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AVERAGE o—K WIDTH OF CLASS OF L,(R") IN L (R")**
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Abstract

The average o — K width of the Sobolev-Wiener class Wy, (R") in Lq(R™) is studied for

1 < g < p < o0, and the asymptotic behaviour of this quantity is determined. The exact value
of average 0 — K width of some class of smooth functions in La(R"™) is obtained.
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¢1. Introduction

1.1. The Amalgams of L, and 14
Let 1 <g¢,p<oo,né€Zy=:{1,2,---}. Denote by L,,(R"™) the normed linear space of
functions defined on the Euclidean space R™ (R! = R) in which each function f is locally

L,-integrable and satisfies || f||p, < co. Here the norm || - |4 is defined by
{1+l o} for1<a<es,
[fllpg = “ve2"
suzp If(+ U)||Lp([0,1]n), for g = oo,
veL™
where Z" denotes the set of all points in R" having integral coordinates, and || - ||z, (p) the

usual L,-norm on the subset D of R"”. L,,(R") is a Banach space with norm || - ||, . When
p = ¢, Lyg(R") = Ly(R™) is the usual L,(R")-space. When n = 1, these notions may be

seen in [3]. For convenience, we write || - ||, instead of || - ||p-

1.2. Definition of Average o— K Width

Let X be a normed linear space with norm || - ||x and L any subspace of X. For each
feX,

E(f,L,X) = inf{|[f —gllx : g€ L}
is the distance of the subspace L from f. For a subset 9t of X, the quantity
EOM, L, X) =:sup{E(f,L,X): f € M}
is the deviation of 9 from L.
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Let L be a subspace L,(R"™). For any a > 0 and € > 0, set I =: [—a, a]",
B)y={feL:|fl, <1}
(BLYID) = {fl1y - f € B(L)),
ke(a, L, Ly(R™)) =: min{m : there exists a linear subspace B of dimension m

of Ly(I7}) such that E((BL)(I}), B, Ly(I})) < €},

where f
ke(a, L, Ly(R™)) is non-decreasing in @ and non-increasing in .

() = f(x) or 0 according as whether z € I} or not. It is easy to see that

Let o be a positive number. A linear subspace L of L,(R™) is said to be of average

dimension o if
E— L,L "
Gm(L, Ly(R") = lim lim o@D La®Y)
e=0+ o0 (2a)"
Let 91 be a centrally symmetric subset of L,(R™). The quantity
dy (M, Ly(R")) =: mf{E(M, L, Ly(R")) : dim(L, Ly(R")) < o}

is called the average o-width of 9t in L,(R™) in the sense of Kolmogorov (shortly, average
o — K width). A subspace L% of L,(R") of average dimension at most ¢ for which

do (M, Le(R™)) = E(M, L7, Ly(R™))
is called an optimal subspace for d, (9, L,(R™)). When n = 1, the notion of average width
was first proposed by Tikhomirov!*?! in order to consider problems of optimal approximation
methods on a non-compact Sobolev class W, (R).
1.3. Classes of Smooth Functions
Let S = S(R™) (see [9]) be the space of rapidly decreasing functions on R™. The Fourier
transform of a function ¢ € S will be denoted as follows

(Fo)(z) = (2m) % /

n

n
o(t)e T dt, tr = Z tiz;,
j=1

and the transformation inverse to it as follows

n

(F_lgo)(x) = (27r)_?/ o(t)et dt.
Rn
The set of all generalized (over S) functionals is denoted by S’ = S/(R™). The Fourier
transforms (direct and inverse) for f € S’ are defined respectively by the equations
(Ff.0) = (f,Fp) and (F7'f,0) = (f, F '),
for any ¢ € S, where (g,¢) = [g. 9(z)p(z)dz,g € S, p € 8.
For any a € R,K, : S’ — S denotes the operator (K,f)(z) = (1 + |z|>)*/2f(z),
x=(x1,  ,2,) €ER", |2|> =22 + -+ 22. Define I, =: F"1K,F. Set
Ke(R") ={f e85 € (R"): I, € Ly(R")},
which is a Banach space (of Bessel petentials) with norm ||f|xe@®n) = [lafllq for any
[ ey (R™).
When 1 < ¢ < 0o, a =r € Z,, denote the Sobolev space by
Ly(R™) ={f € Ly(R"): D*f € Ly(R"),|a|s <7},
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where Dof = — 2" 0 e Z, U{0}, j=1,2,-- .n, |l = o1+ + an (see [11]).

- a1 an Y
Oz 'Oz,

For 1 < p,q < oo, the set
W) = {f € LyR™) = 3 1D flly <1}
||y =7
is called the Sobolev -Wiener class. When p = ¢, Wy, (R™) is the usual Sobolev class . When
1 <q <p< oo, it is easy to verify that W, (R") C W7 (R").

For n = 1, the exact values of the average ¢ — K width CZJ(WZ’;q(R), L,(R)) have been
obtained for the case 1 < ¢ <p < oo and o € Z; (see [2, 5]), and the case 1 <p=¢ < o0
and o € (0,00) (see [6]).

Let R$ (o > 0) denote the space of Riesz-Potentials, defined by

5 ={f € Lo(R") : [y|*(F[)(y) € L2(R")},
B(R3) ={f e Ry :|[[- ["Ffll2 < 1}.
Here |z|*> = 22 + - + 22, for any z = (21, -+ ,x,) € R™

Denote by SB2(R™) the collection of all functions of the spherical exponential type o > 0
(see [7]).

1.4. Our Main Results

In this paper, we obtain the following results.

Theorem 1.1. Let 1 <g<p<oo,r€ Z;. Then

(1) de(W;,(R™), Ly(R™)) = o~ w,0 —> oo, where the notation “f(c) < g(o)” means that
there exist ¢c1 > 0 and ca > 0(c1 < ¢2) such that the inequalities c1|g(o)| < |f(o)| < ealg(o)]
hold for sufficiently large o.

(2) SBZ(J)(R") is a weakly asymptotic optimal subspace of average dimenstion o for
do (W, (R™), Ly(R™)), where p(c) > 0 is defined by the equation p"mesB,(0,1) = (27)"0,
while B,(0,1) = {z € R"™ : |z| < 1} is the unit ball of the Euclidean space R™.

Theorem 1.2. Let a > 0. Then

do(B(R3), L2(R™)) = E(B(RS), SBj ) (R"), L2(R")) = Cpa0™ 7,
where p(o) is defined as in Theorem 1.1 and C,, o =: {mesB,,(0,1)}*/™(27)~.

§2. Proof of Theorem 1.1

To prove the Theorem 1.1, we first give some lemmas as follows.
Lemma 2.1 (cf. [1]). Let p > 0. Then

Tm(SBP(R™ nyy — p"mesB, (0,1)

Lemma 2.2. Let 1 < g < o0o. Then
E(W,(R"),SB},\(R"), Ly(R")) < Co™ (2.1)
where C' is a constant independent of .
Proof. For any real number p > 0, let

mAw:F%mfsﬁeR,%>m (2.2)
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be an even entire function of one variable of exponential type 2sp. Then, by [7], the function
ky,s(|z|), 2 = (x1,--- ,z,) € R™, is an entire function of n variable of spherical exponential
type 2sp. We write

Ky (@) = Ak s(le)), @€ R,
where
Aps = /R ko s(|z|)dz < p**~", p— o0.
If @« > 0 and 2s > n + «a, then it is easy to verify that
/ K, s(x)|z|%de < p™¢, p— oc.
R

For each f € L,(R™), set

r

(A7) =D (=1 fz = jt), (2.3)
j=0
@D == [ SN = Kbt (24)
j=1
By [7], T,f € SB3,,(R"). For 1 < ¢q < o0, if f € W;(R"), then by a proper calculation we
have
AT fllg < 67 > 1D fllg < [t € R™. (255)
|| =7

Hence, when 1 < ¢ < 0o and 2s > n+r, by (2.5) and Minkowski’s inequality for integral,
we have

15 -fl={ [ | [ @inega'a)’

1

< [ (| 1ah@lrd)" K.

g/ [t]" K, s (t)dt
<Cp™", (2.6)

where the constant C' is only dependent on r,¢, s, and n.

Similarly, we have
If = Tofllo < Cp7", (2.7)

for any f € WL (R").
Let p = p(0)/2s and 2s > n+ r in (2.2). Then (2.1) follows (2.6) and (2.7).
Let B(lzj,v) denote the unit ball of the space lIJ)V.
Lemma 2.3 (see [8]). If1<g<p<o0,1<k<N, then

di(B(IN), 1Y) = (N — k)~ 7, (2.8)

where di (A, X) denotes the usual k — K width of A in X, while X is a normed linear space
and A one of its subsets.
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Proof of Theorem 1.1. First, by Lemma 2.1 and Lemma 2.2 , we see
0y (W, (R™), L (R)) < E(Wy,(R"), SBY_ (R"), L,(R™))
< B(W;(R"), SB,, (R"), L,(R"))
<Co™ . (2.9)
Next, we shall prove that

-5 r

d, (W (R"), Ly(R™) > Co™ 7 (2.10)

holds for 1 < ¢ < p < 00,0 > 0, where C' is a constant only dependent on r,n and q.

The proof of (2.10) is divided into the following two steps.

(I) Locallization. Let L be a linear subspace of average dimension ¢ of L,(R"™). By
definition, for any a > 0 there exists a linear subspace M = M (e, a, L) of finite dimension
of Ly(I7),I" = [—a,a]™, such that

dim(M) = ko(a, L, Ly(R")),
and
E((BL)(1}),M,Ly,(I?)) < e.
For any a > 0, set
WpO(Iy) = {f € Wy (R") : suppf C I7'}.
If f € W)O(I7), then for each g € L we have
E(f, M, Ly(15)) < If = glla +¢llglly
SA+lf —gllg +ellfllg: (2.11)

For any N € Z,, it is easy to verify that
n 1_1 T n
wr(Iy) € NP W (R™), 1<q<p< oo (2.12)
In fact, for any f € WPT’O(I}{,), since supp f C I}, by Hélder inequality for integral we have

N-1 N-1
||Daf|\pq={ Z Z HDaf("Fj)H%p([o,un)}

ji=—N Jn=—
< (2N)a ¥ | D*fllp, (1)

Q=

for 1< q<p <00, where ] = (jhj?a"' 7]71) ez
Similarly, for the case 1 < ¢ < p = o0, (2.12) also is valid.
Hence, by (2.11) and (2.12), we have
(1+&)E(Wy,(R"), L, Ly(R™))
> (14€)2N)"G ™D E(WyO(1§), L Ly(R™))
11 n
> (2N)"5 "B (f, M, Ly(I%)) — €l fllq} (2.13)
for any f e WO (I%).
For any f € L,(R"), set

n

(6nf)(x) =: (2N)""% f(2Nxy — N,..,2Nx, — N).
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Then, for f € W) 0(I}), we have

Z 1D~ )z, (0,1 Z 1D fllz, gy <1,

laf1=r || =7

which implies dx f € W;°([0,1]"). Thus, by (2.13) and a change of scale, we have
(L+e)E(Wy,(R"), L, Ly(R™))
= (2N){E(f,0n (M), Lg([0,1]")) = ell fllz, o, } (2.14)
for any f € W0([0,1]™).
(IT) Discretization. Let m € Z such that
m" > ke(N) = k.(N, L, Ly(R™))
and ¢ be any non-zero function in C*°(R) with support in [0, 1], i.e., sup(¢) C [0,1]. Set
¢k(:c) = qﬁ(xm— (ki 1))7 k= 1723"' , M

Thus,
k— 1

m

| = Ap,k=1,2,

S\w

supp(¢x) C |
Set
Ohor kg o () =2 Ohey (1) Pty (22) -+ - Dy, (1), @ = (21,22, ,2,) € R,

It is easy to see that these ¢, k,,... k, have the following properties: for 1 < s < oo,

(i) SUPP(¢k1,...,kn) CApy X XAy, = Apy o ks (2.15)
m m
) [ 35 - 35 o bbb | =m0 E el 61y (216)
kiml  kp=1 s :
where ||+ || ;me) is the usual 17 _norm, while m(n) = m" and a =: (T
’ 72(:7,:1 :
e m m n
(111) Z . Z Ak, oo e DOk e i :mT_EHa lm(n)cs((b), (2.17)
lali=r'"k1=1  k,=1 s °
where
= > ¢ o a=(ag, ).

|| =7
For m € Z(m" > k.(N)), set

m m
{3 X e Bl

k1=1 kn=1
< @m TR, (2.18)

where Cp(¢) is defined as in (2.17) for s = p.
By (2.17), we have Q,(m) C W;,"’O([O, 1]™). For any f € Q,(m), by the inequality

1_1
lallmen < m"(a P)||a||l;n<n>
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for 1 < g <p < oo, we have

11|z o.0m) = m ™ flallmon (8117, m)

<m 7|a o7, )

< CHDNlE, mmym ™
= C*'m. (2.19)

l'rpn.(n)

Hence, by (2.19), we have

sup {E(f,on (M), Lqy(R")) =&l fllz, o)}
Fe€Qp(m)

> E(Qp(m),0n (M), Lqg([0,1]™)) — C*em™". (2.20)
Similar to the case of one variable (see [8]), by a proper calculation, we have
E(Qp(m),dn (M), Ly([0,1]™))
> di(v) (@p(m), Lg([0,1]™))
> Codi(y (B, 1) ym =G =), (2.21)

where k(N) =: dim(dn(M)) = k-(N) and

_ n 1 1
Co = (Cp(D)I9IZ,, (m)) HIol? gy» . + 7 L.

Since Qp(m) € W;°([0,1]™), by (2.14), (2.20) and (2.21) we have
(14 €)dy (Wyy(R™), Ly(R™)
> (@N){du) (Qp(m), Ly([0.1]")) — C*eM "}
> (2N)T{m—””(%—%)c*odk(m(Bl;“”% [y — C*Em_T}
= @N)'m{Com™G =D (" — K(N))3F - C*e}

_ [2N\T E(N)\i=5
=G {a(-77)" T -oeh (2.22)
Since k.(a, L, Ly(R™)) is non-decreasing in a > 0 and k(N) = k.(N, L, Ly(R")), it is easy

to see that

k(N k L,L,(R"
lim lim (V) = lim lim M =o0.
=0t Nooo 2N)" 650t 5500 (2a)™

Let {m, }3_; be a sequence such that

2N \n 1
lim (—) = - (2.23)
N—oo \M r+no

Then, by (2.22), we have

(1+e)dg(W;q(Rn),Lq(Rn))>(U(T:n)):’{cou r )%—%—C*g}. (2.24)

Letting e — 07 in (2.24), we have

TV (R, LR 2 o~k o )T (1), (229

which is (2.9). Theorem 1.1 follows (2.8) and (2.25).
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§3. Proof of Theorem 1.2

To prove Theorem 1.2, we first give
Lemma 3.1 (cf. [8]). Let X411 be any (k + 1)-dimensional subspace of a normed linear
space X, and let B(Xp4+1) denote the unit ball of Xy11. Then

d;j(B(Xp41),X)=1, j=0,1,--- k.
Lemma 3.2. Let p > p(o). Then
ds(SBI(R™) N BLy(R"), Ly(R")) =1, 1<gq< o0, (3.1)
where BLy(R™) is the unit ball of Ly(R™).
Proof. First, it is obvious that

ds(SBI(R") N BLy(R™), Ly(R™)) < 1 (3.2)
for any p > p(o).
Next, we shall prove that
T (SBIR™) N BL,(R™), L(R™) > 1, Vp > p(0). (3.3)
For any p > p(0), there exist N elements £; € R™ and a set
As={t=(t1,- - ,tp) e R" 1 |t;] <6, =1,--- ,n} > 0)

such that
N

int(& + Ag) Nint(&; + As) =0, i # 4, | J(& +As) C Bn(0,p),

s=1
and

{mes(@ (€ + A(;) }/(2@” = [N(20)"}/(21)" > &

Let 771 € (0,0) satisfy N(2(§ —m))"™ > (27)"0. For any n € (0,m1), k = (k1,- - ,kn)
Z'Il,

sin(d —n)(¢; — —)smn( k:;)
n(@ —n)(t; - 55)°
for any y ¢ As.

::]:

¢k,5(t17 e atn) =

J
It is easy to verify that (Foys)(y) =
For any a > 0, set

Qa) = span{ék,g(t)eifst k| < [M}, s=1,---,N, j=1,--- ,n}.

L

If ¢ € Q(a), then (Fo)(y) = 0, a.e. y € R™\ U (s + Ag). This shows that Q(a) C
SBE(R"). By [1], when 1 < g < oo, there exists ag > O such that the inequality

1fllg < n@)llfllz, g (3.4)

holds for any a > a¢ and any f € Q(a). It is easy to see that (3.4) is also valid for ¢ = 1
and ¢ = oo

Set S(a) =: {flr : f € Qa)}. If f € Q(a) such that f|» € S(a)N (1a)BL (I7), then

[Ifll¢ < 1. Let L be a subspace of average dimension < ¢ of L,(R). By an argument similar
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to Theorem 1.1 (see (2.12)), we have
(1+e)E(SBI(R™)NBLy(R"), L, Ly(R™))
1
> @E(S(a)ﬁBLq(I§)7M7Lq(13)) - (3.5)
where M =: M(a,e,L) is a subspace of Ly(I}) of dimension k.(a,L,L,(R"™)) such that
E(BL(I?), M, Ly(I?)) < <.
Let {as}%2, be a sequence such that

hela, L Ly(R™) (s, L, Ly(R™))

P e Sy % TR (3.6)
Consider that
dim(S(a)) = dim(Q(a)) = N(2[M] +1)"
and
o AMS(@) _ NQG—m)"

amoe (2a)" (2m)"
Then, for some d; € (0, ”1;6), there exists a natural number sg such that
ke(as, L, Ly(R™)) < (0 + 61)(2as)"
and dim(S(as)) > (v1 — 61)(2a5)™, s > so, i.e.,

dim M(a,e, L) < ko(as, L, Ly(R™)) < dim(S(ay)).

Hence, by Lemma 3.1 we have
di(S(as) N BLG(15.), Ly(17)) =1, s> so, (3.7)

where k =: dim(M (as, e, L)).
Thus, by (3.5) and (3.7), we have

d,(SBI(R") N BL,(R"), L,(R")) > 1, (3.8)

which is (3.3). We complete the proof of Lemma 3.2.

Proof of Theorem 1.2.

The upper bound. For any f € B(R$), let g € SB2(R") be defined by (Fg)(y) = (Ff)(y)
or 0 according as whether |y| < p or not. Then, by Plancherel’s theorem, we have

If — gl = /| EDWay

<o [ pPNEn@Pdy < e

lyl>p

Hence, we have
E(B(RS). SBAR™), Ly(R")) < p. (3.9)
Therefore, when p = p(o) as in Theorem 1.1, we get
0, (B(RS), L(R")) < B(B(RS), S}, (R"), L(R")

< (p(0)) ™ = Cpao . (3.10)

The lower bound. We first prove the following Bernstein-type inequality

1" fll2 < p (1 f]l2 (3.11)
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for any f € SBi(R”). In fact, by Plancherel’s Theorem, we have
- 1*Ffll3 = /R P [(Ff) () *dy
[ wPIEn Py
lyl<p

< p /| () () Pdy

= || f113-

Hence, we obtain
SB2(R™) N p *BLy(R") C B(RS). (3.12)
Thus, by Lemma 3.2, we have
do(B(R3), L2(R™)) > p~"do (SBL(R") N BLy(R"), L2(R")) > p~*. (3.13)
Letting p — p(o)™ in (3.13), we get
do(B(R3), L2a(R")) = (p(0)) ™ = Cna0™
Thus, Theorem 1.2 follows (3.10) and (3.14).

3R

(3.14)
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