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NONLINEAR GALERKIN METHODS FOR SOLVING TWO
DIMENSIONAL NEWTON-BOUSSINESQ EQUATIONS
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Abstract

The nonlinear Galerkin methods for solving two-dimensional Newton-Boussinesq equations
are proposed. The existence and uniqueness of global generalized solution of these equations,
and the convergence of approximate solutions are also obtained.
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§1. Introduction

In many problems on the integration of evolution equations for large intervals of time,
for example, bifurcations, global attractors, inertial manifolds, chaos for dynamical system,
the usual numerical methods are irrelevant for large time T, because a large number of
existing numerical integration algorithms lead to erro estimates of the form C'(h)exp(T),
where C(h) is an appropriate constant that is small for h and [0,77] is the interval of time
under consideration. Now a new method of integrating evolution differential equations—
the nonlinear Galerkin method—is presented and studied in [1,2,3]. In order to study the
chaos phenomenon and global attractors in the problems of Benard flow!*~9!, the nonlinear
Galerkin method is adapted in this paper.

Newton-Boussinesq equations describing the Benard flow are as follows!™:

O4E + UD€ + 10, = AE — %axe, (1.1)
A¢:£7 u:/(/)yv v = _wxa (12)
00 + 1B+ v9,0 — — A, (1.3)

T
where u = (u,v) is the velocity vector, 8 is the temperature, ¥ is the flow function, £ is the
vertex, p, > 0 is the Prandtl number, and R, > 0 is the Rayleigh number. The equations
(1.1)-(1.3) can be rewritten as

) o, R,00
PEY T, A) = A% - (L4)
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o0 1
¢TI0 =40, (1.5)

where
J (U, V) = UyVy — UgVy.
We consider the periodic value problem of equations (1.4) and (1.5)
Pz +2D,y,t) = P(2,y,1),  Y(x,y+2D,t) = ¢(x,y,t),
0(z+2D,y,t) =0(x,y,t), O(z,y+2D,t)=0(z,y,t), (1.6)
b(2,y,0) = Yo(z,y), 0(z,y,0) = bo(,y), (1.7)

where g (z,y) and y(z,y) are given functions with period 2D.
Let {w;(z,y)}(j =1,2,---) be the periodic eigenvectors of the operator A = —A, which

satisfies
—Aw; = Nwj, j=1,20 0 A <A< (1.8)
For every integer m, we are looking for an approximate solution of problem (1.4)-(1.7) of
the form
m m
() =Y ajmBws,  Om(t) = Bim(Hw;, (1.9)
j=1 j=1
Ym(t),0m(t) : RT—W,, = the space spanned by wi,- - ,w,,. The functions v, 0,, are

determined by the resolution of a system involving other unknown functions &,,(t) and
Nm (t) respectively, where

2m 2m
En(t) = D SimBw;, )= Y Ym(t)w;, (1.10)
j=m+1 j=m+1
Em(t),nm(t) : RY— W, = the space spanned by w11, , Wapm.

The pairs (¢¥m, &mn) and (O, nm) satisfy

d

%(_Awmv U) + 7“(7% A'(/va U) + T(gm; Awma U)
+ 7 (Ym, A, v) + (Athy,, Av) + %(Hmz,v) =0, veW,,, (1.11)
(Afm, Awv+ T(¢ma A‘/’ma U) + %(gmxv U) =0, ve Wy, (1'12)

@ O 0) 7o, O 0) (€, O ) 7o, )

= pi(AGm,v), vEW,, (1.13)
—pi(Anm, ) + 7 (Ym0, v) =0, VE Wiy, (1.14)
¢m(0a x, y) = szpO(J% y), (1'15)

em(O,l”y) :PMQO('T7:U)7 (116)
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where P,, is the orthogonal projector from Lo to W,,,

r(u,v,w) = //(uyvz — ugvy)wdedy, Q= [0,2D]x[0,2D].

§2. A Uniformly Prior Estimate of Approximate Solution

Lemma 2.1. Suppose that Vipo(x,y)€L2(Q), 0p(z,y)EL2(). Then for the solutions
{V¥m,&m} and {Om,nm} of problem (1.11)-(1.16), we have the following estimates

T OV exp(— 2(Ba)? o gy
V4 () P2V O exp (= 5t) + G5 (22) N OIP<Eo, (2)
o] T
| U0l + 1Vt + [ A Pat<En, (22)
0 0
00 DI, ), £20, (2.3)

where Eg and Ey are constants independent of m, and Cy is the smallest constant which
satisfies the following Poincare inequality

[ull <Col[Vull, (2.4)

where ffud:cdy =0.
Proof. Let us take v = ¢, in (1.11), v =¢,, in (1.12), v = 0,, in (1.13) and v =7, in
(1.14). We obtain

(=AY, V) + 7V, Athm, Ym) + 7(Em, Atbm, Ym)

R,
(Ao, A&) + (W M) + 2 () = 0 (2.6)
(th, em) + T(wm, Nm s am) + T(fma Om, gm) + T(wma Nms am)
1
= —(Ab0,,,0n), .
pr( ) (2.7)
_i(Anmu nm) + r("/]rru 9m7 nm) - 07 (28)

T

where

s 8, Um) = [ [ Wy &) = (B
=5 [ [ 1628 — 02080 sy = o
s B ) = [ [6m(Bm)s = (Bt mdndy
= _//gm[(Awm)xy¢m + (varL)x¢my}d$dy

. / / Enn[thmy (A ) — D (At )yl dzdly
= _T(wma A'(/}mv gm)
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Similarly,
r(d}ma Agmﬂ/hﬂ) = Oa T(wﬂ% 077“ em) = O’ T(&m, oma 9“’1) = 0’

T(¢ma Nim om) = *T(quv Om, 77m)~
Thus adding the equations (2.5) and (2.6), (2.7) and (2.8) respectively, we have

R,
(=A%me; Ym) + (A, Atprn) + ?(aanywm) + (Alm, Aém) = 0, (2.9)
1
(HTTLt7 67”) + 7[(V0ma Vom) + (vnma Vnm)] =0. (210)
From (2.9), it follows that
o+ 2 %) = 2.11
3 7 10m I+ - (IV0 1P + [V ]) = 0 (211)
162 (-, )1 < [0 (- )%, (2.12)
/0 IVl + V1|2 )dt< =116 (, 0)[]* < oo. (2.13)
From (2.9), we can get
ld 2 2 2
m A m A m
g7l + 180 + 10

< o Momall + 2 (52) 16m?

C
18wl + 2 (22) 1oml? (2.14)

I /\

where

[Womall* <[ V4 |1 <Col| Aol |2,

//Vwmdxdy =0.

9 1 9 _Co (Ra\2 2
\V4 < . . 21

By using Gronwall’s inequality, it follows that

IV P 0 exp(— 1) + GG (1= exp(=2t) ) (52) 1o - O

Lemma 2.2 (The uniform Gronwall lemma[g]). Let g, h,y be three positive locally inte-

in view of

Hence from (2.14) we have

grable functions on [tg, +00), such that y' is locally integrable on [tg, +00) and g, h,y satisfy

d
Y gy +h, =t (2.16)
dt
t+r t+r t+r
[ sz [ hdssan [ ys)dszan 2t (2.17)
t t t

where ay, a9, a3 are positive constants. Then

y(t + r)g(@ + az) exp(ai), t>t. (2.18)
r
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Lemma 2.3. Suppose that the conditions in Lemma 2.1 are satisfied. Assume that
Aty (+,0)€L2 (), VO, (-,0)€L2(R2). Then, for the solutions {Ym,&m} and {Om,mm} of
problem (1.11)-(1.16), we have the following estimates

IV 0m (o O + | A% (-, )[IP<Ea, >0, (2.19)

T
/ (IVAG > + [VAG |2 + A0, [Pt <Es, 120, (2.20)
0

where the constants Es and E3 are independent of m.
Proof. Let us take v = —Aty, in (1.11), v = —A&,, in (1.12), v = —A6,, in (1.13) and
v = —An,, in (1.14). We find
(_A’(/}mty _Awm) + r(wnm Ail}m, _Awm)
+ T(§m7 A¢7na _Awm) + r(¢m> A§7rza _A¢7n)

+ (A’l/)m, 7A2wm) + %(emra *Awm) = 0, (221)
R,
(A§m7 _Azfm) + T(wmv A'@[Jm» _Agm) + ?(6mz> Afm) = 0> (222)

(emt» 7A9m) + T(¢ma 9m7 7A0m) + T(fm, ema 7A9m) + 7”(1/)m7 T *Aem)
1

= —(Ab,,,—Ab,,), (2.23)
Pr
1
7;(Anm,*Anm) +7’(1/Jm,9m,*AT7m) =0, (2'24)
where
l1d 2 2 2
(*wmtﬂ/}m) = ianAd/m” 5 (Ad)mv —-A ¢m) = ||VA1/}m|| 5
1d 1 1
Oty —AOm) = =—|IVOLII%, ——(Anm, —Anm) = —||Anml?
(Brnes =88 = 5 VI, (A, ~ ) = A

T(Ymy A, —A%p,) = 0, T(fma Athpy, _Awm) =0,

T(Ymy A, =A%) = 1(Ym, Athm, Athr),
(W s = A | < ([Wmlloo + [y loo) V8 | A8
[malloe < Clltmall? [ Athmal| 2 <C1IV A |12,
[mylloe < Clmyll 1A%y |12 <CLIV Ay |2,

1
|7 (o, Om, =A0m)| < EHA%H2 + 29, CF |V At [ VO |2

IN

1 1
@HMmH2 + IV AU + 392V 0|, (2.25)

1
|7 (Ems Oy = A0m)| < | A0 [|* + §||VA€mH2 +3p}C1 VO, (2.26)

1
4p,
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|7 (s Ny =A0m) | < ([¥mylloe + [1¥malloo) [Vim || A0m |
< 2G|V AY | [V || A0 |

IN

1
mll® + IV AG|* + 3p7CF | Vi |

IN

1
mll® + IV AG2 + 3p2CF [ ]| A |
(2.27)

In order to estimate 7 (¢, Nm, —Ab,,), one needs to estimate ||1,,[|?. In fact, from (2.8)
it follows that

1
gllvanQ + T(wma 9m777m) =0,

where
17 (Vams Oy T )| < (meyHoo + [[Yma oo )| VO || |17
< 2C ||V A |2 [V 0|1 |
1 1
< 201)\7%1||V'¢m“/\72n”9m””nm“
< 2C1 A Eo[|65m (-, 0) [ 17 ]]-
Since
IV 1?2 A |7 |17,
we have

Am

<
il <2C1 B (5
Put (2.28) into (2.27). Then we have
1 1
mm*Aem <7A0m2 o Am.2
L )< 180"+ 31V Avml

+ 127 CY B |0 (-, 0)1*| Ann |12

)II9 (- 0)[[<2C1 Eo|0m (-, 0)]- (2.28)

1 1 Co

< || A2 + S IVAYL |12 + == | Anm |1 2.29

_4p7~” I+ 31V AYm|| +pr|| | (2.29)
On the other hand,

(W, Oy = An) | < ([Vmyllos + [[¥malloo) [V O || A7 |
1 1

—|Anw]|? + = [VAYL?
+ p2(Cy + 1)2CH| VO, |- (2.30)
Thus from (2.21)- (2 24) (2.29) and (2.30) we have
|AYm|I* + VA []* + [VAE|1* + 7_”A9m”2

(Ca+1)
p

A

IN

2dt|

+ **IIVGmIIQ

A 2
S A7

<p7||V9mIIHA¢mH+ IIM I” + I

11
—|—p$(02 + 1)BC%||vemH4 + p7||A77m||2 + EHVAmez
+ (6p2C7 + p2(Ca + 1)2CH VO, (2.31)
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ie.,
2 2y 2 2
; dtn Ml + 5 dtnvemn SIVAGI + VA
— A ||? + — || Ab, |2
+ 5 80P + =180,
R,
< ?IIVHm\IIIA¢mII + Cs[| VO, |, (2.32)
where

Cs = p(Cy 4+ 1)°Ct + 6p7C + p2(Ca + 1)CF.
This gives the differential inequality in particular

dym
g S9mYm + (2.33)

where we have set
1
Ym(t) = §(|IA1/Jm||2 + IVOm]?),
gm(t) = C3||V9m||2’

R,
hin () = o IV 0mll* + | Al |?]. (2.34)

By integrating (2.11) and (2.15) between ¢ and t + 1, we find that ft+1||V9m||2ds and
ftf—H | A, ||?ds are bounded for all t>0 by a constant independent of m. Consequently, the
functions ym, (t), hm (t) and g, (t) given by (2.34) satisfy (2.17) with constants a; independent
of m, and we infer from (2.18) that

1
ym(t) = §(||A¢m\|2+ IV0m[*)<Cy, 21, (2.35)

where the constant Cj is independent of m. By using usual Gronwall’s inequality from
(2.33), ypm(t) is uniformly bounded for 0<¢<1. The inequality (2.19) has been obtained. By
integrating (2.32) between 0 and T, we get (2.20).

Lemma 2.4. Under the conditions of Lemma 2.3, we have the following estimates:

d
H%Awm”Lg(O,T,H + ” AmeLm(R‘*' H- 2)<E’47 (236)
db,,
||W||LOO(R+,H—1(Q))§E57 (2.37)

where the constants Ey and Es are independent of m.

Proof. From (1.11), we have the estimate

d R,
| 5 (8, 0)] < [, Ao, 0]+ (Atom, A0)| + 2| (B, )

+ ‘T(gm; Awmav)l + |T(wm7 Agma U)|a veEWp,, (238)
where
|(Am, Av)[<[[V(AYm) || Vo], (2.39)

R, R,
|2 e )| < 9], (2.40)

T
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s 8 0)| = | [ [ Gy = s} My
< ([myllLs + 1mall L) | AL, [ Vo],
1myllzs < Cllbmy |2 [yl 2 Ol A ]| <const.
1¥me |, < const.,
1Az, < CllAGIIE [ A | 22 <CIIV (A2,
|7 (m, At )] < ClIV(AG)||Z [0 11,

ie.,

7(Emy A, v)

ol €L4(0,T).

(2.41)

The fourth and fifth terms in the right hand side of inequality (2.38) can be estimated as

follows respectively

1(ms 8. 0)| = | [ [ € = sy Avrdady

< (I&myllco + lI€malloo) | Atbm|l[|v]| 2
S CIIVAGm2 [[v]| e

ie.,
T(éma Awmv U)

L4(0, T
ol O

s 8, 0)| = | [ [ Wy = s, Aoy
< (Wmyllze + 1¥mallL) |AEm| Ly llv]
< ClI VAL o]l -
Because vEW,, in v€H' is dense, from (2.38)-(2.42) we have
| A%mell Ly, 1-1)<Eu,

where the constant F, is independent of m.
On the other hand, from (2.38), we have

|(AYm, Av)|<[[ A [[[[Av]|[<C|v| g2,
R, R,

— <— < 2
B )] < 22 [l ol <l

|T(1/Jm7A¢m,U)| = ‘//(wmva - wmwvy)A'(/]mdxdy‘
< (myllallvallzs + 1¥mallallvg | L) | A [ <Cllv] 2,

1(6ms 80 = | [ [ (€ = o) Ao

< (1myllzallvellza + 1gmalla vyl )| Al
1 1
S CIVER]Z(VEmlI2 (0]l a2,

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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s B 0)] = | [ [ Wy = ) Aoy
< (Wmyllzallvellzs + 19mellza vyl )| A&l
< CllALnll[v]| e (2.49)
Now we need to estimate |V, || and [|A&,||. From (2.6), it follows that
HAgmHz +7(Ymy A, Em) = 0,
where

s A ) = | [ [ Coma(B6)s = e (86, )6y
< Ol o + [t o)V A o

3
< CAnl&mll,
3
A2 lémll? < A& PSCAREm
5 )\m 3
Al < 0(7) " <const. (2.50)
>\m+1

On the other hand,
s B )] = | [ [ ony e = Va8, oy

|| [ oo = maton,) M)

< (Imylloe + 1mallco) I VEm Il A

< CVAG |13 VeI SCARIVER],
A1l VEm? < A& P<CALIVEm] P,

3 Am
At IVEm | < O

)%Sconst. (2.51)

From (2.16), there is
IVAE|1? + (Y, A, —A&) =0, (2.52)

where
s 8, =3) = | [ [ gDtz = a8, ) Aoy
< (Imylloe + malloo) 1V Ao 1A
< CVAE |13 | A& SCAR I AER],
A1 | A2 < [VAEPSONL AL,

3
)\%1||Afm” < C(Aim) " <const. (2.53)
)\m+1
Therefore, from (2.51),(2.53),(2.48) and (2.49), it follows that
[7(&my Atbm, 0)|[<C[0]| 2, (2.54)
|T(¢m,A§m,U)|SC||U||H2- (255)

From (2.40)-(2.45),(2.54) and (2.55) we get
AVt Lo (rH 1-2(02)) < B, (2.56)
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where the constant F4 is independent of m.
From (1.13), there is

d
‘%(Gmavﬂ < |7’(wm79mav)‘ + |r(£m79mav)|
1
+ |7 (W M )| + p*|(A9m7’U)\, (2.57)
where
1 1
;‘(A0m7v)| < ;||V9m||||vv||§||v||H1, (2.58)

st )| = | [ [ s = iy

< (Wmyllzall0me || + 9me || L[| 6my D 10]] 2y
< ClAYm IV Omlll|v] 5 <Cllv]l a2, (2.59)

< (€myll LI V8l + 1€mall o IV 8mID 1] 2.,
< OVERF AR | VOmllv]l 1 <Clv] o, (2.60)

|7 (Yrms N v)| = ‘//(wmynmm - wmnmy)vdwdy‘

< (1my s VIl + [¥omel Lo [V am DIV L
< CIVnmlll|v] - (2.61)

One needs to estimate ||V7,,|. In fact, from (2.18), it follows that
A 2 (s Oy =) = 0, (2.62)
where
s =80)| = | [ [ sz = i) Sy

< (I[mylloo + 1¥ma lloc) IV O[] A7y |

< CIVAY |1 20 | SOAL | A .
Equality (2.62) implies

1872 <Cp A | Ay,

ie.,

1 1
AtV < | A1 || <Cpr A,

1 A \ 3
)\7‘1;+1||V77m|| < Cpr( ) * <const. (2.63)
)\m+1
Thus from (2.61) we get
|7 (Vs Dim, ©) | <C0]| 51 - (2.64)
From (2.57),(2.59),(2.60) and (2.64), we obtain
d

Haem”Lo@(RtH*l(Q))SE% (2.65)
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where the constant F4 is independent of m.
This gives the proof of Lemma 2.4 completely.

§3. The Convergence of Approximate Solutions
and Existence of Global Generalized Solution

Definition 3.1. The unknown functions ¥ (x,y,t), 0(z,y,t) is called the global generalized
solution of problem (1.4)-(1.7), if the following conditions are satisfied:
(1) ¢(z,y, t)€Loc(RYs HA(Q)),  At(z,y,t)E€L2(0, T H' (),

Awt($7 Y, t)GLOO(R-i_; H_2(Q))QL2(07 T; H_l(Q))7
0(z,y,t)€Loc (RT3 H'(2)),
A@(x,y, )ELQ(O T; LQ(Q)),
Ou(2,y, 1) Lo (RT: H™H(2)),
Q = [0,2D]x]0, 2D].
(2) The following integral equalities hold in L1(0,T) for all T > 0:

%(Aw,v) + (1, A, v) + (A, Av) + %(ﬁw,v) =0, veH?*(Q), (3.1)
%(9,1}1) +r(,0,v1) — pi(VG,Vvl) =0, vyeHY(Q), (3.2)

where

r(u,v,w) = //(uyvx — gy )wdzdy,

(3) ¥(z+2D,y,t) = ¥(z,y.1), Y(@,y+2D,t) =1(x,y,t),
O(x +2D,y,t) = 0(z,y,t),
O(xz,y+2D,t) = (z,y,t),
(z,y)€R?, >0, (3.3)

(4) P(z,y,0) = Yo(z,y), 0(x,y,0) = bo(z,y),
where o (z,y)EH?(Q), Oo(z,y)EH(Q), and they are periodic functions for variables x,y
with period 2D.

Theorem 3.1. Assume that yo(z,y)€H?(Q), Oo(x,y)EH (), and they are periodic
functions for variables x,y. Then the approzimate solution {tp,,0m} of problem (1.12)-
(1.17) converges to the generalized solution {1,8} of problem (1.4)-(1.7) as m—oo, where
0 =(0,2D)x(0,2D).

Lemma 3.1. Assume that the conditions of Theorem 3.1 are satisfied. Then the gener-
alized solution 0(x,y,t)€ Lo (R'; Loo () for the problem (1.4), (1.5), (1.7) and (1.8).

Theorem 3.2. Under the conditions of Theorem 3.1, the generalized solution of the
problem (1.4), (1.5), (1.7) and (1.8) is unique.
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