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FATOU PROPERTY ON HARMONIC MAPS FROM
COMPLETE MANIFOLDS WITH NONNEGATIVE
CURVATURE AT INFINITY INTO CONVEX BALLS
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Abstract

The author considers harmonic maps on complete noncompact manifolds, solves the Dirichlet
problem in manifolds with nonnegative sectional curvature out of a compact set, and proves
the Fatou theorem for harmonic maps into convex balls.
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¢1. Introduction

In recent three decades, harmonic maps have been attracting the attention of many
geometers and analysts. In particular, in recent years, the theory of harmonic maps of
complete noncompact manifolds is becoming one of the active areas in differential geometry
increasingly (see [15], [8], [2]). In the present paper, motivated by [2], we consider the
existence and boundary behavior of harmonic maps from complete noncompact manifolds
with nonnegative sectional curvature at infinity to convex balls. In fact, we generalize
Fatou property on harmonic functions (see [13, Theorem 3]) to harmonic maps with certain
conditions on the domain manifolds. The reason is that in the present case, not as in
[2], the Green’s functions do not decrease rapidly at infinity, and we can not find Harnack
inequality at infinity as in [3]. This makes us add certain conditions on Green’s functions,
and we assume that the energy of the harmonic maps discussed is finite. It should be pointed
out that the energy of the harmonic maps constructed in Section 3 is finite. Combining these
facts, we characterize all such harmonic maps. We also consider the existence of harmonic
maps with prescribed boundary data at infinity from certain Cartan-Hadamard manifolds to
convex balls. It should be noticed that the boundary at infinity is a geometric boundary, not
necessarily a Martin boundary. Finally we should point out that the results on existence can
be considered as a special case of [2], but we must firstly consider the solvability of Dirichlet
problem on harmonic functions, and then the existence of harmonic maps can be obtained
by using an approximation process by harmonic functions, which is analogous to [2].

This paper is organized as follows: Section 2 provides some preliminaries. In particular
Lemma 2.1 is used frequently. We shall refer the readers to [13], [14] for many properties of
the complete noncompact manifolds with nonnegative sectional curvature at infinity. Section
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3 gives an existence theorem of harmonic maps from complete noncompact manifolds with
nonnegative sectional curvature at infinity to convex balls. Section 4 gives Fatou property
of harmonic maps in Section 3. Section 5 gives an existence theorem of harmonic maps from
certain Cartan-Hadamard manifolds to convex balls.

§2. Preliminaries

Throughout this paper, we assume that B, (p) is a convex ball in Riemannian manifold
N", dimN = n, i.e., the geodesic ball centered at p with radius 7, 7 < ﬁ, and By, (7) lies
inside the cut-locus of p, where x is an upper bound of the sectional curvature of N, k > 0.
In addition, Q always denotes a bounded domain with smooth boundary in a complete
noncompact manifold M.

We firstly state a lemma which is a key in the following development.

Lemma 2.1 (see [2, Lemma 3.1]). Given ¢ € C°(0Q, B,(p)), let u € C°(Q, B;(p)) N
C>(Q, B-(p)) be a harmonic map on Q which equals ¢ on Q. With respect to geodesic
normal coordinates centered at p, @ may also be viewed as being R™-valued. Let h : Q0 — R"

be the harmonic extention of p, i.e., h = (ht,--- ,h™), where h' is a harmonic function for
each i and hlog = ¢. Letv: Q — R be the harmonic extention of 1|¢|? = 1 3 (¢")%. Then,
i=1

there exists a constant C' > 0, depending only on the geometry of B.(p), such that
1
lp(u(@), (@))]* < C(o() = S @), =€, (2.1)

where p is the distance function on N.

By complete noncompact manifold M™, dim M = m, with nonnegative sectional curva-
ture at infinity we mean that there exists a compact subset D in M such that the sectional
curvature on M \ D is nonnegative. Without loss of generality we may assume D = B, (1),
a geodesic ball in M centered at zp with radius 1. From [13] (also see [5]), we know that M
is of finite topological type. More precisely, M has finite ends, i.e., there exists a compact
subset Cy C M such that for any compact subset C' containing Cy, M \ C has the same
number of components. In particular we call each component an end. We also know that
any end is diffeomorphic to the product of a compact manifold and the half line.

Let E be an end and denote the volume of E N By, (t) by V(¢). If

oo

'
— _dt < o0,
t V(1)

we call E a large end. Otherwise, we call F a small end. In this paper we always assume
that all ends are large and that the number of ends is greater than 1. Denote all ends by

Ey,---,E;, 1 > 2. By means of [13] there exist [ positive harmonic functions fi,--- , f; such
that
0< falz) <1, xeM,
falz) =1, xr— 00, € FEy, (2.2)
fa(z) =0, x— 00, x¢ FEy,

and any bounded harmonic function on M is a linear combination of f4’s, and there does
not exist any nonnegative unbounded harmonic function on M.
To compare with harmonic maps, we state the following proposition.
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Proposition 2.1. Let M be a complete noncompact manifold with nonnegative sectional
curvature at infinity, E be an end of M (not necessarily a large end). Assume that f is a
harmonic function bounded below on E. Then

flx) >a, z—00, z€E,

where —o0o < a < o0o. When E is a large end, a is a finite number.

Proof. See [13, Theorem 3.3, Corollary 4.4].

Because we assume that M has at least a large end, from [14, Remark 1] we know
that there exists a unique minimal positive Green function G(z,y) on M, which can be
constructed as follows: Let B, (R,) be the geodesic ball on M centered at zo with ra-
dius R, R, — o0, denote the Green’s function corresponding to Dirichlet boundary condi-
tion on By, (R,) by G.(x,y). By passing to a subsequence of G, (x,y)’s, still denoted by
Gu(z,y),Gu(x,y)’s converge uniformly to G(z,y) on arbitrary compact subset of M \ {z}
with respect to y. In addition, from [14], we know that the number of Martin boundary
points is one of large ends. More precisely, an arbitrary large end corresponds to a unique
Martin boundary point (for details, see [14, Corrollary 2]). From the point of view of Martin
boundary, Proposition 2.1 is natural.

For the sake of convenience in the sequel, we state two lemmas.

Lemma 2.2 (See [10]). Let h = (h',---  h™) be normal coordinates on By(27) such that
p has coordinates (0, -+ ,0). Denote by gir(h), T, (k), and Tixi(h) the metric and Christoffel
symbols, respectively, in this coordinates system. Then for all h satisfying

™

b= (S hin))z <27 < —

and all £ € R™ we have the following estimates
Lo (R)R'EEE < {bix — an(|h])gir(h)}€'€", (2.3)
where
tv/ketg(tyv/k), k>0, 0<t< -,
a"(t)_{l, k=0, 0<t<o0.
Lemma 2.3 (See [4]). Let w : M — N be a harmonic map such that u(M) C B,(T).
Then e(u) is bounded by a constant depending only on k, T, and the lower bound of the Ricci
curvature of M.

§3. Harmonic Maps on Noncompact Complete Manifolds
with Nonnegative Sectional Curvature at Infinity

Let M™ be a noncompact complete manifold with nonnegative sectional curvature at
infinity, and its ends be large, which are denoted by E1,---, E;,l > 2. Thus, from Section
2, there exist positive harmonic functions such that

0< falz) <1, xeM,

fa(z) = 1, x— 00, € Fa,
fa(z) =0, x—00, ¢ FEx1l<ALL
From now on, we fix normal coordinates (h',---,h™) on B,(7) satisfying the condition

in Lemma 2.3, the notations are also as in Lemma 2.3. Let p!,---,p! be in B,(7), their
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!
coordinates be (hl,--- h"%) respectively. We construct n functions > kK fa, 1 <k < n,
A=1

! 1
which are harmonic. Set h = (Z hyfa, -, > hZfA), which defines a map from M
A=1 A=1

to Bp(7T) under the above fixed coordinates of B,(7) denoted still by h, this is because
h(z) — pp, as x — 0o,z € Ep, and by means of Maximum principle one has

n l 2
Z <Z hff;f,ﬂ:ﬁ)) <712, VYreM.
k=1 \A=1

Let R,’s be a real number sequence such that R, — oo, as u — oo, By, (R,,) be the
geodesic ball in M. Considering the boundary map ¢,: 0B, (R,) — Bpy(7) with ¢, =
hloB,, (R,). according to [10], we can find a unique harmonic map w,: Bg,(R,) — By(T)
with “u|6Bzo(Ru) = h|3310(3“). By means of Theorem 4 in [9], we see that u,’s converge
uniformly to a harmonic map u: M — B,(7) on arbitrary compact subset of M. On the
other hand, by Lemma 2.1, we have

[o(uyu(x), h(2))]* < C (v, () — %Ih(I)IQ), Vi € By (Ry),

where v,, is the harmonic extenstion of %|h(:ﬂ)|2\3,5;m0(RM)7 C depends only on the geometry
of By(T).

Il n )
We now set o =3 > > (h;l)2 fa, which is harmonic on M and has the same boundary
A=1i=1
value as 1|h(z)|? at infinity. So, by Maximum principle, & — §|h(z)[> > 0 on M. Obviously
vu(z) — 3|h(z)|> < ©— 3|h(z)]* on By, (R,). Thus

(), (@) < O~ L)), ¥

Hence, [p(u(z) — h(z))]* < C(5 — 2|h(x)[?), i.e.,u is a harmonic map with u(z) — pa, as
€ Fy,x— 0.

In the following, we shall show that the energy of u(x) is finite. The method is similar to
that of [12], as was pointed out to me by Professor P.Li, after the author had completed this
paper. From [11], we know that u, with the above prescribed boundary value is unique, so
it is an energy minimizing harmonic map. Thus

/ Vu,? < / VR, V.

Bay (Ry) Buy (Ry)
Hence we obtain
[ 1vul < [
By (R) M
for any R > 0 and R, > R. Therefore [ |Vul|> < [|Vh|?. So, if we can prove [ |[Vh|? <
By (R) M M
o0, we have [ |Vu|? < oo. For this, we only need to prove [ [Vfa]? < co,1 < A <. For
M M

the purpose, we outline the construction of f4 as follows (for details see [13]). Construct
a harmonic function ug on B,,(R) with U’RlanO(R)mEA = lauR|aBzO(R)ﬁE5 =0,B # A.
Using the barriers on the ends, one can prove that there exists a sequence R,,’s such that
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R, — oo as p — oo, and ug,’s converge uniformly to f4 on any compact subset of M,
which satisfies the properties stated before.

Considering the integral i V(1 —ug,)[?, we have
Bao (Ru)NEaA
/ |VuRu\2 = / V((1—ugr,)V(1 —ug,))
Buo(Ru)NEA Buo(Ru)NEa
8UR
= ]_ —_ (el
[ -
By
8UR
< 1-— ’
< / |1 —ug,| oy |
OFA

where v is the outer unit normal vector of M \ E4. Setting p — oo, we have

_ |91
E/A|VfA|2< [a-s|3

— | < oo
OF o

oy

For B # A, we can consider the integral Ik |Vug, 2

B"”O (R“)QEB

0
|VuRu|2 = / V(URHVURH) = — / uRM g’};“

By (R,NER By (R,NER OEp

E/ ViaP<- [ a5t <o

OER

Taking yu — oo, we obtain

Hence we have [ |V fa]? < occ.
M

We now are in a position to state our result.

Theorem 3.1. Let M be a complete noncompact manifold with nonnegative sectional
curvature at infinity, the ends of which are large, denoted by Eq,--- , E;, 1 > 2. Letpy, -+ ,p;
be | points in By(t). Then there exists a unique harmonic map w : M — By(t) with
u(x) = pa, as x € Ex,x — o0, the energy of which is finite.

Proof. We only need to prove the uniqueness, which can be done as in [11] if we use
Maximum principle on complete manifolds.

To conclude the section we give the following remark.

Remark 3.1. From [4], we know that the energy density of u is bounded, as we will use
in the next section.

§¢4. Fatou’s Property for Harmonic Maps

In this section, we consider the converse of Section 3, i.e., the boundary behavior of har-
monic maps into convex balls, the domain manifold M satisfying the conditions in Theorem
3.1. According to [14], the Green’s function constructed in Section 1 is a unique minimal
positive Green’s function (see [7]) and

G(z,y) = G(z,
jonnax (z,y) jomax (z,y)
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for any x € M,R > 0. Due to the lack of Harnack inequality at infinity, we add some
conditions to G(z,y) as follows: IRy > 0,¢ > 1, s.t.

5;‘5(652?2‘(,) G(z,y)) < oo, (4.1)
|G(z,y)|? < C <0, VreM, (4.2)
Ba(Ro)
for some constant C' > 0. It is easy to check that the minimal positive Green’s function on
R™ n > 3, satisfies (4.1), (4.2).

We can now state Fatou’s property of harmonic maps in the present case.

Theorem 4.1 Let M satisfy the conditions in Theorem 3.1, and its minimal positive
Green’s function satisfy (4.1), (4.2). Then for any harmonic map with finite energy u :
M — B,(7) Fatou’s property holds, i.e., u(x) = pa € Bp(1) as v € E4, x — o0.

Proof. As in Section 3, we fix normal coordinates (h',--- ,h™) on B,(7) with the coor-

dinates of p being (0,---,0). Set |u(z)|> = 3 |ui(x)|?>. A direct computation shows
i=1

1 i,.0 A0
§A|u|2 = |Vu? + vl At = |Vul? - ulF,lij(u)uaujﬁv A
where (y*?)~! is the Riemannian metric of M, I‘éj is the Christoffel symbols on B, (7) with
respect to the fixed normal coordinates. Using Lemma 2.2, we have
1 I e
S Al = [Vul? = {055 — ax(ul)gis (u)bugusy™” = ax(lul)e(u) > 0, (4.3)

where (g;;) is the Riemannian metric of By (7), a,(|u|) > 0 since |u| < 35 and e(u) is the
energy density.

Let G, (z,y) be the Green’s function with respect to Dirichlet boundary value on B, (R,,).
Consider meo(R“) Alul*(y)G (2, y)dy, denoted by f,,, which stisfies

{ Afu=—Alul?, on Byy(Ry),
fuloB,, (r,) = 0.
Maximum principle implies f,, < 72. Hence fM Alul|*(y)G(x,y)dy, denoted by f, is not
greater than 72. By means of (4.3), we obtain [ e(u)(y)G(z,y)dy < cc.
M
On the other hand, the harmonicity of u implies
1 Bl i3 _
Au' + M T uguy = 0.

Thus, |Au!| < Ce(u), C depending only on the geometry of B, (7). Therefore, we can set

bl = /Aul(y)G(x,y)dy +ul, 1<i<n. (4.4)
M

Obviously, h!’s are harmonic functions. Proposition 2.1 implies that for any large end E4
there exists a real number a4 such that hl(z) — aly as z € Ea,2 — oco.

reEF A, z—00

If we can prove that lim [ Aul(y)G(z,y)dy exists, the theorem above is obtained.
M

To this aim, we consider more general case. Let f € L>(M) N LY(M), s.t.

/ F@)Gz,y)dy € L=(M).
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We claim that under the condition of the theorem, when z € E4,x — oo.

/f G(z,y)dy — 0, 1<ALI. (4.5)

Since f € L'(M), there exists an R sufficiently large such that Ik |f| < e for any
Ea\Bay (R)
sufficiently small € > 0. Fix R > 0, and consider the integral
fW)G(z,y)dy.
Ea\Baq (R)
We assume dist(zo, z) sufficiently large such that B,(Ro) C Ea \ By, (R). So we have

[ swotway

Ea\Bay (R)
S‘ / xydy‘Jr’ / f(y)G(z,y)dy
(EA\BEO(R))\BT(RO) By (RO)
< G d
max Gla.y) / o
(Ea\Bz, (R))\Bz(Ro)
i 1
+( [ wwra) ([ cara)’
Bz (Ro) Bo(Ro)

where 1 + % = 1. Since f € L*°, using (4.1), ( 4.2) we see that the right hand side of the
inequality above is sufficiently small.

In the following, we consider the integral i f()G(z,y)dy. We firstly observe
M\(EA\BI()(R))
the behavior of G(z,y) on 0By, (R)NE4 and B, (R+Ro)NE4. Fixing xg € 0B,,(R)NEa4,

TR, € 0By, (R+ Ro) N Ey4, we claim that the following inequality
Gly.2) _ , Glyon,)
G(zr,x) =  G(xgr,TR,)’
holds, where x € E4 with dist(z, o) > 2(R+ Ry), and C > 0 depends only on the geometry
of M. This is because G(y,x) is harmonic on M \ (E4 \ By, (R)) with respect to y and the
upper and lower bounds of G(y, x) |6Bzg (R)nE., is controlled by the multiplicities of G(xr, x),

Vy € M\ (EA \ Bmo (R))7 (46)

as can be obtained by using Theorem 3.2 in [13], i.e, Harnack inequality. On the other hand,
G(y, iURO) G
G(zRr,TR,

G(zR, ) restricted to 0By, (R) N E4 Wlth respect to y, based on the same reason. So, by

the upper and lower bounds of (xR, ) are also controlled by the multiplicities of

using Maximum principle, (4.6) is obtained. Thus, we have

fweapi<c | f(y>(w)a<yﬁm>dy.

G(SCR, LZJRO)
M\(EA\Ba, (R))

So, when z € E4 and x — oo, we have (using the estimates for G(z,y) in [14])

f(y)G(z,y)dy — 0. (4.7)

/M\(EA\BzO(R))

M\(Ea\Bz,(R))

Combining (4.7) and (4.6), we obtain (4.5). Now come back to our present case. From
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Lemma 2.3, we have e(u) € L®(M), so e(u) € L>®(M) N LY(M). Finally, from (4.4) we
obtain for some aYy, u!(z) — da\y, as x € Ea,2 — oo. The proof of the theorem is completed.
We give the following remarks to conclude this section.
Remark 4.1. From Theorem 4.1 and Theorem 3.1, we see that under the conditions of
Theorem 4.1 all harmonic maps into convex balls can be obtained from Theorem 3.1.
Remark 4.2. The conditions (4.1), (4.2) are completely technical, which should be able

to be deleted.

§5. Harmonic Maps from Cartan-Hadamard Manifolds

In this section, we use the work of W. Y. Ding and Y. D. Wang!®l (also see [15]) to derive
an existence theorem of harmonic maps from a class of Cartan-Hadamard manifolds into
convex balls. Let M™ be a Cartan-Hadamard manifold with Ricc® > —K?2, K > 0 and
A1(M) > 0. Fixing a point O in M, we can construct the geometric boundary of M, denoted
by S™~1 (m — 1)-dimension sphere, which formly consists of all geodesic rays from O (for
details see [3]). We still assume

0 =0(p ")) for some k>0, (5.1)

where p(z) =dist(z,0), 0 = ZzO0y, x,y € M, dist(x,y) = 1, p(x) = p(y) sufficiently large,
and

p~FEFVy < 0o for some e >0, (5.2)
M\B1(0)
where dVy is the volume element of M, By (O) is the geodesic ball centered at O with radius
1.

Theorem 5.1. Let M be a Cartan-Hadamard manifold with m > 4, Ricc™® > —K?2 for
some constant K > 0, and A\(M) > 0. M satisfies (5.1), (5.2). Let ¢ € C°(S™~L, B,(1)).
Then there exists a unique harmonic map u: M — By(T), u|gm-1 = ¢.

In order to prove the theorem, we firstly establish the following lemma.

Lemma 5.1. Let M satisfy the conditions of Theorem 5.1. Let ¢ € C> (S™~1). Then
there exists a harmonic function h on M with h|s,,_, = ¢.

Remark 5.1. If M satisfies —b? < Riem™ < —a?,a > b > 0, Lemma 5.1 was proved
by M. Anderson™) and D. Sullivan['! independently. Recently, Q. Ding!® also obtained a
similar theorem with the conditions —a? < RiccM < —b%, a>b>0and Riem™ < 0 using
his new Laplace comparison theorem. Here we use the work of W .Y. Ding and Y. D. Wang
(which generalizes the result in [15]) to prove Lemma 5.1.

Proof of Lemma 5.1. Let {(r,0)|0 € So(1) = S™ '} be normal geodesic coordinates
at O, where So(1) is the unit sphere of To M. Thus ¢ can be written as ¢ = ¢(6),0 € So(1).
Extend ¢ to M \ {O} in radius directions, i.e., set ¢(r,0) = ¢(0),Vr > 0, and the function
extented is still denoted by ¢, then ¢ is a bounded smooth function on M \ {O}.

Introduce the notation oscp, (1y¢ = sup [¢(y) — ¢(x)|, which expresses the osillation of
yEBL(1)
¢ in B,(1). By means of the definition of ¢, we have

6(y) — d(x)] = [6(6") — ¢(0)] < C|6" — 0], Vy € By(1),
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where 60,0’ are the geodesic sphere coordinates of z and y, respectively, C' depends only on
¢|sm-1 (and so do all the constants below). So, when dist(x, O) is sufficiently large, we have
oscp,(1)¢ < Cp~"(x).

We now average ¢, denoted by ¢, and show A¢ = O(p~F). Choose the cut-off function
x € CF(R),0 < x <1, suppx C [-1,1], and set
A{ X(P3(y))o(y)dy

Agx(pi(y))dy ’

$(x) =

where p,(y) =dist(z,y). Then we have

) o] i, 0 XA @) (0(0) — 6(x))dy
T o () dy
< sup [9(y) — 9(a)

x

= oscp, (1)} = O(p_k(x)),
while

VN X)) .
£6(20) = B(3(2) — $(0)lama, = A{ & Ty | 40~ ot e

A direct computation shows

" 2

A <U) _ vAu — 2VuVv — ulAv n 2—?|Vv|2,
v v v

Vu = 2x'(p*)pVp,

Au = 4p*X" (0*)|Vpl* +2X' (0*)| Vol + 20X (0*) Lp,
where u = x(p3(2)), v = [}, x(p5(x))dy.

Since RiccM > —K?, by the standard Laplace comparison theorem, when p = p,(z) <1,
pAp < C for some constant C' > 0, and the other terms in Vu and Aw are finite when p < 1.
The same reason shows the above conclusion is valid for Vv, Av. On the other hand, by the
volume comparison theorem, when Riem™ < 0, we have VolB, (1) > C for some constant
C > 0. Therefore we have

o(z) = / X7 (v))dy = / X))y > C > 0.
M Ba(1)

Combining the above facts, we see that |A(%)| is bounded. Thus

|Ad(x)| < Cosep,1yd = O(p~" ().
By (5.2) we have

/ 1AB()| BTV < oo. (5.3)
M
Thus, Theorem 3.1 in [8] implies that there exists a harmonic function i such that

|h(z) — ¢(x)] = 0 as x — 0o, (5.4)

i.e., h(zx) reaches ¢(x) on the geometric boundary. The proof of Lemma 5.1 is completed.
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Proof of Theorem 5.1. An approximation process can make us assume ¢ in Theorem
5.1 to be smooth. Then by using Lemma 5.1, the proof of Theorem 5.1 is completely similar
to that of Theorem 3.1. We outline the proof as follows. Fix a normal coordinate around

p. Under this coordinate ¢ can be written as (¢'(z),---,¢"(x)), * € S™!, so there exist
n harmonic functions hl(z),---  h"(z) defined in M, such that h?|gm-1 = ¢. Under the
above coordinate (h'(z),--- ,h"(z)) defines a map from M into B,(7), which is denoted by

h. Consider the following Dirichlet problem
wy Q0 — By(7),
{ uyuloo, = hlaq,,
where (,,’s are exhaustion domains of M. Theorem 4 in [9] implies that u,’s converge on
any compact subset in M, the limitation being denoted by u. From Lemma 2.1, we know
u|gm-1 = ¢. The proof is completed.
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