Chin. Ann. of Math.
16B: 3(1995),331-340.

UNIFORM CONVERGENCY FOR
WEIGHTED PERIODOGRAM OF
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Abstract

Let {Xn;n € N2} be a two dimensionally indexed linear stationary random field generated
by a 1/4 martingale difference white noise. The logarithm uniform convergency resulte for the
weighted periodogram of {Xj;1 < k < n} is proved.
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¢1. Introduction

Let {£,;n > 1} be a one dimensional stationary sequence, the periodogram of {£1,&a, - -,

N 2
En} is defined by Iy (€,)) = 3 & et
j=1

. With some conditions, it is true that
supIy (§,\) =0 (logN), as.as N — o0 (1.1)
A

_1
2N

(cf. [1-3]). Result (1.1) is important for spectral analysis in one dimensional time series.

For two dimensionally indexed random field {Xk; ke Nf}, where N is the set of all
positive integers, the periodogram of {X;1 < k < n} has the same form:

1 ’Lk)\2
In (X,A) = W’ Z Xk;e

1<k<n

, (1.2)

where A = (A1, \2) € [—m, 7%, kX = k1A1 + k2o, Just like one dimensional case, peri-
odogram for random fields possesses important position in spectral analysis (cf. [4]). The
uniform convergency result for I, (X, ) is the basic tool for discrete spectral analysis of
random field just like one dimensional case (cf. [5-7]). In Section 2 we gave the uniform
convergency result for {X k€N 2} being a martingale difference white noise random field
and in Section 3 we gave the same result for {Xk;k eN 2} being a linear random field
generated by a martingale difference white noise.
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§2. Periodogram of White Noise Random Fields

Denote by N2 (N7) the set of all 2-dimensional (positive) integer lattice. For n = (n1,ns),
m = (my,m2) € N2, assume the usual partial order, i.e., n < m means n; < my, i = 1,2
and n < m means n < m but n # m. Fori =1 or 2, n<m means that n; < m; or n; = m;
and ng_; < msz_;. We use |n| for max(1,|ninz|). For N = (N1, Na) € ./\/?r, by N — oo we
mean N, No — o0. {.Ft;t € /\/'Q} is said to be an increasing array of o-fields under <, if
s <t implies Fs C F;. For any increasing array of o-fields {.7-}; te N2}, define
.7:157: \/]‘—5, .Fz(t): \/_ _7:57 i:1,2, fl(t—):fl(tl,t2—1)7
s<t s<(@¢

./.'.2 (t*) = .7:2 (tl — 17t2), ftll = V .7:5, ]:t22 = V fs-

s1<t1,52<00 s2<t2,51<00

According to [8], if for any integrable random variable £ it is true that E (E (|F,) | Fm) =
E (&|Fnnm) » ¥n,m € N2 where nAm = (n1 A my,na A ms), then we say that {fn;n € N2}
satisfies Fj-condition. A condition equivalent to Fj-condition is, for any integrable &,

E(E (&|F,) |FR) = E(E (8172 |Fh,) = E(E1FR),  as., k= (ki ks)

(see [8] or [9]).

A random field {X,,; n € N?} is said adapted to {F,; n € N?} (or simply {X,,Fp;
n € N?} is an adapted random field) if X,, is F,,-measurable for each n € N2. An adapted
random field {X,,, F,,;n € N2} is called a 1/4 MD (martingale difference) if E (X,,|F,—) =
0, a.s., Vn € N2 is called a 1/2 LMD (leftward MD) if E (X,,|F; (n—)) =0, a.s. and a 1/2
RMD (rightward MD) if E (X,,|F2 (n—)) =0, a.s., V n € N2

It is seen that 1/2LMD or 1/2RMD requires more than 1/4 MD. If {X,,, F.;n € N?}
is a 1/2 LMD (or RMD) with finite identical variance, it will be a white noise: EX,, =0,
EXpyXm = 6pmo?, Yn, m € N2 In this case we call it a 1/2 LMD (or RMD) white
noise. But for a 1/4 MD with finite identical variance to be a white noise, Fy-condition is
required. For this reason, by calling {Xn7 FoneN 2} a 1/4 MD white noise we mean that
{X,,, Fasn € N?} is a 1/4 MD with the o-field array {F,;n € N?} satisfying F4-condition
and EX2 = 0% Vn € N2 If {Xn; n e NZ} is an independent array of random variables,
write F,, = 0 {Xg; k < n}, the information obtained by observing {Xn; n e ./\/2} up to time
n; then the Fy-condition is ensured for {F,;n € N2} (cf. [8]). Therefore an independent
white noise is a 1/4 MD white noise.

For two dimensional random field W = {Wk; ke J\fz}, the periodogram of {Wj;1 <k <
n} is defined by

1 .
I, m}\ :7‘ W ik
T PO

2, A= (A, \o) € [—m, 7]2. (2.1)

Simple calculation will show that In (W,\) is a polynomial of A = (A1, A2) with order
less than N = (N7, N3). From Vol. 2, p.11 of [10] it is seen that for any trigonometric
polynomial T (z) of order N € Ny ={1,2,---}, sup, |-+T (z)| < Nsup, [T (z)|, which
leads to the following lemma.

Lemma 2.1. Let h(\) be a real function defined on [—m, 7|2, If h(\) is continuously
differentiable and strictly positive, write My = supy {Ix (W, A) /h(N)}. Then for any A\ =



No.3 He, S. Y. UNIFORM CONVERGENCY FOR STATIONARY LINEAR RANDOM FIELDS 333

(A1, A2), po= (u1, po) € [—m, )2, it is true that
Iy (W) In (W,p)
ey )
where C is determined by h ().
Denote by [z] the integer part of real z. Let loga have its usual meaning except

SCN1|>\1—u1|MN+CN2|/\2—M2|MN, (22)

near zero: we take logz to be 1 for z € [0,e). For fixed N € N7 and positive inte-
gers ¢ (N1), ¢ (N2), divide [—, 71]2 into ¢ (N7) x ¢ (N) disjoint rectangles denoted by Z; ;,
1=1,2---,¢(N1),j=1,2,--- ,0(N2), each with length 27 /¢ (N1) and width 27/¢ (N2).
Let A;; be the left-upper element of Z; ;. Then Lemma 2.1 leads to the following lemma.
Lemma 2.2. With the same conditions as that of Lemma 2.1, for
¢ (N;) =2[2nCN;log|N|+2], i=1,2, 6y=1-1/log|N]|, (2.3)
it is true that
1 In (W, Aij)
My < — ma: 7’4’
N= On i,jX h()\l)])
where C' is given by Lemma 2.1.

Proof. Suppose A € Z; ; such that My = In (W,A) /h(N). For p € I, ;, if ONMy >
In (W) /h (), we have 0 < (1 —On) My < In (W, A) /h(A) — In (W, ) /b (1) . Lemma
2.1 shows that Ny|Ay — pu1] + NajXy — pa| > (Clog [N]) ™. That is in contradiction with

Ni|As = ] + Na|Ao = o] < N127/6 (N1) + Na2m/¢p (Na) < (Clog|N|)™"

Hence Lemma 2.2 must be true.
For white noise random field W = {Wy; k € N?} with EW?2 = o2, define

Fn=0{Wi;k<n}, VYneN?

Flooo0) = klrlof(kl’o)’ F0,~00) = on}—(O,kz)v Fooo = ;Qofk.

We introduce 5 conditions for further use.
(1) W is independent and there exists a nonnegative r.v. Y such that EY?logY < oo,
and for all k e N2, 2 >0, P(|Wi| > 2) <CP(Y > z).
(2) W is a strictly stationary 1/4 MD white noise with
E (Wolog [Wo|)* < 00, E(W3|F(—c0)) = E (W5 |Fo,-00)) = 0>
(3) W is a strictly stationary ergodic 1/4 MD white noise with
EW¢ log [Wo| < oc. (2.4)
(4) W is a strictly stationary ergodic 1/2 LMD white noise satisfying (2.4).
(5) W is a strictly stationary ergodic 1/2 RMD white noise satisfying (2.4).
Lemma 2.3. Let W be a white noise random field satisfying condition (1) or (2). Then

for any nonnegative integer u,v, ¢ (N1),¢ (N2), N ; being defined by (2.3) and 6 € [0, 7],

. 1
lim sup max

N[NNI log [N| M S

(K4 kS)? Wy, cos (kX ; — 6)

o2

<2 Grodso) a.s. (2.5)
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Proof. Define Uy, = (k}'k3 )1/ > Wj. Using methods similar to those of proving Theorem
2.19 of [11] and ergodic theory for random field (cf. [12]), we can prove that
2
o

lim U2 = lim —— EWF)=—9 " as.
Neo NFNZ|N| N“N”|N| 1<;N BT NS N"N”|N| 1<%S:N (Uil i) Q+uw(d+o) °°
(2.6)
Without loss of generality we will suppose 02 = 1. Write
log N|)1/2 a
Yk:( Ug, 1<k<N,
|N| /NENY
where a = 24/(1 + u) (1 + v). Using inequalities
exp(z—2%/6) <l+z+2°/3ande * <1/(1+2) forz >0 (2.7)

we obtain for any b > 0
Uy, cos (kXi; —6)

pN:P(maX —
i,j 1<%<:N V/N{NY|N|log |N|

(UZ + 2 (UR\Fi-)) cos® (ki — 0) b = b

N———

~ NP
1
< ZP( Z {Yi cos (kX ; — 0) — E(Y,f
ij  1<k<N

+2F (Yk2|]-“k_) ) cos? (ki — ) } > log |N|‘“’>
< ZP (Tw (i,5) > |N|*),

where Ty (i,7) = H Uy (i,7) / Vi (i, 7) with
1<k<N

Uk (i,§) = 1 + Yy cos (kX; j — 0) + Y2 cos? (kX;j — 0) /3
and
Vi (i, ) = 1+ E (Y| Fi—) cos® (kA; ; — 0) /3.

Using ETy (i,5) = 1 we get py < ¢ (N1) ¢ (N2) [N|7*" < Co|N|' =" (log | N|)*.
Now Borel-Cantelli lemma implies that for b > 2/a,

. 1 1/2
lim sup max (ki'ky) ™= Wy cos (kX j —0)
N—ooo /NPNY|N|log|N| i 13%1\,
a
<b+————, as.

2(1+uw)(1+v)’
Noticing that this inequality is also true for {—Wk; keN 2} since it is also a white noise
satisfying condition (1) or (2), we obtain that the left hand side of (2.5) is less than b+

a/{2(1+u) (1+v)}, as. Let b} 1/4/(1 +u) (1 +v). Then (2.5) follows.
If {Wk; ke ./\/2} is a stationary ergodic random field with EW? log |[Wy| < oo, according

to ergodic theory (cf. [12])

limsup ———= Z U <o?,
N—oo NPNF| 1<k<N

1
li E (U, o? 8. 2.8
N1—I>I(1)O NuNU|N| 1;1\] k?|‘7:k ) b) a‘s ( )
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So using the same procedure as used in the proof of Lemma 2.3 we can show the following
lemma.

Lemma 2.4. Let W satisfy condition (3). Then for any nonnegative integers u,v,
& (N1),¢(Na), )\-,j being defined by (2.3) and 6 € [0, 7],

lim sup max Z (l#fk’z’)l/2 Wi cos (kX ; —0)| <2Vo?, as. (2.9)
N=oo  INITENI T log [N| "7 T1<k<n

For a strictly stationary ergodic random field without the requirement of F;-condition for

{Fn;n € N?}, similar result is also true but until now only for 1/2 LMD or 1/2 RMD.
Lemma 2.5. Let W satisfy condition (4) or (5). Then the result of Lemma 2.4 is true.
Define f,, = 2n/m, m > 4. According to Lemma 2.2 and

la 4 ib] <  nax {acos (jBm) — bsin (§8m)} / cos (Bm)
<j<m
for 5 =1 —1/log|N|, we have

sup| D7 (kiky)" Wie|
A <k<N

! 1/2
FCOS Bm IT»LIE;’X 1glla§)7(n & ;N ( ) k COS ( 5 )

Now Lemmas 2.3, 2.4 and 2.5 lead to the following theorems.
Theorem 2.1. Under conditions of (1) or (2), for any nonnegative integers u,v
. 1 1/2 ik
lim sup sup‘ (kik3) " Wye' ‘
N—ooo /N{NY|N|log|N]| x KéN
20
(I+u)(1+v)

Theorem 2.2. Under conditions of (3) or (4) or (5), for any nonnegative integers u,v,

. 1 1/2 ik
lim sup sup‘ (k1kS) " “ Wie™| <20, a.s. (2.11)
N—oo /NENY|N|log|N| 1§%N

(2.10)

§3. Periodogram of Linear Random Fields

Let {Wk; ke J\/z} be a white noise random field: EW, =0, EW,W,, = 0'2(5n’m, and
{X,;n € N?} be a linear array generated from {Wy;k € N?}:
=Y dWnk, nmeN? with Y di <oo. (3.1)
E>0 k>0

Then {Xn; neN 2} is a weakly stationary random field having spectral density

F)=f( ) = 42‘Zd e““*‘ (3.2)

k>0

In this section we will study the uniform convergency of the periodogram produced by

{Xn;n E/\/Q}.
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Write by = die™ ™, V; = Wie ™ where A = (A1, \2) € [~7,7]2. Then it can be

checked that for any nonnegative integers u,v, and A € [—m, 71]?

Z KV kS Xpe A — Z K kS W e A Zake_i“

1<k<N 1<k<N k>0

ST bRV e+ > > bkl kS Vi

1<k<N 0<t<k—1 1<k<N t>k

+ ) > bk ES Vi + > bk kY Vi

1<kSN (t>k1,0<ta<ko—1) 1<ESN (ty>ko,0<t; <k;—1)

- > > bkkRSVE— Y > bk ks Vi

0<t<N-—11<k<N—t 0<t<N—1 (Ny—t1+1<ki <N1,1<ks<N3)

- > > DRYESVE =Y > bikikS Vi

0<t<N—1 (No—ta+1<ka<Na,1<ki<Ni—t1) t>N 1<k<N

- > > bikiksVi - > PORIGAL

(t1>N1,0<ta<Np—1) 1<k<N (t2>N2,0<t; <Ny —1) 1SKSN

= i R; (N, ). (3.3)

TN ()\)

Suppose
> (kaldi] + kaldy]) < oo. (3.4)
k>0

We will prove

sup | R; (N, A)\zo(NfN§\/|N|1og|N|), as., for j#£1, 5, (3.5)
A

sup |y (N, X) + Bs (N, )] = 0 (NfN;’«/\N| log |N|) . as. (3.6)

Lemma 3.1. For N = (N1, Ns) € ./\/?r, k=1 or2, let

,_7’ ZSNA’L_W ) ]-SZSNk

n=1

Here S(Nv >‘737j7l) € flk = f(s1,sz): ) (5 (N7 Ai,jal) “/—.721) = 07 and {-Ek§l > O}

V
sk <l,s3_<<oo
is a one parameter indexed increasing sequence of o-fields. Suppose that ¢ (N1),¢ (N2) and

Ai,j are given by (2.3). Then

1
lim sup max |R(N,\;;,1)|

————— max
N—ooo +/Nilog|N| 47 1<I<Ng
1
<2+hmsup6Nmax{Z§ Aijin) +2E (€ (N, A j, n) | Fk )}, a.s. .

N—o0 k

Proof. We give the proof for the case of k = 2.
For n € Ny, write U (N, Ay j,n) = /& (N, A j,n), 1< n < Np. Then

U(N,\ij,n) € Fr, E(U(N, N ,n)|Fiy)=
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According to the proof of Lemma 2.3, using Corollary 2.1 of [11] and the fact that

P ﬁ 1+ U (N, j,n)+U? (N, )‘ija n) /3
b 14+ E (U2(N, A j,n)|F2_,) /3

€Fi, E(Zi|Fi-1)=21—1, 1<I1<Ny,

n=1

we obtain
l

f(N7 AZ 4an)

P(max ma. {7’]

11228 25 U/ og ]

1
A (€ (N, i j,n) +2E (€ (N, A j,n) |]-‘,2L_1))} > b)
<2 P <“2<3% %z lNlb) < ColN|"~" (log [N)*.

Hence, whenever b > 2, the left hand side of (3.7)

1
< b+hjrvnjup@max; {€ (N, \ijj,n) +2E (£(N,Nijyn) | FE_y) ), as.
Now b | 2 ensures (3.7).

Proof of (3.5) for j=2. Firstly, % < Z Ik > |di]|[Wg—t| = Ro. Since
‘ k> t>k

ERy <o) rZ|dt| <20 /i,

E>1 t>k t>1
it is seen that (3.4) leads to Rz < o0, a.s. and, for j = 2, (3.5) follows.
Proof of (3.5) for j=3,4. R3(N,\) = Y. Wye ** with
1<k<N
Wy = > Ak YWy
t1>k1,0<t2<ko—1
By Lemma 2.2, for 0y =1 —1/log|N|

1
Ry (N, )| < —— Rs (N, )\ ). 3.8
sup Ry (N )| <~ max| B (N, )| (338)
Ny
Rewrite R3 (N, Ai,j) = Z NfNéjﬁ (N, Ai7j,k2), with
k)g_l

oo ki+Ni Na—

E(N, i j, ko N“N” Z Z Z be (t1 — k1)" (k2 4 t2)" Vi, ko)

k1=0t1=k14+1 t2=0
E(N, Nijoko) € F2, B (€(N, Ay ko) |]—',§2 }) =0, and

1€ (N, Ai s Ko = Z Z Z AW ks k)|, EER, < 0.

k1=0t1=k1+1t2=0
If {Wn;n eN 2} is strictly stationary, {&g,;k2 € N'} is also strictly stationary. Hence
Lemma 3.1 leads to

max |Rs (N, \i;)| = o (NfN§\/|N\ log \N|) . as. as N — oo,
2,3

Therefore (3.8) ensures that (3.5) is true for j = 3.
Symmetrically it can be shown that

m)z\1X|R4 (N,A) | =0 (N{‘N;’\/|N|log|N|) , as.as N — oc.
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Proof of (3.5) for j=6.
Rs(N,N) = Y > Ak Ry Wye HHA = N e,
0<t<N—1Nj—t14+1<ki<N7,1<ko<Ns 1<k<2N

where Uy, is a random variable which has nothing to do with A. Using Lemma 2.2, we get

sup [Rg (N, A) | < max'|Rg (N, Ai ;) |, (3.9)
A

1
VOoN g

where max; ;' = max .
1<i<9(2N1),1<5<¢(2N2)

No Noy—1 N;i—1
SN ]

ko=1 k=2 t2=0 t1;=N;—ki1+1

N Ny Na—1  Np—1
+> > {Z > btki‘kSVk}
kzzlklle—Nf-H to=0 t,=N1—k1+1
=p1 (N)+p2(N).
Write
Ny Ni—

Qi (N)=Njpi (N)= Y Z B(N,k) Vg,
ko=1 k1=2

N2—1 Nl—l
where B (N, k) = Ny > Y bk¥kY, with
to=0 t1=N1—k1+1

oo X

|B(N,K)| < NI'NY DY taldal.

to=0t1=1

Using the same procedure as the proof of Lemma 2.4 or Lemma 2.5, we can obtain
max’'|Q1 (N, Aij)| = O (NINgV/[NTIog[N) , aus.
¥

Hence
max’|py (N, \i) | = o (NNy /[NTlog [N ), as. (3.10)
(2%

Again

N Ny
N =D D NINY (& (N A K) +i& (N K)),
k2=1k;=N;—N{+1
where & (N, A\, k) = D (N, \, k) Wy, & (N, \ k)= B (N,\ k)W, are all real valued and
there exists a constant C such that |D (N, )\ k)| < C, |B'(N,\ k)| < C. By the usual
procedure, we can prove that, under the same condition as that of Lemma 2.3 or Lemma
2.4, for any b > 2

lim sup

d
—————max/|
N—roo \/|N|10g|N k2z:1k1 ZN5+1

& (N, Nij, k) |

22 N Ny
ST (WE42E(WEF-)), as. (3.11)
k2:1}€1:N17Ni§+1

< b+limsu d
= 6N
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For the same reason under conditions of Lemma 2.5, for [ = 1 or 2,

d
lim sup ————max’ &1 (N, )\m’,k)’
N—oo \/|[N|log|N| i k§::1 kl—le—:Nf-H
202 Xz Ny
< b+ limsup I Z Z (W2 +2E (WZ|F (k=))), as.
N=roo ka=1ky =N, _NJ+1 (3.12)

Because as N — oo, (N1 — NY) /Ny — 1, by using Theorems 1 and 2 of [11], it follows that

under the conditions of Lemma 2.3 or Lemma 2.4, ]\;E}noo ﬁ % (W,? +2F (Wf|fk,)) =
N2 N1
o2, a.s. Therefore limsup >, > (W2 +2E (WZ|Fi—)) =0, as. while under
N—=0o ke=1k;=N;—N{+1
the conditions of Lemma 2.5, by using ergodic theorem for [ =1 or 2,

No Ny
lim sup Z Z (W2 +2E (W2|F (k—))) =0, as.
N0 o1 k=N, — N3 11

Hence, it is true that under the conditions of Lemma 2.3 or Lemma 2.4 or Lemma 2.5

N» Ny
lim sup Z Z &1 (N, )\imk)‘ <b, a.s.

d /
————max
N—oo +/|N|log|N| &3 1= k1=N;—N{+1

For the same reason and under the same condition

Na N
lim sup Y eWagk)|<h as

d /
e 11ax
N—oo /|N[log|N| i 17— ky=N1—NJ+1
Since in the two inequalities d is independent of b, it must be true that
max’[ps (N, Xi ;)| =0 (NfNQU\/|N| log |N|) ,  as.as N — oo.
i,

At last, combining (3.10) and (3.9), we see that (3.5) is true for j = 6.
Symmetrically it can be shown that (3.5) is true for j = 7.

It is clear that under the conditions of Theorem 2.1 or Theorem 2.2, (3.5) is true for
j =8,9,10.
Proof for (3.6). Ry (N,\) + R5(N,\) = NINY S B(N,k) Wie *F+0X  with
1<k<N

k1 +1t1)" (ko +t2)° — K¥EY
By = Y gt (Ni;f) L2 — O (N1 4+ Ng ).
1<t<N—k 172

Therefore, using the same methods as used in the proof of Lemma 2.3 we can show that
(3.6) is valid.
Now we give the following theorems.
Theorem 3.1. Suppose that W satisfies condition (2) and {Xn;n GJ\/'Q} is a linear
array generated from {Wk; ke Nz}:
X =Y diWo, neN? with Y (ki + ks) |dy| < 0. (3.13)
k>0 k>0

Denote by f () the spectral density of {Xn;n € ./\/'2}. Then for any nonnegative integers
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u, v,
, 1 ; f )
lim sup bup kS Xke””“ < 4msup , a.s.
S e T P TR eIy
(3.14)
If f (N\) is strictly positive, (3.14) can be strengthened to
1 ,
lim sup sup ‘ Z (k1ES) Xke’k)“/\/f (A
Nooo INIF2UNI 2 og |N| A | 1<k
4
” (3.15)

= VI +2u) (1 +20)

Theorem 3.2. Let W satisfy condition (3) or (4) or (5) and {X,;n € N} be a linear

array generated from {Wk;k € N2} with (3.13) being required. Then for any nonnegative
integers u, v,

1
lim sup sup’ (k{ky) X Zk}“ <Ar sup VS a.s. (3.16)
N—oo \/N1+2“N1+2” log [N| * '1<k<n

If f(XN) is strictly positive, (3.16) can be strengthened to

lim sup ! sup ‘ Z (k?ké’)X;@eik)“/\/f()\) <d4rw, as. (3.17)

N=roo \/N11+2“N21+2” log [N| » | 1<k<nN

Corollary. With the same conditz'ons as that of Theorem 3.1 or Theorem 3.2,

lim su sup Iy (X, ) <4su a.s. 3.18
N%Oplog|N| ply (X, 2) < dsup £ (A), (3.18)
If f (N\) is strictly positive, (3. 18) can be strengthened to
lim su sup {In (X, A <4, as. 3.19
msup - Lsup (I (X.) /1 )} < (3.19)
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