 (since a € C**+2), we have

KoLiu=FKoLu+K oaBsu+ 00
=Ko Lu+ (K oa)Bsu +6(_0(?A+2)u
=u— Ru — Kug + @&Kw)u,
where ug = u |¢—¢,, since K oa € 058;2”2) and p, > 0. By Lemma 1.7 in [8],
KoLlu:uflCuo+§u,

with S € 6(707/2\12)' Note that in case (I), ug is smooth and so K o Ly = I + 5.
Up to this point we have only worked on the cone {|7| < [¢/|} for Ly microlocally. We are
now ready to obtain a left parametrix for the model problem in the coordinate chart:

Liu=g— 0:F + (Da) g1 + aw (2.19)

or

Liu=g—0:F + (Da) g1 + aw,
(2.20)

u |t:0 =h-—F.
Proposition 2.1. If u satisfies either (2.19) or (2.20) above with the assumption that
g, F,g1,u and w are smooth att = —1 and t = 1, then

u=K(pg)+ Ko (Da)pg+ToLy" (F)+Koaw
+ 6?0,>\+2) (F) + 6(_07;%) (u) + 6(_<ﬁ/\+2) (w) + 6(_0%)\“) (91) + 6(_0%)&2) 9),
in case (I), and
pup = K (pg) + K o (Da) pg + T o Ly (F) + K o aw
—0
+ K {h+ B1(9) lt=0 +B2(91) li=0} + O g r10) (F)
— —1 —1 ——1

+ 00 a2 (W) + Oaray (W) + O ai1) (91) + Ooria) (9)

in case (II), where By, By € 6(_03) (092).

Proof. Let ¢ € C® (R™) be homogeneous of degree zero on |[¢| > 1, with supp "
CA{|€nt1] > N |€']}. If we apply 9 to the above equations and commute ¢ with L; we get

~ ~ ~ ~ =0

Liu =g — OpF + 4 (Da) g1 + Yaw + O g xy2)u.
Since L1 is elliptic on {|§n+1| > N |¢'[}, there is L' € 6(_0;&1) such that Li' o L; =
I+ (9 1 gy and Lyo Ly =1 +@(111,>\+1) (again by the rough tdo calculus). Apply Li!
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to this equation to obtain
Ju = Lflzzg — Lflat{va + L;%/?(Da) g1+ L;l{j;aw + 6(_0%/\+2)“~ (2.21)
Now pick ¥, p € C* (R™) homogeneous of degree zero on [£| > 1, with

suppy) C {[&ns1] > A" [€']}
and ¥ + ¢ =1 on || > 1. Replacing ¥ by ¥ in (2.21) we obtain
_ _ _ _ A1
Yu =Ly g — Ly 0w F 4+ L' (Da) g1 + Ly ' aw + Og 5 )u.
Now we wish to identify u |¢—¢ in case (II). If we use the equation

dipu = —paQu + g — O F + ¢ (Da) g1 + vaw,
integrate in the ¢ variable from —1 to 0, and use the fact that evaluation of ¥u, ¥g, etc. at
t = —1 is smoothing, we obtain

0 0 0 0
Y lomo = / vaQu + / g — $F oo + / v (Da) g1 + / aw + Oy 4o F
—1 —1 —1 —1
0 B 0 0
=—/ atoaglwaczw/ B, 0 07 g — WF i—g +/ 8 0 07y (Da) gy
1 1 -1
0 —=—00
+/ 8t08[11/)aw+(’)(07/\+2)F
1
——1 —1
= —F |1=0 +O g r+1) (91) =0 +O (0,12 (9) l1=0

‘/_Olatoa(at1ow©)“‘/_olafo[@%a]oé?oiu

0 0
+ / By 0 ad; o Yw + / 0o [0, a) w+ Onya) (Fru, g, 01)
—1 —1

where {E =1 on supp v, Suppiz C {|&n+1] > N[}
Now if we substitute (2.21) for 1u in the above equation, and note that a (z,0) = 0, we
get

—~—1 —~—1
Yu fi—o = —F |i=0 +O o r11) (91) lt=0 +O0,x12) (9) lt=0
—~—1 —~—2
+ Oat2) (F) lt=0 +O0 42y (9, 91, w, ) |e=0 - (2:22)
On the other hand, applying ¢ to the equations yields
Lipu = pg — OupF + ¢ (Da) g1 + paw + [¢, L] u
= @9 — 0upF + ¢ (Da) g1 + paw + [90, a@} u
= 99 — OipF + ¢ (Da) g1 + paw + [p,a] 0 Qu + a [%@} u
By the rough tdo calculus Proposition 1.2 in [8], [go, @} € 5((507>\+2). Now apply K to the
above to obtain
ou = K (ou |t=t,) + Su+ Kpg — K 0 9,0F + Ko (Da) g1 + Kypaw
~ ~ ~ —5 — 1
+Kolp,aloQu+ KoaoOy 9 (u) + O rta) (u).
Next we commute 0, with Ly ! use integration by parts in Ko Oy F', commute Da with

_1-——1
¢, commute a with Ly', and by Proposition 1.4 in [8] use the fact that Ka € (’)(0’;)(“& to
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arrive at
ou =K (ou |j=¢) + I?i/}g —pF+To L61<pF + K (LglgoF |t:t0) + I?acpw
+Ko[p.a)oQu+ K olp,alw+ K o (Da)gr + O {1 () + Ogrsa) (F)
+Oonsn) (1) + O (w).
In case (I), Ly '¢F |=¢, is smoothing, while in case (II),
Ly oF |i—o= ©F |i=o +5(_OTA+2) (F) lt=o0 -

Claim. 2.2. K o[y, d] € @(_0%112).

Proof. To begin with, note that [p,a] = ¢ o (a? + ab) —ap = (au)x e + 6(70%\;12). We
need to show that K o (aﬁ)l_ € 6(_(),%>\+2)’ and for this we write K o (aﬂ)w = I?oam —Ko (ab)w,
where K o a, € 5(:)%\ +1) by Proposition 1.4 in [8] and by commuting a, with Ly 1 We thus
get K o (aﬁ)x € 6(_0,%)\“) since a” € @(_(ﬁ;g). To show K o (aﬁ)ac € 5(_0%\+2), we apply D,
or D; to Ko (aﬁ)m to get

D, oK o(at), = Ko(a¥), 0D, + 0% 1,

D, oKo (aﬁ)I = —KaQoLa1 o (aﬁ)m +L0_1 o (aﬁ)w

and this completes the proof of the claim.

Thus we have
ou = Kipg — OF +ToLy'oF + IN((Da) vg1 + Kapw
— —0 ——1 A1
+ O ata) () + O rya) (F) + O riy (91) + O asa) (W),
in case (I), and
pu = Kipg — oF + K (Da) g1 + K (pu =0 +@F |1=0) + Kapw
——u, —0 —1 =1
+ O, a42) (W) + O(g rt2) (F) + O as1) (91) + O(o,p12) (W),
in case (II). By (2.22),
(pu+ @F) |i=0 = (u — u) |t=0 +@F [t=0 +smoothing term
=h —YF |i—0 —%u |i=o +smoothing term
—1 —1
=h+ O a12) (9) lt=0 +O(gr41) (91) lt=0
—1 ——2
+ O xt2) (F) lt=0 +O 0 a+2) (9, 910, W) |t=o0 -
The proposition now follows since K o@&lAH) li=0€ @(80 Ar2-1) (092) by Proposition 1.4 in
’ ’ P

[8].

Now we return to the original equations (2.1) and (2.2) and obtain a left parametrix for
them. As in Subsection 2.1, @ C U¥_(U; and 90 C U¥_,U;. Let p € C*2(Q) NC (U;) for
some j > 1 (elliptic theory handles the case j = 0) . Let U = Uj.

Proposition 2.2. Suppose that either u € A®(Q) for some s > 1, or u € H, (Q) for
some s > 1+ % , where 1 < p < oo. Let p,p € CX (U) with p =1 in a rectangular (relative
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to the coordinate system) subdomain U of U with U O supp p. If u satisfies (2.1), then
pu, = pK (7g) + pK o (Da) pg + pT o Lg" (BN f |o0) + O 42) (BN f |og)
+ 5(_()7;\)+2) (Pub, p™up) + 6(_0%>\+1) (Pg1) + 6(_0;\-5-2) (Pg) (2.23)
while if u satisfies (2.2), then
puy = pK (pg) + pK o (Da) pg + pT o Ly (N f |o)
— pKA{ph+ Bi(pg) |r +Ba2 (pg1) Ir}

—o0 - — - . 1 - 1 -
+ O, a+2) (PN f |oa) + O(olff-s-z) (Pup, p*up) + O (g xq1y (P91) + Oo,x12) (P9)
(2.24)
where uy = u |sq, B; € 5(70%)\_5_2), j=1,2.
Proof. We prove (2.24), the proof for (2.23) being similar but easier. Let v = u — N f,
where N denotes the Neumann operator. We have

Pv=0 on (2,
— —

lv=g+ (Da)gs — TNf |spq on 99,
v=h—-Nf on .

We must prove (2.24) for v. Choose p* € C2° (U) with p* = 1 on a rectangular subdomain
U* where U* D supp p, a # 0 on the top and bottom of U* | and p = 1 on supp p*. Then
p*v satisfies

P(p*v)=0 on Q,
— — —

L (p*v) = p*g + (Da) p*g1 — p*TNf |oq — (ﬁp*) v on 02,
p*v=p*h — p*Nf on I'.

Now set v = Ep*vy so that Z’ﬁ loo= L1 (p*vp) by the construction of E.
Meanwhile,
P(pro—7) = [p*, Plv— By (p*us) on 9,
pv—v=0 on 01,
where Bj is as in (2.13). Solving the Dirichlet problem (2.25), we obtain

p*v—0=G{[p*, Plv— By (p*w)},

(2.25)

- —
where G € (9(1?)\+2) (Q), PG =1, and G |gpa= 0. Since T (p*v —v) = 0 on 02, we conclude
that

—

{ (p*v —7) laa= aT G [p*, P]v — aB} (p*wp) ,
where B} = (ﬁGBl) loa. So B, : ASTI=0A(9Q) — A*(9Q) for 0 < s < A+ 1 and

B, B T 90) o B PP (99) for 0 < s < A+ 1. But, for any p € C° (Q) with

p = 1 on the support of p*, we get
* * **) - *
p*g+ (Da) p*g1 — p"TNS |oq — (fp )vb—wa

= —aB) (p*vs) + aBo (pvy)
and

WG [p*, P pv [oa= Bo (pvs)
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with By € 5?07/\“) (89). By Proposition 2.1, with w = B}, (p*vs) + Bo (p*vs),

~ ~ ~ — ~ ~
p*vp =K (p*g) + Ko (Da)p*g+To Ly (p"Nf |oa) — K (ﬁp* vy + (Koa) Bopoy

—~ . . . —
+RoaoB)(pn) - K {p*h+31 (0"9) Ir +B2 (0" 01) Ir + B ((fp*) vb) |r}

—=0 -~ Al N —~—1 ~ —~—1 ~
+O0rt2) PN 00) + Ogxsa) (070) + Ogar1y (591) + Oo.as2) (59) -
If we now multiply the above identity by p, commute a with Ly 1 and note that Koae

0(01,-\22(;“) (09), we have KoaoBy,Koao B} e @(70‘3\42) (99Q) and

t
|z —y| > dp > 0, /a(x,@)d9250>O,
t/
—
for (z,t) € suppp, (y,t') € supp (fp*) U supp (p — p*). We finally conclude that
T~ * - 7 * - * ~ * A1
pK (p—p*),pK o Lp*,pKo (BM,O ) Irs pK o (p—p*) € O(g,r12) (09),

pT o Ly (5~ p*) € Oy a4 (09),
and (2.24) now follows easily.
We now consider a priori estimates for the original equations (2.1) and (2.2). Suppose
that P, €, and 7 = ?—l—a? are as at the beginning of Subsection 1.1 with A > 0. Consider
the following problems:

Pu=f in Q,

{—> (2.26)
lu=g+ (Da)g on 99,

and

Pu=f in Q,
5
lu=g+ (Da)gs on 0%, (2:27)
u=nh on I

Proposition 2.3. Suppose that P, Q, and 57 are as at the beginning of Subsection
1.1 with A > 0, let p, = min{l o+ )\+3),2(A+3 } for 1 < p < oo and 0 < peo <

min {1 -0, % },
for x € 0Q.

(i) Let 1 < s < A+ 2. If 7 satisfies case (I) and the T5 condition for some 8 > 0, and if
u e A (Q) for some s' > 1 satisfies (2.27), then u € A*(Q), and there is Cy such that

o (ellaemsoe oy + 11£1

(ii) Let 1 <s < A+2. If[satisﬁes case (II) and the Ts condition for some § > 0, and if
u € A(Q) for some s’ > 1 satisfies (2.27), then u € A*(Q), and there is C, such that

| s() < Cy ( )) .
(2.29)
(iii) Let o > 0,1 + l < s < A+ 2—a. Suppose that Zsatisﬁes case (I) above, and in
addition satisfies the .AJF on (STNM\T*, AL L on (Z" NN)\T*

and let D = Z b (x ) 52 € CM2(Q) be a vector field tangent to 0N
k=1

as=2() T ll9llas=s(00) + ”91”1\5*%(69)) - (229

[ul| as—noo ) + [ fllas—2(0) + 9llas—500) + [l91]

A (00)

o condition on T', A, -
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for some a >0 and 1 < p < co. Assume moreover that A —a > 0. Ifu € H;/(Q) for some
§>1+ % satisfies (2.26), then u € Hy(Q2), and there is Cs such that

lulley < Co (Il gom oy + 125y + ol s+l g )
(2.30)
(iv) Let o > 0,1 + % <5< A+2—a. Suppose that U satisfies case (II) above, and in
addition satisfies the AT, condition on T, A5, on (ST NN)\T*, AL on (8~ NN)\T*
for some o > 0 and 1 < p < 0o, and also the P, condition for some v > 0. Ifu € H]‘;,(Q)
for some s’ > 1+ % satisfies (2.27), then u € H;(Q), and there is Cy such that

o) < Os (el vy + Wl s0mg0y + ol oo

(2.31)

+ Mgl T 7]

el _ 1. .
B, * p'p(l“))

el 1,
B, * (80
Proof. Note that
Ko=KoLyloa=Koa+Ko [Lg'.a],
[Lgl,a} :Lgloa—aLal :Lgloau—aﬁLal—i—LEloab—abLgl
= (Lal)g °© (aﬁ)w + 6(70%;-32) € 6(70;\-&-2)3
by the improved estimates in Propostion 1.1 in [8]. The Proposition now follows from
Proposition 2.2, Theorems 2.1, 2.3, 2.5, 2.6 and Lemmas 1.11, 1.12 in [8], and the fact that
the 7Ts condition implies the Ps condition.

Note that Theorem 2.2 follows from the above proposition.

Proposition 2.4. If the zero order term ¢ (x) in the differential operator P is negative
(respectively nonnegative) and p, > 0, then the solution u to (2.26 ) (respectively (2.27)) is
unique.

Proof. Suppose u; and uy are solutions in H;/(Q) for some s’ > 1—1—%7 and set u = up —uo.
Then u satisfies (2.26) or (2.27) with f =g =h =0. Let 1 < s < min{\+ 2, + pu,}. From
the a priori estimates in Proposition 2.3 we have u € H;(Q) . By the Sobolev embedding
theorem, we now obtain u € H, "7(Q) for 1

q
in Proposition 2.3 again, but for ¢ in place of p, we conclude that u € H; (). Alternating

> % — £z Applying the a priori estimates
applications of the Sobolev embedding theorem and the a priori estimates a finite number
of times leads to u € A°(f2). Since s > 1, the standard argument using the Hopf lemma as
in [7] shows that u = 0, so u; = us.
n+2 n+2
Proposition 2.5. Suppose s > 1+ % and that P = " a;;0;0; + Y biOx + ¢ where
i k
n—+2 n+2
c(x) < co <0 for some constant co. Let [Pl = > [laijllan + 2o [[0kllax + llcllqn and
i k
suppose that

n+2

Z aijfifj > c1 |§|2 fO’I“ all f S Rn+2.

i,j=1
If u satisfies (2.26) or (2.27), then the terms

[[ul

As—noo () and ||uHH;—“,J(Q)
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can be omitted from the inequalities (2.28) to (2.31) in Proposition 2.3 if we replace Cs by

_>
C (Co,cl, HPHA)\ ,Q, Y4 )

Proof. If for example

a1, 2.32
B <r>) (232)

fails, then there are sequences { Py}, {ur}, {fr}, {gx}, and {hy} such that

fullzey < € (1lg-5oey + Lo i

s—s—1,
B, ?"o0

[ Pellar0) < C" and Py is uniformly elliptic for all &,

||u1<:||H;—up(Q) =1 for all k,

||kaH;_2+"(Q) + |l g — 0 as k — oo.

~

=
By

P

+ [l 1,
) Q)

5T (00
From (2.31) we obtain that |lug|/ms) < C for all k, and so by compactness there is a
subsequence, which we continue to denote by {us}, such that uj converges in H;~(Q2) to
some function v € H;~¢(Q2). Also, there is an elliptic operator P such that P, — P in
A*~¢. However since P, € A, a straightforward computation with a difference operator
shows that P € A*. Now Pyup — Pu in H5=72(Q), Cug |oa— Pu |pq in 32_6_1_%”’(89)

and up |r— u |p in B;_G_%’p(F). Thus u satisfies (1.6) with f = g = gjxr = h =0
and ||u||H;7,L,,(Q) = 1, contradicting Proposition 2.4. Thus (2.32) holds and the proof is
complete.

Now we can give the proof of Theorems 1.1 and 1.3.

Proof (of Theorems 1.1 and 1.3). The proof of Theorem 1.1 is similar to the proof

of part (A) of Theorem 1.3 given below. First suppose that P (z,0) < 0. Fix 1+ % <s<

s 51 s 1
A+2—aand fe H?t(Q), g € B, ° »P(0Q) and h € B, * ?"(I') (again, we consider
only case (IT)). Choose fi € C*(Q), gr € C=(9Q), hy, € C*°(T") and Py, € C* () such that

— 0 as k — oo,

If - fk”H;*“a(Q) + g = gx|

P

+ b= hgll 21
) By, 7P

def%’p(aﬂ
||P* Pk”AA(Q) —0 as k — oo.

Then by a theorem in [15], there is uj, € AM1 () satisfying
Pruy, = fi in €,
—

Lug =g, on 082,
U = hk on I'.

But the two earlier propositions, together with the a priori estimates in Proposition 2.3,
show that

[ukll sy < €, for all k. (2.33)

Thus given € > 0 with 1 + % < s — ¢, there is a subsequence, which we continue to denote
by {ux}, that converges to u in H;~(Q2). It follows upon letting & — oo that

Pu=f in Q,

—

fu=g on 0,
u=h onl.

Finally, by (2.33), we obtain ||ul| . o) < C also.
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For general P, choose a constant c¢ sufficiently negative that the coefficient of the zero
order term of P 4 ¢ < 0. By the result just proved, we can solve the problem
(P4+cju=f inQ,

—

lu=g on 012,
u=h onT

for u € Hy (2) given that
feH2Q), ge By PP(0Q) and he By ¥ PT(D).

But then Pu = f — cu where cu is smoother than f and functional analysis now completes
the proof.

Finally, we consider the necessary assertions in part (B) of Theorem 1.3 . If for some
€ > 0 there is, for every f € H3~?T* (Q), a function u € Hj () with Pu — f € H3t (),

— sfl,p
(e +b> ulpa=g e B, *7(09)
and
ulr=he B, *7(09),

then for any ¢ € R, we have
(P+cu=f+cu+ (Pu—f) inQ,

AN
lu=g on 012,
u=nh on I

Now choose ¢ sufficiently negative and let IN denote the Neumann operator for P + ¢. Then
by Proposition 2.2,

s—L,
pTo Ly (AN (f +cu+ (Pu—f))) € B, *7(09),
since the remaining terms in (2.24) are automatically in this Besov space. Since T maps

T
By? (0Q) to B,t, @07 (99) by Theorem 2.1 in [8], we conclude that

pTo Ly  (3Nf) € By =7 77 (90

if e < m — « since both u and Pu — f are smoother than f by order e. Thus, since the

Neumann operator is surjective (for ¢ sufficiently negative), and Lg ! is elliptic on the cone

s—1 ste—arias— 1,
{|7] < M|£[}, we see that ppo T o@p is bounded from B, *” (U) to Bp+ T (90) if

€< m — a. So by Theorem 2.1 and Lemma 1.11 in [§],

5
¢ satisfiesAT 5 on T,

A on (STNN)\TH,

Al on (ST NN)\TY, (2.34)

—
with 8 = €. Now repeat this argument to obtain that ¢ satisfies (2.34) with

@
8= m — 2¢ (provided of course that 5 < «). In this way we finally see that Z satisfies
(2.34) with 5 = a. This completes the proof of part (B)(i) of Theorem 1.3. The proofs of
the two other assertions in part (B) are similar if we make use of Theorems 2.3 and 2.5 in

[8] in place of Theorem 2.1. We do not repeat the details.
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