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KIRCHHOFF TYPE EQUATIONS
DEPENDING ON A SMALL PARAMETER

P. D’ANCONA* S. SPAGNOLO*
Abstract

The authors prove some global existence results for equations of Kirchhoff type, i.e., non-
linear stretched string with nonlocal terms, depending on a parameter. This general setting
includes the known results on the Kirchhoff equation with small data. Moreover, the authors
can also handle some cases of degeneracy, which escaped earlier methods.

Keywords Nonlinear hyperbolic equations, Nonlocal equations, Kirchhoff equations.
1991 MR Subject Classification 35L70.

¢1. Introduction

The Cauchy problem

Uge — M (/ ) |Vu2dx> Au =0, (1.1)
w(0,2) = up(x), u(0,2) = uy(x), up, u1 € C5°(R™), (1.2)

where m(r) is a positive C! function, has been extensively studied in the last fifty years,
starting with the pioneering work of S. Bernstein/?] (for more extensive references, see [4,
5]; see also [8]). Most investigations have been centered on the local existence in Sobolev
spaces, while only a few results of global existence are known. Roughly speaking, the global
solvability of (1.1), (1.2) has been proved in two different cases:

i) for analytic initial data;

ii) for small initial data decaying as |z| — co.

Here we are interested in the case (ii), whereas we refer to [3, 5], for the first kind of
problem. The first result of type (ii) was obtained by J. M. Greenberg and S. C. Hu in [7],
for the one dimensional Kirchhoff equation

Ut — (1 + )\/ |U:E|2d.’L') Upr = 0,

where the global existence was proved for small A\ or, equivalently, for fixed A and small
initial data ¢,%. Such a result was later extended in [4] to several space dimensions, and to
any problem of the form (1.1), (1.2).

In this paper, we propose a comprehensive setting for these results, by giving a general
condition that ensures the global solvability for (1.1),(1.2). More precisely, we find a pos-
itive functional H, depending on the functions m(r), ug(x), u1(x), with the property that
(1.1),(1.2) can be globally solved as soon as H(m,ug,u1) is small enough.
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Introducing the notation

N(f)= 2 D” fPdx
\gz /R"

[Bl<1

we have (see Lemma A in the Appendix; see also [6])

=1+ Sup  N(f)YEN(f2)"V2(1 + 7))

TER
F1.£2€C° (R™)

/ e”'ﬁ'ﬁ@)ﬁ(smds‘ <400 (13)

(where ]?J is the Fourier transform of the function f;). If we assume that m(0) > 0 and we
consider the quantity

N(Ul)
= 256¢, | N , 14
= 256c, (N(vua) + 1)) (1.4
where we write for brevity N(Vug) = > N(Djuo), we can define the functional H(m, ug, u1)
=1
as !
/

H=uy- ”T””Lw (1_5)

m(0)
and we have

Theorem 1.1. Consider Problem (1.1), (1.2) where m(r) is a C* function in a right
neighbourhood of r = 0 such that

m(0) >0 (1.6)
and ug, u1 are smooth functions on R™ with N(Vug), N(u1) < co.

Then a global solution u(t,z) exists on R x R™, as soon as

1
H(m,up,u1) < 7 (1.7)

We notice that H cannot be made small by any rescaling of the form
u(t,z) — u(t,x) = X - u(ut, z). (1.8)
Indeed, if u solves (1.1),(1.2), then u solves a similar problem with
m(r) = @>m(\"2r), o = Mg, Uy = A\,
and we have
H(m,ug,u1) = H(m,ug,ur).

On the other hand, by a suitable choice of p in (1.8), we can always reduce ourselves to
the case m(0) = 1, for which (1.5) reads

H = 256¢,(N(Vug) + N(uy)) - Sup {|m’(r)| : 0 <r < 256¢,(N(Vug) + N(uq))}.

Thus, condition (1.7) means, roughly speaking, that either the initial data of (1.1),(1.2) are
small in the N-norms, or m(r) is close to the constant 1 = m(0). In both cases, we can say
that (1.1),(1.2) is close to a problem with global solution, namely the same equation with
ug = w1 = 0 in the first case or the linear problem [Ju = 0 in the second case. Finally, we
emphasize that assumptions (1.6)-(1.7) imply that m(r) > 0 on the interval 0 < r < vy with
vy given by (1.4).
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Theorem 1.1 can be better appreciated when applied to a family of problems (1.1),(1.2)
depending on a small parameter € > 0. More precisely, if we consider the problems

Upt — M (/ Vuzd:c> Au=0 (1.9)
w(0,2) = uf(x), u(0,z) = ui(x), (1.10)
with m¢(0) > 0, Theorem 1 gives the global existence for € < € provided that
H(me,ug,uj) >0 as e€— 0. (1.11)
In some special cases, condition (1.11) can be simplified. Indeed, if we assume that
me(0) > Ao > 0,
and also that
Ve = 256¢, (N (Vu§) + Ay "N (uf)] <7 < oo,

with 7, Ao independent of € (for instance when the initial data are fixed or bounded in the
N-norms), then (1.11) is implied by the condition
me(r)

e me(0)

0 in L=(0,7]) (e—0),

and hence, a fortiori, by

m.(r) >0 in LERY) (e—0). (1.12)

loc

In order to illustrate these results, we list now some classes of problems of type (1.9),(1.10),
for which Theorem 1.1 ensures the global existence for small € > 0.
Corollary 1.1. The Cauchy problem

Ut — M (/ |Vu|2dx> Au =0,

u(0,2) = uf(x), u(0,z) = ui(z),

where N(Vug§) + N(uj) — 0 as ¢ — 0, and m(r) is a C' function defined in a right
neighbourhood of r = 0 with m(0) > 0, admits a global solution for € small enough.
Corollary 1.2. The Cauchy problem

Ugy — (e;/ |Vu|2dx) Au =0,

w(0,2) = up(x), u(0,x) = ui(z),
where p(e,r) is a C1 function on [0,€] x [0,7] such that
(0, 7) = constant, (e, 0) > Xg >0
and 256¢, (N (Vu§) + Mg "N (u§)) < 7, admits a global solution for e small enough. For
instance, we can take each of the following functions as u(e,r):
,LL(E, T) = m(er)a ‘LL(E, T) =1+e- m(r), :U‘(Ev T) = (1 =+ T)Ev

with m(r) as in Corollary 1.1.

In the examples above, the functions me(r) are uniformly bounded from above and below

near r = 0. However, Theorem 1.1 can also be applied to some problems which degenerate
asymptotically as e — 0. For instance, if we assume that Vu§ and u{ are uniformly bounded
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in the norm N(-), while m(r) is a C! function, then Problem (1.9),(1.10) can be globally
solved for small € > 0, in each of the following cases:

me(r) = et +m(r),

1
me(r) = €* + em(r), a< =, Sup |m/(r)| < oo,
2 r>0
me(r) = e*m(er), a <1, Sup |m/(r)| < o0, m(0) > 0.

r>0

A crucial assumption in Theorem 1.1 is that the function m(r) is strictly positive and
differentiable at r = 0. This excludes many degenerate cases (where m(0) = 0 or m/(0) =
+00) which are of interest in the theory of Kirchhoff type equations. In particular, the
equation

ot — (/ vu|2‘da;>A Au=0 (A>0) (1.13)

has been studied by Y. Yamadal®! and A. Arosio and S. Garavaldil’) who proved the local
existence with data wug,u; in Sobolev spaces, assuming A > 1, or 0 < A < 1 and ug # 0,
respectively. It is to be mentioned that if ug,u; are real analytic functions, then (1.1),(1.2)
is always globally solvable as soon as m(r) is a continuous nonnegative function (see [2,5]).

Another interesting equation, related to (1.13), to which Theorem 1.1 does not apply, is

1+ (/wﬁdxf

indeed, m(r) = 1+ " is not a C*! function when 0 < \ < 1.

Au=0 0< A<y (1.14)

Utt —

In the second part of the paper, we prove some global existence results also for Equations
(1.13),(1.14), imposing a suitable relation between the (non analytic) initial data ug,u;.
More precisely, we require that the pair (ug,u1) is close enough to a pair of data generating

a traveling wave solution.

In order to illustrate these results, we shall put ourselves, for sake of simplicity, in the
one dimensional case (n = 1). Then we can easily see that (1.1),(1.2) admits traveling wave
solutions, i.e., solutions of the form wu(t,z) = w(x £ cot), if and only if the initial data satisfy

up(x) = £epdypuo(x) with
cd=m </ |8xu0|2dx) . (1.15)

Thus the closeness of (ug,u1) to a couple of data giving rise to a traveling wave can be
expressed as follows:

uy (z) = + {m (/ |axuo|2dx>} " Iwuo(z) + €g(z),

where g(x) is a given function, and € is small.
Then we prove:

Theorem 1.2.
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i) The Cauchy problem

+o0 A
Ugy — </ |amu|2dx) Pu=0 (A>0), (1.16)
u(0,2) = up(x), wu(0,2) = :I:(s())‘/28xu0(x) + eg(x) (1.17)
with ug, g € C(R) and
+oo
So = / |0,uo*dz > 0 (1.18)

has a unique global solution for A, e small, i.e. provided that
0< A< Mug,u1), el < €(ug,ur).

ii) The same conclusion as in (i) holds for the problem

+o0 A
ug — |1+ (/ |6'xu|2d:17> Ru=0 (A>0), (1.19)
w(0,z) = uo(x), us(0,2) = £(1 + 6)"20pu0(x) + eg(x). (1.20)
iil) Let us now consider again Equation (1.19), but with the initial conditions
w(0,2) = ef(x), u(0,2) =€(1+ 58‘)1/28mu0(x) + 2g(x), (1.21)
where f,g € C§°(R), and as above
+oo
So = / |0 f|2dz > 0. (1.22)

Then for all (not necessarily small) A > 0 there exists a unique global solution to (1.19),
(1.21), provided e <€(f,g).

Remarks. 1) In part (iii) of Theorem 1.2 we have been forced to assume not only that
the initial data are e-small but also that they are e?-close to a traveling wave. Of course,
this additional assumption is not necessary when A > 1, since in that case m(r) = 1+ is
a C! function at » = 0 and we can apply Theorem 1.1.

2) A similar result to part (iii) of Theorem 1.2 holds for Equation (1.1) with

1
= 1.23
m(r) = o (1.23)
(here uy(0,z) = €y/m(80)d f + €2g), or more generally for any m(r) such that
!/
m'(r) -0 as 7r—0". (1.24)
m(r)

3) Theorem 1.2 can be extended to several space dimensions, provided the notion of
traveling wave is generalized in the following sense: a solution to Equation (1.1) will be
called a traveling wave if

/ |Vu(t,z)|>dx :/ |Vuo|?dx vt > 0. (1.25)
n Rn

By Fourier transform we then find

U(t,€) = T (&)eticotlel (1.26)

cd=m (/ |Vu0|2d:lc> ) (1.27)

with
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so that a pair (ug,wu;) of initial data generates a traveling wave if and only if

uy(§) = Fico|€|uo (). (1.28)
Thus the basic assumption in Theorem 1.2 will be that
uy(§) = Ficol€luo + €. (1.29)

4) We conjecture that the global existence for (1.19) with initial data close to a traveling
wave, 1.e., satisfying (1.29) with e small enough, holds also for A large, in particular for the
original Kirchhoff equation, corresponding to the choice m(r) =1+ r.

The proof of both Theorems 1.1 and 1.2 (see Section 3 below) is based on a lemma (Lemma
2.1 in Section 2), which consists in an improvement of the existence result of [7] and [4]:
in this lemma we find a precise condition on the triple (m(:), ug,u1) which is sufficient to
ensure the global solvability for Problem (1.1),(1.2).

§2. Two Basic Lemmas

In this section we shall prove two lemmas from which we shall derive Theorems 1.1 and
1.2.

The first lemma consists essentially of an a priori estimate for global solutions to (1.1),
(1.2), where m(r) is a C! function, m(r) > 0. Let u(t,z) € C*(R*;C>°(R?)) be such a
global solution; by Fourier transform in x we can write

v+ A (t)|¢]Pv =0, (2.1)
v(0) = vy, v'(0) =1, (2.2)

where v(t) = v(t,&) = U, vo = ug,v1 = u1, and

o) = @O, o) = [ lePhode (23)

Then the (real) quantities

[0

a=—F———c v|?
g Ol

B = 2Re(vD),
P
¥ = g + <Okl

satisfy the first order system
o = -2(0l¢l8 - S,
B = +2(t)[¢]a,
M —— c(t)

Q.

If we define

and



No.4 P. D’ancona & S. Spagnolo KIRCHHOFF TYPE EQUATIONS 419

the above system can also be written as

/
i) il
QS - C(t) e w7 (2 6)
, .
) —2iy(1)|¢]
Y o= =6 Re(e qb).
Now we define the following functionals, associated to the quantities ¢, 1, for t > 0,7 € R,
Joftr) =e(t) [ e gt )¢l (27)
R’n
Tolter) et [ e olePag, (2)

and we remark that the time derivative 6’(t) (see (2.3)) can be written in terms of J, as
follows:

5(6) = [ €2 Reopde = [ 16 B dg =~ T2 (0) - (). (2:9)
Hence, recalling that c(t) = (m(5(t))"/2, we get the identity
d(t) = —%m’(é(t))hn J(t,7(1)). (2.10)

Differentiating (2.7),(2.8) with respect to time and using the equations (2.6) and the identity
(2.10), we easily obtain

Jt7) = T o0, (0) - Lyt = 3(0) 4 7] S et) (2.11)
e ST ——— R G )
Totr) = It 20) - (0,7 =50+ BETEE) + u(07)] SGemed.
Now using (2.11),(2.12) we shall prove that, for all 7 € R, ¢ > 0, the inequalities
[t ) < Ka(L+ 1772 [Tyt 7)] < Ka(1+[7) 72 (2.13)

hold for some constants Kj, K5, provided the function |m/(r)|/m(r) satisfies a suitable
“smallness condition”. More precisely, (2.13) holds with constants

K, = 2§£(1 + 70)?J5(0,7)| (2.14)
and
K, = Max {Kl, 2 Sup(1 + |T|)2|J¢(0,7)|} (2.15)
as soon as e
16(K; + K>) |m/((:))| <1 for |r—0y| <Ky r>0 (2.16)
where
b0 =8(0) = [ leuold. (247)

First of all, let us observe that the constants K;, Ko given by (2.14),(2.15) are finite.
This is an easy consequence of the definition of «, 3, ¢, and of Lemma A in the Appendix;
indeed we have

6(0.7) = a(0.6) ~i8(0.9) = (

Jvg]?

colé|

— co|§||vo|2> — 2iRe(v17p),
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Jvy|?

col]
where co = ¢(0) = [m(8y)]*/?, and hence (see (2.7),(2.8))

1o(0m) = [ ( o2 g |) elde—

m(s

QZ}(O’T) = +CO|£HUO|2’

~27IE Re(v170) €] 2dE, (2.18)

ﬁ

Ju(0,7) = / el (n'f(l' 5y I vOF) €lde. (219)

Thus the finiteness of K7, Ko follows from Lemma A in the Appendix applied to fl = vy,
f2 = |£|’U0 (1e f1 = U1, f2 = |V|U0), forv =1and k = 2.

Next we prove that (2.16) implies (2.13). To this end, let [0, 7] be the maximum time
interval where (2.13) holds for all 7 € R (evidently Ty > 0 by (2.14),(2.15)), and assume by
contradiction that T, < oo.

Then, integrating (2.11),(2.12) on [0, 7], and using (2.13), we have, for t < T,

1 m/(r
Tolt7)| < 17400, + £ sup )

T -2 -2
wp S K [0 (0 el

+K12/0 (14 () 2e(s)ds - (1 + 7)) 2 (2.20)

[m(r)]

(] < (0,7 + 58 K2 [0 5(0) 20+ I = (o) els)as

] m(r)

T,
K / (1+4() (1 + |7+ 7(s)])2e(s)ds

T,
+K1 K / (1+7(s))2e(s)ds - (1 + r|>—2] , (2.21)
0
where the interval
P]=1{6(t) : 0<t<T.} (2.22)

denotes the range of the values assumed on [0, T,[ by the function 6(¢) defined in (2.3).

Now, by the change of variables p = ~y(s), recalling that ¢(s) = 4(s) and using Lemma B
in the Appendix with #; = 65 = 2, we obtain

T, “+00
/0 (L+7(s) 21+ 7 = () Pe(s)ds < /0 (L+p) 2L+ |7 = p)™2dp < 8(1 + |7[) 7

and an identical inequality holds for the term with 7 4 7(s) instead of 7 — v(s), while a
simpler computation gives

T, “+oc0
| s < [ 2o,
0 0
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Hence by (2.20),(2.21) and (2.14),(2.15) we obtain, for t < T,

/!
T (t,7)] < |J5(0,7)] +4(1 + 7)) 2(K1 K2 + K2) Sup [m/ ()]
o) m(r)

A

1 Ly s [m/(r)]
< SKi(L+[7]) 7" +4(1+ |7]) K1 (K2 + K1) Sup , (2.23)
2 ] m(r)

/
ot £ W0, 4 400+ 1=, K + 2868 sup )
6] m(r)

! : : ()
<= 2 2
< 2K2(1—|—|T|) +8(1+|7|) Kl(K2+K1)S%p oy

(2.24)

Assume now that m(r) satisfies

16(K1 + I63) Sup D (2.25)
[6] m(r)

Then, taking into account that K; < K5 by definition (2.15) we see that (2.23),(2.23) for
t — T, give

|Jp(Te, )| < Ki(L+ 7)) 72, |Jp(Th, 7)| < Kao(1+|7]) 72 (2.26)

in contradiction with the definition of T, (unless T, = +o0). Thus we have proved that
(2.25) implies (2.13) for all £ > 0. On the other hand, condition (2.25) can be made more
explicit by estimating the range [d] (see (2.22) and (2.3)). Indeed by (2.9) and (2.13) we
deduce, for t < T,

|6"(1)] < [Tm Ty (8, 5(1))] - e(t) < Ki(1+(8) () (2.27)

and hence, integrating on [0, t] and recalling that ¢(t) = §(t), we see that

t
5(6) 6ol < K [ (14 3(5)) 23 (s)ds < Ko,
0
or equivalently
[(S] g [(50—K1,60+K1]QR+EI(). (228)

In conclusion, if (2.16) is fulfilled, then (2.25) holds and hence (2.13) and also (2.27) hold
for any t > 0.
In view of the proof of Theorems 1.1, 1.2, the main consequence of (2.27),(2.28) is the
following estimate of the coefficient ¢(t) = m(5(¢)) in Equation (2.1):
d o
—c (¢
pl

To make future reference easier, we collect what we have proved above in the following

< Ki Sup |m/(r)|]\/m(r).
Io

Lemma 2.1. Let v(t,€) be a solution to the Cauchy problem
o+ m(8(t) €l =,
v(0) =vg, '(0) =1,

where

o) = [ 1ePhe.e) P
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and assume that m(dp) > 0, with

0 =80) = [ Jelunlde.

Moreover, consider the quantities

) 2 23
Js(0,7) = [ e~ 27lél (|U1| — €% |v 2) — ——— Re(v11g d§, 2.29
o0.7) = | iy ~ Il ) = 2 Re(wrmmel | flde, (229)
Jp(0,7) = / C {'1'2 + |§|2U0|2] €], (2.30)
m(do)
Ky =2Sup(1 + |7])?J4(0,7)], Kz =Max{K;,2Sup(1l+ |7|)?|J(0,7)}, (2.31)
TER TER
and the interval
Ip= [0 — K1,60 + K1) NR™. (2.32)
Then, if
[m(r)]
16(K;, + K 1 2.
6(K1 + 2)5}(1)10 ) < (2.33)
the range of the function §(t) is contained in the interval Iy, and for all t > 0 we have
d
ﬁm(é(t)) < K Sup |m/(r)|\/m(r). (2.34)
Io

In the next lemma, we give a simple convergence result for a family of strictly hyperbolic
linear equations with coefficients depending on a parameter.
Lemma 2.2. Cosider the family of Cauchy problems

ug — ap(t)Au = 0, (2.35)

u(0,z) = ub(x), wu(0,2) = uk(x), (2.36)

where the coefficients ay(t) are strictly positive C* functions on the intervals [0, pi], with
pr — +00 as k — +oo, and assume that on [0, py]

0 < Ao < ak(t) < Ao, |ai(t)] < Ao (2.37)

for some constants Ao, Ag independent of k.

Then there exists a subsequence {ax,} which converges in Lis (RT) to some a(t) €
CH(RT) satisfying (2.37) on R*.

Moreover, if the initial data uf,uf converge as k — oo to some functions ug, uy in the
Sobolev spaces H™(R™) for all m, then the solutions uy,(t,x), which are in C’Q([O,pkj];
C>(R")), converge for all T > 0 in the space C?*([0,T];C°(R™)) to the solution of the
limit problem

uge — a(t)Au = 0, (2.38)
u(0,2) =uo(x), w(0,2) =u1(z), (2.39)
which belongs to C?(RT; C°°(R")).
Proof. We will only give a sketch of the proof, since it relies on standard arguments.

The first claim regarding the sequence {ay} is a trivial consequence of the Ascoli-Arzela
theorem.
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In order to prove the convergence of the solutions {ug,}, which exist by the theory of
strictly hyperbolic equations, we introduce the energy of order j of a solution wug(t,x) to
Problem (2.35),(2.36), defined as

Ej(ut)= Y / (1D 0yux)? + ax(t)|V Dug|?)dz.

laf=5—1

A standard computation shows that

’ |ay,(2)]
Ej(uk,t) < ai(t) .Ej(uk,t)

and hence, by Gronwall’s lemma and by (2.37) we have, for any fixed T > 0 and k so large
that pp > T,

Ej(uk,t) S C(Ao,Ao,T) . Ej(uk,O) on [O,T}

Thus it is clear that the sequence wuy(t,z) is bounded in C1([0,T]; H™(R")) for all T > 0
and m > 0; hence, using Equation (2.38), we see that it is bounded also in the space
C*([0,T]; H™(R™)).

Now assume that the subsequence {ay,} converges as above. Then, using the bounds
just proved (and the finite speed of propagation property), it is easy to show that any
subsequence of {uy; } admits some convergent subsequence, whose limit must be the unique
solution to (2.38),(2.39); thus the whole sequence {uy,} must converge to the same limit,
and this concludes the proof of the Lemma.

83. Proof of the Theorems

A) Proof of Theorem 1.1.

Theorem 1.1 is a direct consequences of Lemmas 2.1, 2.2. We begin by verifying the
assumptions of Lemma 2.1. By Lemma A in the Appendix (for k = 2, u = v = 1), choosing
fl, fz equal to one of the functions vy, |£|vg (where vy = Up, v1 = Uy), we obtain that the
quantities (2.29),(2.30) can be estimated as follows:

1750, 7)1, 17 (0, 7)] < den(1+ [7))7* - [N (Vo) + N(ur) - m(do) '], (3.1)
where ¢,, > 1 is the constant defined in (1.3), N(Vug) = Y N(D,uo) and
j=1
N(f)y=> / |z - DPf2dz, 0o = / Vg |?da. (3.2)
Rn

n
[o] <2

181<1
Thus the constants K3, K3 in (2.31) can be estimated as
K; <8cy[N(Vug) + N(uy) -m(do)™] (i=1,2) (3.3)
and assumption (2.33) in Lemma 2.1 is implied by
/
1986n [N (Vo) + N(us) - m(69) =1 Sup 7 1, (3.4)
Jo m(r)

where

Jo = [0, do + SCn(N(VUO) + N(ul) . m(éo)_l)].
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We shall now prove that (2.33) is fulfilled as soon as H < 1/2, where (see (1.3),(1.4),(1.5))

17 || o< (0,0) N(uy)
H=yvpy——— = 256¢, | N(V . 3.5
Yo m(o) ’ Vo Cn ( Uo) =+ m(o) ( )
We have (see (3.2) and (3.5))
v
8o < N(Vug) < 256? <y, (3.6)
and
m(r) = m(0) — - [m/|| L= (0, (3.7)
thus we have easily
m(do) = m(0) — vol|m/|| e (0,u) = m(0)(1 — H). (3.8)
This implies that
1 1 17
-1 < =" :
N(Vug) + N(up)m(do) ™" < T H(N(Vuo) + N(u1)m(0)™%) [~ H 256c. (3.9)
Now assume that
1
H< -
< 2
Then (3.9), together with (3.6), gives
Vo Vo
00 + 8cn (N N(u1)m(d < o,
which allows us to estimate the interval Jy (see (3.4)) as follows:
Jo [0 Vo}
Hence, using again (3.9), we see that to have (3.4) it is sufficient that
!/
W gy MLy (3.10)

2(1 = H) 0,0, m(r)
On the other hand, by (3.7), we know that
m(r) = m(0) = vollm/|[ =0, = m(0)(L = H)  for  r<wp,
thus (3.10) is in turn a consequence of the condition
H _ Yo [ | oo (0.000) <1
201-H)2 2(1-H)? m(0) ’
that is to say, H < 1/2.
In conclusion, if H < 1/2 assumption (2.33) in Lemma 1 is fulfilled, and we obtain that,

if u(t, x) is a global solution to Problem (1.1),(1.2), the time derivative of the coefficient in

Equation (1.1) satisfies the bound (2.34), and also, by (3.3), the bound
d
%m(é(t)) < 8¢n[N(Vug) + N(uy) -m(dp) " Sup |m/(r)|\/m(r) = C(m,ug,uy) (3.11)

with a constant C depending only on m and on sultable Sobolev norms of ug, u;.

Now we shall apply Lemma 2.2 to conclude the proof of Theorem 1.1. To this end, we
approximate in H®(R") = N, H™(R") the initial data ug,u; with sequences uf, uf of
entire real analytic functions, rapidly decreasing at infinity (e.g. by analytic convolution).
For such data, Equation (1.1) has global solutions u(t,x), as it is proved in [5], which are
real analytic in  and belong to H*°(R™). Moreover, the result of Lemma 2.1 holds for
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the problems corresponding to the triples (m, uf, u¥) with constants independent of k, since

H(m,uf,u¥) converges to H(m,up,u;) and satisfies eventually H < 1/2. Thus, writing
ar(t) = m(dg(t)), (3.12)

where

and applying (3.11), we obtain a common bound for the derivatives aj,(t). This shows that
the first part of assumption (2.37) in Lemma 2.2 is satisfied. In order to verify the second
part of (2.37), it is sufficient to observe that, by Lemma 2.1 (see (2.33)), the ranges [05] of
the functions dj(t) are all contained in a common interval on which the function m(d) is
bounded and strictly positive. Thus we can apply Lemma 2.2, and we obtain that the the
sequence {uy} has a converging subsequence {uy, }, with a smooth limit u(t, z) which solves
Equation (2.38). Moreover, we have

a(t) = limay, (t) = limm </ |Vukj|2dx> =m (/ |Vu|2dx>
J J " "

and this implies that u(¢, z) is a solution to (1.1),(1.2).

Uniqueness can be proved by a standard linearization argument. Indeed, consider the
solution u obtained by the above argument, and assume there is another solution v, with
the same initial data. Then wu,v must coincide as long as the corresponding functions §(t)
stay in the interval where m(r) is Lipschitz continuous; hence they must coincide everywhere.

In particular, from uniqueness it follows that the solution has compact support in space
for all times, since we can regard (1.1) as a linear strictly hyperbolic equation, for which the
property of finite speed of propagation holds.

The verifications in Corollaries 1.1, 1.2 are fairly obvious.

B) Proof of Theorem 1.2 (Sketch).

The proof follows the same lines as the preceding one. We firstly observe that, in the case
n = 1, it is possible to prove a version of Lemma 2.1 which is almost identical to the above
one, the only difference being that |¢] is replaced by & everywhere. In the following we shall
apply this last version.

Consider case (i), that is to say m(r) = r*

, assuming e.g. that the initial data are of the
form (1.17) with the plus sign. Applying the Fourier transform (vy = g, v1 = 1), we have

then
—+oo

v = ié())‘/Q{vo +eg (50 = /

— 00

|8u0|2dx> ,
so that
o[ = 8% vol” + €[] + 2¢d5"*€Im(755),
Re(v179) = —€eRe(v09)

and (2.29),(2.30) become

+oo
T4(0,7) = / e 2E (255N G2 — 2iesy M Tag)gde,

— 00
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+oo )
Jy(0,7) = / e 2 (262 vo |2 + €285 g1 + 268, ¢ Im(w5g) )€ de.

Hence, applying Lemma A in the Appendix, we see that the constants K7, Ko defined in
(2.31) can be estimated as follows (for € < 1)

Ky < Ce(N(9su0) + 6, *N(g)), K2 < C(N(zu0) + 65 N(g))
for some universal constant C'. Let us now choose € so small with respect to ug, g that
K1 <d0/2,
then the interval Ij in (2.32) can be estimated as follows
]
I C {20,250} (3.13)
and assumption (2.33) in Lemma 2.1 is fulfilled as soon as

/
32C(N (Vug) + 65N Sup [’ (r)]
( ( 0) 0 (g>) (60 /2,950 m(r)

<1 (3.14)

But we have dg > 0,

/ 2 I
g IO 2 Il
60/2,250) ™(T) T 00 [55/2.26,] T(T)
and for m(r) = r* we have also
|/ (r)|r _ \
m(r)

thus (3.14) is fulfilled provided A is small enough with respect to wg, g.

Thus we have proved that the assumptions of Lemma 2.1 are fulfilled for small € and A.
Note in particular that by (3.13) the range [d] of 6(¢) is bounded away from 0. The proof
now proceeds exactly as for Theorem 1.1.

The proof of cases (ii),(iii) is completely analogous.

Appendix

In the following, || - ||s for real s will denote the Sobolev norm on R

o= ([ 17er s i)

Lemma A. Let fi(z), fo(x) be two smooth functions with compact support on R™, let

u >0, v>—n be real numbers, and define

F(r) = [ 4" Fi©) fao)lelde )
form € R. Then:
i) For every nonnegative integer k < (v + n)/u we have
[F(7)] < C(nymv) (L4 |7]) N (f1) 2 Nu(f2) 12, (2)
where

Nelf) = 30 (I FIR ciampy o +0- 212, )
lo| <k (3)

0=0 4if v+k(1—p) >0, 0 =1 otherwise.
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ii) If (v 4+ n)/p is not integer, we have in addition
[F(7)| < Cln, ) (1 + 7))~ H N (f1) V2N (f2) 12, (4)
where
M= X (e Mnwptoc e fI8), k= |
la|<k.+1 (5)
0, =0 if ke +1—n>0, 0. = 1 otherwise.
In particular, for k =2 and p =v =1, we have
[ TEROROIdE] < clm1 + 1)V () AN (1)
with
N(H=> / |z DP f2dx.
laj<2 YR
181<1
Proof.
i) Setting [§| = p, £/I€] = n and
we can write (1) in the form
F(r) = / G (7, m)dn,
Inl=1
with
& ; M v n—
Gl = [ wlpe sy (il = 1) (6)
We shall prove the following estimate:
G| < Cluwr|™ [ [0ful g0 1 @
0
for all real 7 # 0, and all integer k < (n+v)/p (k > 0).
Before proving (7), we show how (2) follows from (7). Observing that
Opwl < c(k) D 195 Al 102 fal,
hi+ho=k
O Fl < eln,h) D 102 fl, 108 f] = la=f1,
o] <h
we easily see that (7) implies
G(rm)| < O, v)lr|™*Ni(f1) /2 Ne(f2)72, (8)
where
By = X [ 1argr i, )

lal<k

On the other hand we have, for any s > —n,

/ G125 dE < 2 (m) Sup GO + / GO+ ¢ de
R [£1<1 \

el>1
< ca(n) (lgllZ, +llgll2) ,
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hence for ¢ = z*f and s = (v + k(1 — u))/2 (note that v + k(1 — p) > —n since p > 0,
v>-nand 0<k<(v+mn)/u) we get
v+n

Ni(f) <e(m)Nk(f), 0<k< =

Thus we have proved that (8), and hence (7), implies (2) for |[7] > 1. As to the values
|7] <1, (2) can be proved directly observing that

Sup |F(r)] < /R [w(©)] - [¢]"dE < Cln,v)No(f1)'/*No(f2)'/*
by the Schwartz inequality, and that (see (9) and (3))

No(f)SNk(f) if £>0.

The same argument shows that (2) holds for k = 0.
In conlusion, it remains to prove (7) for integer k € [1, (v + n)/u], under the assumption
that (v +n)/p > 1. To this end, we perform the change of variables

ppt=r wlpp) = wrt/tn) = g(r)
for a fixed n such that |n| = 1, so that (writing for brevity G(7) instead of G(7,7)) (6)
becomes

G(r) = ;fl/ e (r)r* " Ldr, A= vin > 1. (10)
0 12
We claim that
k 00
|G(1)] < u—lc(A)|T|—k‘Z/ |(r0, )| - rA R if k< A (11)
j=0"9
while
Kk 0o '
G(7)] < ,,rlc(x)wkz/ O] - rtdr ifk = A (12)
j=1"0

Indeed, integrating by parts in (10) we have

G(r) = = (—ir) ! { / T8, )+ (A — Dl 2dr 4+ 6(A— 1) ¢<o>} RGeS

where 0(s) is defined by 6(0) = 1, 4d(s) =0 for s # 0, and if we apply (13) k times we
find the identity

oo k
G(r) = p~(=ir) ™" /O e ZAj()‘)(Tar)jw + B(A)d(A = k) - 4(0) (14)

for some constants Ag,--- , Ag, B depending only on A, with
AN = (A= 1)(A=2) - (A= k).
Now, (11) and (12) follow directly from (14), taking into account that

Il < / | dr = / (70, )¢] -+ dr. (15)

Finally, we have to prove that (11),(12) give (7). Going back to the original variable
p = r!/F observing that

ry = p'pd,, v ldr = pp~tdp,
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J
(p9,)) = Clh,p)p"dh  for j>1, (16)
h=1
and recalling that A = (v + n)/u, we easily see that (11) and (12) imply respectively that
B v+n
GO Clun)lr Y [ ehulph e gy iek< 220
h=0"0 H
e v+n
G| < Clunle Y [ (ol dp, itk = 22 (18)
h=1"0

But using the inequality(x)

[ ol ao< L [0 itan oo (19)
with ¢ = 9w and o = h+v — kp+n (in (17)) or @ = h — 1 (in (18)) and observing that
k—1=k+v—kpu+(n—-1) if k= w+n)/u,

we see that (16),(17) imply
G < Catulirl ™ [ 0wl 44,

as claimed above. This concludes the proof of part (i).
ii) Assume now that A = (v + n)/u is not an integer, say A = k. + a with 0 < a < 1.
From (14) with k = k. we know that

G(r) = u N (—ir) " H(r) (20)
with
0o k. '
H(r) = / SO, B(r) = S AN, .
j=0

Therefore, splitting the interval of integration as [0, §] U [d, 400, we can write
H(7) = Hi(7) + Ha(7)

and we have

(03

1)
< ||¢HLQOZ

5
|H1(7)| = |/ e p(r)yre tdr
0

and

= [ o

= '(i’/")l {/OO eiTT(¢/Ta71 + (a - 1)¢Ta72)d1" + ei‘rcﬁd)(é)(gal}‘
0
<112, 627+ (@)l 627 + (8)]6%7 ).

() Actually (19) holds for any smooth function ¢(p) with compact support in [0, +00], and can be proved
by applying the identity

> a—1 1 > !/«
d(p)p® Tdp = —— ¢ p%dp, a>0
0 @ Jo

to the functions ¢ = (e + |¢|2)1/2 and then letting € — 0; note that |¢| < e, L] < |¢/|.
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Thus, if we choose § = |7|~! and recall (15), we obtain |H(7)| < C(a)|7|~%||¢'||z,. Hence,
by (20),(16) and (19), we get

Er oo
G| < ptoW ey / ((r,) 1] -
j=0"0

Er oo
el o)=Y [ (00, ul
j=0"0

oo
< crlm e~ [kt .
0

Then (4) follows by a similar argument as in the beginning of the proof.
Lemma B. If Max(6,602) > 1, then

+oo
/ (L+ [t —s)) 70 (1 +s])"%ds < c(61, 02)(1 + [¢]) ~min0r02)
0

with ¢(01,0;) = 2™n0102)+1 /(Max (6, 0,) — 1).
Proof. Write for brevity ¢ = (1 + |t — s|) 7% (1 + |s|)%2. We have immediately

S
1 .
ds < 1 t—mln(91,92).
/t P ds < N oy 10 Y

Moreover, for s € [0,t] the expression ¢ is symmetric in 01,6, thus we can assume that
0, > 05, 0, > 1. We have then

t t 792 t 292
/ @ ds < (1+) / (1+t—s)"%ds < (1+1)7°%
t/2 2 t/2 91 -1

and

t/2 t/2
/ npds:/ (1+t—s5)"20+t—25)%27%14s5)ds
0 0

t —02 t/2 292
<(1+2 / (1+s)"%ds < (1+1t)7%,
2 0 01 —1

and this concludes the proof of the Lemma.
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