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Abstract

Let {Xn;n ∈ N 2} be a two dimensionally indexed linear stationary random field generated
by a 1/4 martingale difference white noise. The logarithm uniform convergency resulte for the
weighted periodogram of {Xk; 1 ≤ k ≤ n} is proved.
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§1. Introduction

Let {ξn;n ≥ 1} be a one dimensional stationary sequence, the periodogram of {ξ1, ξ2, · · · ,

ξN} is defined by IN (ξ, λ) = 1
2Nπ

∣∣∣ N∑
j=1

ξje
ijλ

∣∣∣2. With some conditions, it is true that

sup
λ

IN (ξ, λ) = O (logN) , a.s. as N → ∞ (1.1)

(cf. [1–3]). Result (1.1) is important for spectral analysis in one dimensional time series.

For two dimensionally indexed random field
{
Xk; k ∈ N 2

+

}
, where N+ is the set of all

positive integers, the periodogram of {Xk; 1 ≤ k ≤ n} has the same form:

In (X,λ) =
1

4|n|π2

∣∣∣ ∑
1≤k≤n

Xke
ikλ

∣∣∣2, (1.2)

where λ = (λ1, λ2) ∈ [−π, π]2, kλ = k1λ1 + k2λ2. Just like one dimensional case, peri-

odogram for random fields possesses important position in spectral analysis (cf. [4]). The

uniform convergency result for In (X,λ) is the basic tool for discrete spectral analysis of

random field just like one dimensional case (cf. [5–7]). In Section 2 we gave the uniform

convergency result for
{
Xk; k ∈ N 2

}
being a martingale difference white noise random field

and in Section 3 we gave the same result for
{
Xk; k ∈ N 2

}
being a linear random field

generated by a martingale difference white noise.
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§2. Periodogram of White Noise Random Fields

Denote byN 2 (N 2
+) the set of all 2-dimensional (positive) integer lattice. For n = (n1, n2),

m = (m1,m2) ∈ N 2, assume the usual partial order, i.e., n ≤ m means ni ≤ mi, i = 1, 2

and n < m means n ≤ m but n ̸= m. For i = 1 or 2, n≤(i)m means that ni < mi or ni = mi

and n3−i ≤ m3−i. We use |n| for max(1, |n1n2|). For N = (N1, N2) ∈ N 2
+, by N → ∞ we

mean N1, N2 → ∞.
{
Ft; t ∈ N 2

}
is said to be an increasing array of σ-fields under ≤, if

s ≤ t implies Fs ⊂ Ft. For any increasing array of σ-fields
{
Ft; t ∈ N 2

}
, define

Ft− = ∨
s<t

Fs, Fi (t) = ∨
s≤(i)t

Fs, i = 1, 2, F1 (t−) = F1 (t1, t2 − 1) ,

F2 (t−) = F2 (t1 − 1, t2) , F1
t1 = ∨

s1≤t1,s2<∞
Fs, F2

t2 = ∨
s2≤t2,s1<∞

Fs.

According to [8], if for any integrable random variable ξ it is true that E (E (ξ|Fn) |Fm) =

E (ξ|Fn∧m) , ∀n,m ∈ N 2, where n∧m = (n1 ∧m1, n2 ∧m2), then we say that
{
Fn;n ∈ N 2

}
satisfies F4-condition. A condition equivalent to F4-condition is, for any integrable ξ,

E
(
E
(
ξ|F1

k1

)
|F2

k2

)
= E

(
E
(
ξ|F2

k2

)
|F1

k1

)
= E (ξ|Fk) , a.s., k = (k1, k2)

(see [8] or [9]).

A random field
{
Xn; n ∈ N 2

}
is said adapted to

{
Fn; n ∈ N 2

}
(or simply {Xn,Fn;

n ∈ N 2} is an adapted random field) if Xn is Fn-measurable for each n ∈ N 2. An adapted

random field
{
Xn,Fn;n ∈ N 2

}
is called a 1/4 MD (martingale difference) if E (Xn|Fn−) =

0, a.s., ∀ n ∈ N 2, is called a 1/2 LMD (leftward MD) if E (Xn|F1 (n−)) = 0, a.s. and a 1/2

RMD (rightward MD) if E (Xn|F2 (n−)) = 0, a.s., ∀ n ∈ N 2.

It is seen that 1/2LMD or 1/2RMD requires more than 1/4 MD. If
{
Xn,Fn;n ∈ N 2

}
is a 1/2 LMD (or RMD) with finite identical variance, it will be a white noise: EXn = 0,

EXnXm = δn,mσ2, ∀n, m ∈ N 2. In this case we call it a 1/2 LMD (or RMD) white

noise. But for a 1/4 MD with finite identical variance to be a white noise, F4-condition is

required. For this reason, by calling
{
Xn,Fn;n ∈ N 2

}
a 1/4 MD white noise we mean that{

Xn,Fn;n ∈ N 2
}
is a 1/4 MD with the σ-field array

{
Fn;n ∈ N 2

}
satisfying F4-condition

and EX2
n = σ2, ∀n ∈ N 2. If

{
Xn;n ∈ N 2

}
is an independent array of random variables,

write Fn = σ {Xk; k ≤ n}, the information obtained by observing
{
Xn;n ∈ N 2

}
up to time

n; then the F4-condition is ensured for
{
Fn;n ∈ N 2

}
(cf. [8]). Therefore an independent

white noise is a 1/4 MD white noise.

For two dimensional random field W =
{
Wk; k ∈ N 2

}
, the periodogram of {Wk; 1 ≤ k ≤

n} is defined by

In (W,λ) =
1

4|n|π2

∣∣∣ ∑
1≤k≤n

Wke
ikλ

∣∣∣2, λ = (λ1, λ2) ∈ [−π, π]2. (2.1)

Simple calculation will show that IN (W,λ) is a polynomial of λ = (λ1, λ2) with order

less than N = (N1, N2). From Vol. 2, p.11 of [10] it is seen that for any trigonometric

polynomial T (x) of order N ∈ N+ ={1, 2, · · · }, supx | d
dxT (x) | ≤ N supx |T (x) |, which

leads to the following lemma.

Lemma 2.1. Let h (λ) be a real function defined on [−π, π]2. If h (λ) is continuously

differentiable and strictly positive, write MN = supλ {IN (W,λ) /h (λ)} . Then for any λ =
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(λ1, λ2), µ = (µ1, µ2) ∈ [−π, π]2, it is true that∣∣∣IN (W,λ)

h (λ)
− IN (W,µ)

h (µ)

∣∣∣ ≤ CN1|λ1 − µ1|MN + CN2|λ2 − µ2|MN , (2.2)

where C is determined by h (λ).

Denote by [x] the integer part of real x. Let log x have its usual meaning except

near zero: we take log x to be 1 for x ∈ [0, e). For fixed N ∈ N 2
+ and positive inte-

gers ϕ (N1) , ϕ (N2), divide [−π, π]2 into ϕ (N1)× ϕ (N2) disjoint rectangles denoted by Ii,j ,
i = 1, 2, · · · , ϕ (N1) , j = 1, 2, · · · , ϕ (N2) , each with length 2π/ϕ (N1) and width 2π/ϕ (N2).

Let λi,j be the left-upper element of Ii,j . Then Lemma 2.1 leads to the following lemma.

Lemma 2.2. With the same conditions as that of Lemma 2.1, for

ϕ (Ni) = 2
[
2πCNi log |N |+ 2

]
, i = 1, 2, θN = 1− 1/ log |N |, (2.3)

it is true that

MN ≤ 1

θN
max
i,j

IN (W,λi,j)

h (λi,j)
,

where C is given by Lemma 2.1.

Proof. Suppose λ ∈ Ii,j such that MN = IN (W,λ) /h (λ). For µ ∈ Ii,j , if θNMN >

IN (W,µ) /h (µ), we have 0 < (1− θN )MN < IN (W,λ) /h (λ) − IN (W,µ) /h (µ) . Lemma

2.1 shows that N1|λ1 − µ1|+N2|λ2 − µ2| > (C log |N |)−1
. That is in contradiction with

N1|λ1 − µ1|+N2|λ2 − µ2| ≤ N12π/ϕ (N1) +N22π/ϕ (N2) ≤ (C log |N |)−1
.

Hence Lemma 2.2 must be true.

For white noise random field W =
{
Wk; k ∈ N 2

}
with EW 2

k = σ2, define

Fn = σ {Wk; k ≤ n} , ∀n ∈ N 2,

F(−∞,0) = ∩
k1<0

F(k1,0), F(0,−∞) = ∩
k2<0

F(0,k2), F−∞ = ∩
k<0

Fk.

We introduce 5 conditions for further use.

(1) W is independent and there exists a nonnegative r.v. Y such that EY 2 log Y < ∞,

and for all k ∈ N 2
+, x ≥ 0, P (|Wk| ≥ x) ≤ CP (Y ≥ x) .

(2) W is a strictly stationary 1/4 MD white noise with

E (W0 log |W0|)2 < ∞, E
(
W 2

0 |F(−∞,0)

)
= E

(
W 2

0 |F(0,−∞)

)
= σ2.

(3) W is a strictly stationary ergodic 1/4 MD white noise with

EW 2
0 log |W0| < ∞. (2.4)

(4) W is a strictly stationary ergodic 1/2 LMD white noise satisfying (2.4).

(5) W is a strictly stationary ergodic 1/2 RMD white noise satisfying (2.4).

Lemma 2.3. Let W be a white noise random field satisfying condition (1) or (2). Then

for any nonnegative integer u, v, ϕ (N1) , ϕ (N2) , λi,j being defined by (2.3) and θ ∈ [0, π],

lim sup
N→∞

1√
N1+u

1 N1+v
2 log |N |

max
i,j

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wk cos (kλi,j − θ)

∣∣∣
≤ 2

√
σ2

(1 + u) (1 + v)
, a.s. (2.5)
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Proof. Define Uk = (ku1 k
v
2)

1/2
Wk. Using methods similar to those of proving Theorem

2.19 of [11] and ergodic theory for random field (cf. [12]), we can prove that

lim
N→∞

1

Nu
1 N

v
2 |N |

∑
1≤k≤N

U2
k = lim

N→∞

1

Nu
1 N

v
2 |N |

∑
1≤k≤N

E
(
U2
k |Fk−

)
=

σ2

(1 + u) (1 + v)
, a.s.

(2.6)

Without loss of generality we will suppose σ2 = 1. Write

Yk =

(
log |N |
|N |

)1/2
a√

Nu
1 N

v
2

Uk, 1 ≤ k ≤ N,

where a = 2
√
(1 + u) (1 + v). Using inequalities

exp
(
x− x2/6

)
≤ 1 + x+ x2/3 and e−x ≤ 1/ (1 + x) for x ≥ 0 (2.7)

we obtain for any b > 0

pN = P
(
max
i,j

∑
1≤k≤N

{ Uk cos (kλi,j − θ)√
Nu

1 N
v
2 |N | log |N |

− a

6Nu
1 N

v
2 |N |

(
U2
k + 2E

(
U2
k |Fk−

))
cos2 (kλi,j − θ)

}
≥ b

)
≤

∑
i,j

P
( ∑

1≤k≤N

{
Yk cos (kλi,j − θ)− 1

6

(
Y 2
k

+ 2E
(
Y 2
k |Fk−

) )
cos2 (kλi,j − θ)

}
≥ log |N |ab

)
≤

∑
i,j

P
(
TN (i, j) ≥ |N |ab

)
,

where TN (i, j) =
∏

1≤k≤N

Uk (i, j) /Vk (i, j) with

Uk (i, j) = 1 + Yk cos (kλi,j − θ) + Y 2
k cos2 (kλi,j − θ) /3

and

Vk (i, j) = 1 + E
(
Y 2
k |Fk−

)
cos2 (kλi,j − θ) /3.

Using ETN (i, j) = 1 we get pN ≤ ϕ (N1)ϕ (N2) |N |−ab ≤ C0|N |1−ab (log |N |)2 .
Now Borel-Cantelli lemma implies that for b > 2/a,

lim sup
N→∞

1√
Nu

1 N
v
2 |N | log |N |

max
i,j

∑
1≤k≤N

(ku1k
v
2)

1/2
Wk cos (kλi,j − θ)

≤ b+
a

2 (1 + u) (1 + v)
, a.s.

Noticing that this inequality is also true for
{
−Wk; k ∈ N 2

}
since it is also a white noise

satisfying condition (1) or (2), we obtain that the left hand side of (2.5) is less than b +

a/ {2 (1 + u) (1 + v)}, a.s. Let b ↓ 1/
√
(1 + u) (1 + v). Then (2.5) follows.

If
{
Wk; k ∈ N 2

}
is a stationary ergodic random field with EW 2

0 log |W0| < ∞, according

to ergodic theory (cf. [12])

lim sup
N→∞

1

Nu
1 N

v
2 |N |

∑
1≤k≤N

U2
k ≤ σ2,

lim
N→∞

1

Nu
1 N

v
2 |N |

∑
1≤k≤N

E
(
U2
k |Fk−

)
≤ σ2, a.s. (2.8)
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So using the same procedure as used in the proof of Lemma 2.3 we can show the following

lemma.

Lemma 2.4. Let W satisfy condition (3). Then for any nonnegative integers u, v,

ϕ (N1) , ϕ (N2) , λi,j being defined by (2.3) and θ ∈ [0, π],

lim sup
N→∞

1√
N1+u

1 N1+v
2 log |N |

max
i,j

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wk cos (kλi,j − θ)

∣∣∣ ≤ 2
√
σ2, a.s. (2.9)

For a strictly stationary ergodic random field without the requirement of F4-condition for{
Fn;n ∈ N 2

}
, similar result is also true but until now only for 1/2 LMD or 1/2 RMD.

Lemma 2.5. Let W satisfy condition (4) or (5). Then the result of Lemma 2.4 is true.

Define βm = 2π/m, m ≥ 4. According to Lemma 2.2 and

|a+ ib| ≤ max
1≤j≤m

{a cos (jβm)− b sin (jβm)} / cos (βm)

for θN = 1− 1/ log |N |, we have

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wke

ikλ
∣∣∣

≤ 1√
θN

max
i,j

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wke

ikλi,j

∣∣∣
≤ 1√

θN cosβm

max
i,j

max
1≤l≤m

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wk cos (kλi,j − lβm)

∣∣∣.
Now Lemmas 2.3, 2.4 and 2.5 lead to the following theorems.

Theorem 2.1. Under conditions of (1) or (2), for any nonnegative integers u, v

lim sup
N→∞

1√
Nu

1 N
v
2 |N | log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1 k
v
2)

1/2
Wke

ikλ
∣∣∣

≤ 2σ√
(1 + u) (1 + v)

, a.s. (2.10)

Theorem 2.2. Under conditions of (3) or (4) or (5), for any nonnegative integers u, v,

lim sup
N→∞

1√
Nu

1 N
v
2 |N | log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)

1/2
Wke

ikλ
∣∣∣ ≤ 2σ, a.s. (2.11)

§3. Periodogram of Linear Random Fields

Let
{
Wk; k ∈ N 2

}
be a white noise random field: EWk = 0, EWnWm = σ2δn,m, and{

Xn;n ∈ N 2
}
be a linear array generated from

{
Wk; k ∈ N 2

}
:

Xn =
∑
k≥0

dkWn−k, n ∈ N 2, with
∑
k≥0

d2k < ∞. (3.1)

Then
{
Xn;n ∈ N 2

}
is a weakly stationary random field having spectral density

f (λ) = f (λ1, λ2) =
1

4π2

∣∣∣∑
k≥0

dke
ikλ

∣∣∣2. (3.2)

In this section we will study the uniform convergency of the periodogram produced by{
Xn;n ∈ N 2

}
.
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Write bt = dte
−itλ, Vt = Wte

−itλ, where λ = (λ1, λ2) ∈ [−π, π]2. Then it can be

checked that for any nonnegative integers u, v, and λ ∈ [−π, π]2

rN (λ) ≡
∑

1≤k≤N

ku1k
v
2Xke

−ikλ −

 ∑
1≤k≤N

ku1k
v
2Wke

−ikλ

∑
k≥0

ake
−ikλ


=

∑
1≤k≤N

∑
0≤t≤k−1

btk
u
1k

v
2Vk−t +

∑
1≤k≤N

∑
t≥k

btk
u
1 k

v
2Vk−t

+
∑

1≤k≤N

∑
(t1≥k1,0≤t2≤k2−1)

btk
u
1k

v
2Vk−t +

∑
1≤k≤N

∑
(t2≥k2,0≤t1≤k1−1)

btk
u
1 k

v
2Vk−t

−
∑

0≤t≤N−1

∑
1≤k≤N−t

btk
u
1k

v
2Vk −

∑
0≤t≤N−1

∑
(N1−t1+1≤k1≤N1,1≤k2≤N2)

btk
u
1 k

v
2Vk

−
∑

0≤t≤N−1

∑
(N2−t2+1≤k2≤N2,1≤k1≤N1−t1)

btk
u
1k

v
2Vk −

∑
t≥N

∑
1≤k≤N

btk
u
1k

v
2Vk

−
∑

(t1≥N1,0≤t2≤N2−1)

∑
1≤k≤N

btk
u
1k

v
2Vk −

∑
(t2≥N2,0≤t1≤N1−1)

∑
1≤k≤N

btk
u
1k

v
2Vk

=
10∑
i=1

Ri (N,λ) . (3.3)

Suppose ∑
k≥0

(k1|dk|+ k2|dk|) < ∞. (3.4)

We will prove

sup
λ

|Rj (N,λ) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s., for j ̸= 1, 5, (3.5)

sup
λ

|R1 (N,λ) +R5 (N,λ) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s. (3.6)

Lemma 3.1. For N = (N1, N2) ∈ N 2
+, k = 1 or 2, let

R (N,λi,j , l) =

l∑
n=1

ξ (N,λi,j , n) , 1 ≤ l ≤ Nk.

Here ξ (N,λi,j , l) ∈ Fk
l = ∨

sk≤l,s3−k≤<∞
F(s1,s2), E

(
ξ (N,λi,j , l) |Fk

l−1

)
= 0, and

{
Fk

l ; l ≥ 0
}

is a one parameter indexed increasing sequence of σ-fields. Suppose that ϕ (N1) , ϕ (N2) and

λi,j are given by (2.3). Then

lim sup
N→∞

1√
Nk log |N |

max
i,j

max
1≤l≤Nk

|R (N,λi,j , l) |

≤ 2 + lim sup
N→∞

1

6Nk
max
i,j

{
Nk∑
n=1

ξ2 (N,λi,j , n) + 2E
(
ξ (N,λi,j , n) |Fk

n−1

)}
, a.s.

(3.7)

Proof. We give the proof for the case of k = 2.

For n ∈ N+, write U (N,λi,j , n) =
√

log |N |
N2

ξ (N,λi,j , n) , 1 ≤ n ≤ N2. Then

U (N,λi,j , n) ∈ F2
n, E

(
U (N,λi,j , n) |F2

n−1

)
= 0.
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According to the proof of Lemma 2.3, using Corollary 2.1 of [11] and the fact that

Zl =
l∏

n=1

1 + U (N,λi,j , n) + U2 (N,λi,j , n) /3

1 + E
(
U2 (N,λi,j , n) |F2

n−1

)
/3

∈ Fl, E(Zl|Fl−1) = Zl−1, 1 ≤ l ≤ N2,

we obtain

P
(
max
i,j

max
1≤l≤N2

l∑
n=1

{ ξ (N,λi,j , n)√
N2 log |N |

− 1

6N2

(
ξ2 (N,λi,j , n) + 2E

(
ξ2 (N,λi,j , n) |F2

n−1

))}
≥ b

)
≤

∑
i,j

P

(
max

1≤l≤N2

Zl ≥ |N |b
)

≤ C0|N |b−1 (log |N |)2 .

Hence, whenever b > 2, the left hand side of (3.7)

≤ b+ lim sup
N→∞

1

6N2
max
i,j

N2∑
n=1

{
ξ2 (N,λi,j , n) + 2E

(
ξ (N,λi,j , n) |F2

n−1

)}
, a.s.

Now b ↓ 2 ensures (3.7).

Proof of (3.5) for j=2. Firstly, |R2(N,λ)|
Nu

1 Nv
2

√
|N |

≤
∑
k≥1

1√
|k|

∑
t≥k

|dt||Wk−t| ≡ R2. Since

ER2 ≤ σ
∑
k≥1

1√
|k|

∑
t≥k

|dt| ≤ 2σ
∑
t≥1

√
|t||dt|,

it is seen that (3.4) leads to R2 < ∞, a.s. and, for j = 2, (3.5) follows.

Proof of (3.5) for j=3,4. R3 (N,λ) =
∑

1≤k≤N

W̃ke
−ikλ, with

W̃k =
∑

t1≥k1,0≤t2≤k2−1

dtk
u
1k

v
2Wk−t.

By Lemma 2.2, for θN = 1− 1/ log |N |

sup
λ

|R3 (N,λ) | ≤ 1√
θN

max
i,j

|R3 (N,λi,j) |. (3.8)

Rewrite R3 (N,λi,j) =
N2∑

k2=1

Nu
1 N

v
2 ξ (N,λi,j , k2), with

ξ (N,λi,j , k2) =
1

Nu
1 N

v
2

∞∑
k1=0

k1+N1∑
t1=k1+1

N2−k2∑
t2=0

bt (t1 − k1)
u
(k2 + t2)

v
V(−k1,k2),

ξ (N,λi,j , k2) ∈ F2
k2
, E

(
ξ (N,λi,j , k2) |F2

k2−1

)
= 0, and

|ξ (N,λi,j , k2) | ≤ ξk2 ≡
∞∑

k1=0

∞∑
t1=k1+1

∞∑
t2=0

|dtW(−k1,k2)|, Eξ2k2
< ∞.

If
{
Wn;n ∈ N 2

}
is strictly stationary, {ξk2 ; k2 ∈ N} is also strictly stationary. Hence

Lemma 3.1 leads to

max
i,j

|R3 (N,λi,j) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s. as N → ∞.

Therefore (3.8) ensures that (3.5) is true for j = 3.

Symmetrically it can be shown that

max
λ

|R4 (N,λ) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s. as N → ∞.
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Proof of (3.5) for j=6.

R6 (N,λ) =
∑

0≤t≤N−1

∑
N1−t1+1≤k1≤N1,1≤k2≤N2

dtk
u
1 k

v
2Wke

−i(t+k)λ =
∑

1≤k≤2N

Uke
−ikλ,

where Uk is a random variable which has nothing to do with λ. Using Lemma 2.2, we get

sup
λ

|R6 (N,λ) | ≤ 1√
θ2N

max
i,j

′|R6 (N,λi,j) |, (3.9)

where maxi,j
′ = max

1≤i≤ϕ(2N1),1≤j≤ϕ(2N2)
.

R6 (N) =

N2∑
k2=1

N1−Nδ
1∑

k1=2

{
N2−1∑
t2=0

N1−1∑
t1=N1−k1+1

btk
u
1 k

v
2Vk

}

+

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

{
N2−1∑
t2=0

N1−1∑
t1=N1−k1+1

btk
u
1k

v
2Vk

}
≡ p1 (N) + p2 (N) .

Write

Q1 (N) = Nδ
1p1 (N) =

N2∑
k2=1

N1−Nδ
1∑

k1=2

B (N, k)Vk,

where B (N, k) = Nδ
1

N2−1∑
t2=0

N1−1∑
t1=N1−k1+1

btk
u
1 k

v
2 , with

|B (N, k) | ≤ Nu
1 N

v
2

∞∑
t2=0

∞∑
t1=1

t1|dt|.

Using the same procedure as the proof of Lemma 2.4 or Lemma 2.5, we can obtain

max
i,j

′|Q1 (N,λi,j) | = O
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s.

Hence

max
i,j

′|p1 (N,λi,j) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s. (3.10)

Again

p2 (N,λ) =

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

Nu
1 N

v
2 (ξ1 (N,λ, k) + iξ2 (N,λ, k)) ,

where ξ1 (N,λ, k) = D (N,λ, k)Wk, ξ2 (N,λ, k) = B′ (N,λ, k)Wk, are all real valued and

there exists a constant C such that |D (N,λ, k) | ≤ C, |B′ (N,λ, k) | ≤ C. By the usual

procedure, we can prove that, under the same condition as that of Lemma 2.3 or Lemma

2.4, for any b > 2

lim sup
N→∞

d√
|N | log |N |

max
i,j

′|
N2∑

k2=1

N1∑
k1=N1−Nδ

1+1

ξ1 (N,λi,j , k) |

≤ b+ lim sup
N→∞

d2C2

6|N |

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

(
W 2

k + 2E
(
W 2

k |Fk−
))

, a.s. (3.11)
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For the same reason under conditions of Lemma 2.5, for l = 1 or 2,

lim sup
N→∞

d√
|N | log |N |

max
i,j

′
∣∣∣ N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

ξ1 (N,λi,j , k)
∣∣∣

≤ b+ lim sup
N→∞

d2C2

6|N |

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

(
W 2

k + 2E
(
W 2

k |Fl (k−)
))

, a.s.
(3.12)

Because as N → ∞,
(
N1 −Nδ

1

)
/N1 → 1, by using Theorems 1 and 2 of [11], it follows that

under the conditions of Lemma 2.3 or Lemma 2.4, lim
N→∞

1
3|N |

∑
k

(
W 2

k + 2E
(
W 2

k |Fk−
))

=

σ2, a.s. Therefore limsup
N→∞

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

(
W 2

k + 2E
(
W 2

k |Fk−
))

= 0, a.s. while under

the conditions of Lemma 2.5, by using ergodic theorem for l = 1 or 2,

lim sup
N→∞

N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

(
W 2

k + 2E
(
W 2

k |Fl (k−)
))

= 0, a.s.

Hence, it is true that under the conditions of Lemma 2.3 or Lemma 2.4 or Lemma 2.5

lim sup
N→∞

d√
|N | log |N |

max
i,j

′
∣∣∣ N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

ξ1 (N,λi,j , k)
∣∣∣ ≤ b, a.s.

For the same reason and under the same condition

lim sup
N→∞

d√
|N | log |N |

max
i,j

′
∣∣∣ N2∑
k2=1

N1∑
k1=N1−Nδ

1+1

ξ2 (N,λi,j , k)
∣∣∣ ≤ b, a.s.

Since in the two inequalities d is independent of b, it must be true that

max
i,j

′|p2 (N,λi,j) | = o
(
Nu

1 N
v
2

√
|N | log |N |

)
, a.s. as N → ∞.

At last, combining (3.10) and (3.9), we see that (3.5) is true for j = 6.

Symmetrically it can be shown that (3.5) is true for j = 7.

It is clear that under the conditions of Theorem 2.1 or Theorem 2.2, (3.5) is true for

j = 8, 9, 10.

Proof for (3.6). R1 (N,λ) +R5 (N,λ) = Nu
1 N

v
2

∑
1≤k≤N

B (N, k)Wke
−i(k+t)λ, with

B (N, k) =
∑

1≤t≤N−k

dt
(k1 + t1)

u
(k2 + t2)

v − ku1k
v
2

Nu
1 N

v
2

= O
(
N−1

1 +N−1
2

)
.

Therefore, using the same methods as used in the proof of Lemma 2.3 we can show that

(3.6) is valid.

Now we give the following theorems.

Theorem 3.1. Suppose that W satisfies condition (2) and
{
Xn;n ∈ N 2

}
is a linear

array generated from
{
Wk; k ∈ N 2

}
:

Xn =
∑
k≥0

dkWn−k, n ∈ N 2 with
∑
k≥0

(k1 + k2) |dk| < ∞. (3.13)

Denote by f (λ) the spectral density of
{
Xn;n ∈ N 2

}
. Then for any nonnegative integers
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u, v,

lim sup
N→∞

1√
N1+2u

1 N1+2v
2 log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)Xke

ikλ
∣∣∣ ≤ 4π sup

λ

√
f (λ)

(1 + 2u) (1 + 2v)
, a.s.

(3.14)

If f (λ) is strictly positive, (3.14) can be strengthened to

lim sup
N→∞

1√
N1+2u

1 N1+2v
2 log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)Xke

ikλ
∣∣∣/√

f (λ)


≤ 4π√

(1 + 2u) (1 + 2v)
, a.s. (3.15)

Theorem 3.2. Let W satisfy condition (3) or (4) or (5) and
{
Xn;n ∈ N 2

}
be a linear

array generated from
{
Wk; k ∈ N 2

}
with (3.13) being required. Then for any nonnegative

integers u, v,

lim sup
N→∞

1√
N1+2u

1 N1+2v
2 log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)Xke

ikλ
∣∣∣ ≤ 4π sup

λ

√
f (λ), a.s. (3.16)

If f (λ) is strictly positive, (3.16) can be strengthened to

lim sup
N→∞

1√
N1+2u

1 N1+2v
2 log |N |

sup
λ

∣∣∣ ∑
1≤k≤N

(ku1k
v
2)Xke

ikλ
∣∣∣/√

f (λ)

 ≤ 4π, a.s. (3.17)

Corollary. With the same conditions as that of Theorem 3.1 or Theorem 3.2,

lim sup
N→∞

1

log |N |
sup
λ

IN (X,λ) ≤ 4 sup
λ

f (λ) , a.s. (3.18)

If f (λ) is strictly positive, (3.18) can be strengthened to

lim sup
N→∞

1

log |N |
sup
λ

{IN (X,λ) /f (λ)} ≤ 4, a.s. (3.19)
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