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EXISTENCE AND NONEXISTENCE OF GLOBAL
SOLUTION OF NONLINEAR PARABOLIC EQUATION
WITH NONLINEAR BOUNDARY CONDITION

Wu YoNgHUT* WANG MINGXIN**
Abstract

This paper deals with the existence and nonexistence of global positive solution of the
following equation:

ur = V(ui~1Vu) — au™, zeQ, t>0,
1o}

T up, €8, t>0,
on ~

u(z,0) = up(x) > 0, z €Q,

where p, g, m, o are parameters with ¢ > 1, m,p > 0,a > 0. @ C R" is a bounded domain with
0€2 smooth enough, N > 1. The necessary and sufficient conditions for the global existence of
solution are obtained.
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§1. Introduction

In this paper, we study the following problem:

ur = V(ui='Vu) — au™, x e Qx(0,7T), (1.1)
% =uP, (x,t) € Sp =00 x (0,T), (1.2)
u(z,0) = up(z) > 0, r€Q, (1.3)

where p, g, m,« are parameters with p,m > 0, ¢ > 1, o € R, n is the outward normal
vector. When o = 0, equation (1.1) is the well-known porous medium equation, and it has a
variety of applications in physical, biological and engineering problems. Many mathemati-
cians devote themselves to the study of (1.1) with Dirichlet, Neumann or Rabin boundary
conditions, and some beautiful results have been obtained (see [1] and the references there).
However, just as Professor H. A. Levine pointed out (in [2]), few efforts are made when the
nonlinearity occurs in the boundary, and the results are far from complete. To our knowl-
edge, [3] first studies (1.1)—(1.3) with & = 0, ¢ = 1 and % = b(u), and obtains that if
b(u) = |ul**ch(u) with € > 0, h(u) is increasing, then (1.1)—(1.3) has no global solution.
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Later, [5] deals with the generalized nonlinear boundary condition and obtains that if b(u)
and b'(u) are continuous, positive and increasing, then the solution of (1.1)—(1.3), with

0
a=0, ¢g=1and au_ b(u), blows up in finite time provided that

on
> ds
/ b (s)
ds

and it exists globally provided that [ > W = 00. [8] considers the problem from
s)b' (s

another point of view, i.e., the nonlinear diffusion

ug = V(a(u)Vu), zeQ, t>0,
Qu_y, TE0, t>0, (1.4)
on

u(z,0) =up(xz) >0, xeld
Let a(u),a’(u) be positive, continuous and

a'(u

~—

< M.
uU—ro0 a(u) -

o d
[8] proves that if [ (—S) < 00, then the solution of (1.4) blows up in finite time; if
a(s
ds

—— = 00, then the solution o 4) exists globally. Recently eals with the case
> h h luti f (1.4 i lobally. R ly [7] deals with th
a(s

with both nonlinear diffusion and nonlinear boundary condition,

u = V(a(u)Vu), e, t>0,

ou

— = 1.5
o b(u), x €N, t>0, (1.5)

u(z,0) = ug(z) >0, x€Q.

Under the hypothesis that a(s) and b(s) are positive nondecreasing ¢! functions for s > 0,

o d . . o e oo d
if [ Wj) < 00, then the solution of (1.5) blows up in finite time; if [ Wj) = 00, and

a(s) + a(s)t/(s) + a’(s)b(s) is nondecreasing, then there are two subcases: if
° ds
/ (a(s) + a(s)V/(s) + a/(s)b(s))b(s)
then the solution blows up in finite time; if
° ds B
| G T

then the solution of (1.5) exists globally.

< 00,

In this paper, we put three kinds of nonlinearity together, i.e., nonlinear diffusion, non-
linear reaction and nonlinear boundary condition. In this paper we assume that « > 0. (For
the case of a < 0, i.e., the reaction term is a source, we can deal with it in the same way as
that of [7] and the results are trivial, so we omit it). Here the reaction term is absorption.
It is very important to realize the interactional relations of the three nonlinear terms.

In the case of p+ g <2 o0r p+¢q > 2 and m < 1, we can prove in the same way as that
of [7] that the solution of (1.1)—(1.3) exists globally for p 4+ ¢ < 2, and it (with large initial
data) blows up in finite time for p + ¢ > 2 and m < 1. So here we focus our attention on
the case of p+ ¢ > 2 and m > 1.
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§2. Main Results and Preliminaries
A solution u(x,t) of (1.1)—(
u(z,t) € C*HQ x (0,T))NC(Q x [0,T)),

and u(zx,t) satisfies (1.1)—(1.3), where T' < oco. If T' = oo, we say that u(z,t) exists globally;
if T' < oo and there exists t,, /T~ such that

1.3) means that

lim sup |u(z,t,)| = oo,
n—oo Pr=te)

we say that u(z,t) blows up in finite time.

It is easy to prove that then u(z,t) blows up in finite time if 7' < +o0.

Our main results are as follows.

Theorem 2.1. Suppose p > 1, p+q > 2 and m > 1. Then the solution of (1.1)-(1.3)
exists globally if 2p + q < m + 2, and the solution blows up in finite time for large initial
data if 2p+q > m + 2.

Theorem 2.2. Suppose 0 <p <1, p+q>2 andm > 1 Ifp+q < m+1, then the
solution of (1.1)-(1.3) exists globally; if p+ q > m + 1, then the solution of (1.1)-(1.3) blows
up in finite time for large initial data. For the case of p+ q = m + 1, the situation is very

0
subtle, and the geometry of the domain 2 becomes very important. In this case, if u <1,

90 €
then the solution of (1.1)-(1.3) exists globally; if ||Q|| > 1, then the solution of (1.1)-(1.3)
blows up in finite time.
Our approach to the proof of the theorems is based upon the subsolution and supersolution
method. i(x,t) is called a supersolution of (1.1)-(1.3) if a(z,t) € C*1(Q x (0,7)) N C(Q x

[0,T")) and satisfies

a; > V(a?'Va) — au™, reQ, t>0, (2.1)
% > P, z €0, t>0, (2.2)
a(x,0) > up(x), €. (2.3)

A subsolution u of (1.1)—(1.3) is defined in the same way but with each “>” replaced by
“n,

For subsolution and supersolution, we have the following comparison theorem.

Lemma 2.1. Let u and @ be a subsolution and a supersolution of (1.1)-(1.3) respectively.
Then u(x,t) < a(x,t) for all z € Q and t € (0, Thax), where Thax s the mazimal time of
existence of u. Moreover, if one of the inequalities (2.1)-(2.3) is strict, then u(z,t) < u(z,t)
forallz € Q and t € (0, Tinax)-

Under the previous assumptions, problem (1.1)-(1.3) has a unique, local solution u(z, ).
Furthermore, if ug(x) > 0 on Q, then u(x,t) > 0 for ¢ > 0 and = € (2. Here, we restrict
our attention to the positive solution of (1.1)-(1.3). By the standard monotone method we
know that if we can find a supersolution @ with ug(z) < @(z,0), and @ exists globally, then
problem (1.1)-(1.3) admits a unique global solution u(z,t) satisfying

0 < u(z,t) < au(x,t).

If there exists a subsolution w of (1.1)—(1.3) such that u(z,0) < ug(z) and u(x,t) blows



374 CHIN. ANN. OF MATH. Vol.16 Ser.B

up in finite time, then u(z,¢) must blow up in finite time. Therefore, in the proofs of the
main theorems, our main work is looking for the appropriate subsolution or supersolution.
Without loss of generality, we assume that o = 1 in the following.

§3. Proof of Theorem 2.1

In the case of 2p + ¢ < m + 2, we just need to find a positive global supersolution
@(x,t). Denote by h(zx) the eigenfunction corresponding to the first eigenvalue A\; of —A
with Dirichlet boundary condition, i.e.,

—Ah = AMh, x €,
{ h(z) =0, x € 0N.

1
Then h(z) > 0 in Q. Assume that max h(z) < 3 and max |Vh(x)| = C;. By the strong
T€ zeQ

oh
maximal principle we know that n < 0 on 09Q. Thus, there is a positive constant Cy such
h
that |g—\ > Cy on 0fL.
n
We construct the supersolution u(x,t) of the form
iz, t) = [2¢ — e(1 — h(x)) <] 77,
where k = (p — 1)/C5 and

€ < 2 min{L,[(2p+q — DRCE/(p — 1) 7 E7 ),

2
A straight forward but routine computation shows that
*V(’aqilva) > 7ﬂma HARS] Qv
T 3.1
% > P, x € 0. (31)
on

Note that € can be chosen arbitrarily small, so that for any ug(z) € C(Q) and ug(z) > 0
on () we can find € > 0 such that

uo(z) < a(x). (3.2)
This, together with (3.1), means that @ is indeed a supersolution of problem (1.1)—(1.3),

and by a standard argument we see that u(z,t) exists globally.
For 2p 4+ g = m + 2, we construct a subsolution u of the form

u(z,t) = [A— (p—1)(0t +21)] 77,

where A > pz € Q — max|z;| and
€N

ptq—=2

0<(p+q—1)(24) » .

Direct computations show that
u, — V(™' Vu) < —u",
0
5‘% = uP cos(n,x1) < uP.
For any ug(z) € C(Q) and ug(z) > 0 on Q, we can always find an A large enough such

that

u(x,0) < wug(x) on .
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Hence, u(z,t) is a subsolution of (1.1)—(1.3) and blows up in finite time, which, in turn ,

means that u(x,t) must blow up in finite time.

For the case of 2p + ¢ > m + 2, we have two subcases, ¢ > m and ¢ < m. If ¢ > m, let

u(, 1) = Ol = (p— 1) (3t + )| 77,
where A = 2(p — 1)Q — max|zy],
c > maX{A*ﬁ,p’ﬁAﬁ}
and

§< (q—1)A"2C7 1,

It is easy to verify that

Hence, if ug(x) > 257C, then u(x,t) is a subsolution of (1.1)-(1.3) and it blows up in finite

time, and so does u(x,t).

If ¢ < m, we only deal with the one dimensional case. Without loss of generality, we

assume 2 = (—1,1) and construct a subsolution as follows:

w(z,t) = [e2+2)"F — 6|77

Denote
y=¢€(2 +33)pr1 — ot.
Then
u, — V(™' Vu) < —u",
iff

p—1

p—1 2p _
(p+q— 12+ Dy™r + (2+2) 2y
m—g+2 1) p+2—g -1 - 1+p
>y 1°r +p7_1y 1=p +p7€ (2+x)p5172y1*p.

p+1
1-p

p—

Since y < €(2 + x)Tl, we have
1 p—1
Lttty

Thus, to ensure (3.5) holds we need only

pP— p—1 p+1
€

(p+q—1)2+2)2"T Dy 4 (2+2)" 7 25

5 p+2—gq

> ymlﬁfq:2 —+ (p — 1)(2 + l‘)ﬂ%_l)y% + fy 1—p .

p—1
It is obvious that (3.6) holds if

m—gq4+2

q(2+x)2(p7_1_1)y1% >y T

p=1l_o (5 q—1
€

(2+2)

(3.3)



376 CHIN. ANN. OF MATH. Vol.16 Ser.B

It is easy to see that if
1 _
e <min{1, Lo, (q/10) 52,

(3.9)
§< 32
then (3.7), (3.8) hold and in turn (3.4) holds. On the other hand

ou ou P

—(—1)= ——(=-1)=yT-» =P

(1) =2 1) =y =2,
ou ou p—1
—_— 1 —_ _— 1 —— < -1, p P.
8n( ) 83:( ) 5 CE

Thus, if

p—1

ug(x) > [e(2+x) = ]ﬁ

and (3.9) holds, then u(z,t) defined by (3.3) is a subsolution of (1.1)—(1.3), and it blows up
in finite time. Therefore, u(x,t) blows up in finite time.

Remark 3.1. For the dimension N > 2, we can only prove that if the domain is
sufficiently narrow, then u(z,t) blows up in finite time. But we conjecture that for general
case the same result is also true. This problem is open.

¢4. Proof of Theorem 2.2

In this section, we shall prove Theorem 2.2. To do this, we divide the proof into two
subcases.

(D)p+qg>m+1orp+qg=m-+1and |00/ > 1. We show that the solution of
(1.1)—(1.3) u(x,t) blows up in finite time for large initial data.

Denote by h(z) the solution of

Q
Ah(x) = |8—Q|A—>:K, x €4,
€ (4.1)
oh
— =1, x € 08,
on

where |0€2| and || are the volume of 9 in (N — 1)-dimension and the volume of  in N
dimension respectively. Since if h(z) is a solution of (4.1) , so are h(x) 4+ C for any C € R,
we may assume that h(z) > 0 on €. Denote

L = max h(z), Cy = max |Vh|.
€ zeQ

Let
expt, if p=1,
v ={ L (42)
14+ (1—-p)tj=r, if 0<p<]l1.
It is easy to check that ¢’(t) = ¥P(t). Now, we construct a subsolution u(z,t) of (1.1)—(1.3)
as follows:

ufz,t) = (g(t) + h(z)), (4.3)
where g(t) satisfies

{ z'(t) = K71 (g(t)) — ™ P(g(t), (4.4)

(0) = go,
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and go > 0 satisfies
KT (go) — 4™ P (go) > 0. (4.5)
Sincep+q¢>m+1, p+¢g>2and K >1if p+qg=m+1, from (4.4) and (4.5) we have
that g(t) > go, ¢'(t) > 0 and g(¢) blows up in finite time. Moreover,
K™ (g(t) + h(w)) — 9™ P(g(t) + h(x)) = KT (g(t)) — ™ P (g(t),
which implies that

g'(t) < K9t (g(t) + h(x)) — ™ P(g(t) + h()). (4.6)
By (4.1) and (4.6), it is easy to verify that
u, — V(i 'Vu) < —u™,
ou
—_— — P
on 4
If we choose

’U,o(l‘) = '(/)(90 + h(l‘)) = Q(J?, O)a
then u(z,t), defined by (4.3), is a subsolution of (1.1)—(1.3), and wu(x,t) blows up in finite
time, which, in turn, means that u(z,t) must blow up in finite time.
2)p+g<m+1,orp+qg=m+1and|0Q]/|Q < 1. We show that the solution of
(1.1)—(1.3) exists globally. In this case, we construct a supersolution @(z,t) of the form:

u(z,t) = P(g(t) + h(z)), (4.7)
where 9(s) is defined by (4.2) and g(t) satisfies

(9102 K0+ Do g DO TD IO,
9(0) = go,
go satisfies
{ K17 (go + L) + (p + g — DCIYPHI=2(go + L) < 4™ P(go), (4.9)
go > 9,

where g is the maximal positive equilibrium point of (4.8).

Noting that 2 < p+g<m+1,or2<p+g=m+1and K < 1, we can always find a gy
satisfying (4.9), and from classical ordinary differential equation theory we know that g(t)
exists all the time and g < g(t) < go, ¢'(t) <0 for all £ > 0.

Now, by means of h(z) < L, we can obtain easily

a; — V(wi~'Va) > —a™,

For any ug(z) € C(Q2) and up(z) > 0 on Q, we can always find a g sufficiently large such

that

uo(z) < ¥(go) for z € Q.
Hence, @(z,t) defined by (4.7) is indeed a supersolution of (1.1)—(1.3), and it exists globally.
Therefore, u(z,t) exists globally, which ends our proof.

Remark 4.1. For the case 0 <p <1, p+¢g=m+ 1 and [09]/|Q] = 1, it remains open
whether the solution of (1.1)—(1.3) exists globally or blows up in finite time for large initial
data. We conjecture that it will blow up in finite time for large initial values.
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