Chin. Ann. of Math.
16B: 4(1995),459-466.

A NECESSARY AND SUFFICIENT CONDITION
OF EXISTENCE OF GLOBAL SOLUTIONS FOR
SOME NONLINEAR HYPERBOLIC EQUATIONS

ZHANG QUANDE*

Abstract

The author considers the Klien—Gordon equations uy — Au + pu = f(u) (p > 0, |f(u)] <
clu|**t1). The necessary and sufficient condition of existence of global solutions is obtained for
E(0) = %(HuIHQLQ + ||Vu0||2L2 + u||u0\|2LQ) — Jrn Jo'° f(s)dsdx < d (d is the given constant).
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In this paper, we consider the following Cauchy problem of nonlinear hyperbolic equation
upp — Au+pu=lu|u, p>0 a>0, (1)
u(z,0) =up(x), u(z,0)=wui(z), =€ R, (2)

where ug(z) € H?>(R"),ui(z) € H*(R").

Over the last 20 years there has been considerable interest in existence and nonexistence
of the global solutions for nonlinear hyperbolic equations. As far as I know, there are few
results which give the necessary and sufficient conditions of existence of global solutions.
We mention a remarkable work of F. John['). In [1] he showed an “almost” necessary and
sufficient condition of global existence of Cauchy problem for uw; — Au =| w |P in three-
dimensional space, that is,

Difl<p<1l+4 V2, then the global solution vanishes identically for the initial data
satisfying ug = 0, u; > 0;

2) if p > 14-1/2, then there exists a unique C?-solution for small initial data with compact
support.

Maybe it is the best result at present. F. Asakural¥l generalized to the case of initial data
without compact support. In general n dimensional space, the papers [2,3] gave the sufficient
condition of blow up in finite time for generalized solutions in L'(R"). The equation of the
form (1) occurs in the classical modelling of certain phenomena in field theoryl®. It is also
called Klein-Gordon equation. Berger!®" discussed the stationary states of (1) and (2). H.
A. Levine'” discussed the blow up of solutions for more abstract equations puy —Au = F (u).
The object of this paper is to give the necessary and sufficient condition of global existence
or nonexistence in CY(RT, H1(R™)) for (1) and (2).

Manuscript received August 9, 1993.
*Department of Mathematics, Shaanxi Normal University, Xi’an 710062, China.



460 CHIN. ANN. OF MATH. Vol.16 Ser.B

Our main result is the following

Theorem 1. Let 1 > 0,0 < a < =5 n>2(n§2,0<a<+oo).
E(0) = §(||U1||%2 +Vuolzz + plluollzz) = —— lluollza2: < (3)
where
. at2 a 2
d= uelgllf}fu;mOé(HVulli2 +pllullFa) > /2(a + 2)(JullgE2)=.
Then the global solution of (1) and (2) in CO(R*, H') exists if and only if either
(IVuollZ2 + ulluollF2) > [luollF2:, (4)
or
(IVuollz> + ulluollz=) =0 (ice., llullz = 0). (4)

Lemma 1. Let

1
= SUVula + plulfs) - — lullgt,

If a(u) = b(u) # 0, then F(u
Proof. Since F(A\u) = 2-a(u) — o 0(u),

sup F(\u) = F((w)éu) = o < (a(u))?’

A>0
b(u) # 0.
Therefore, when a(u) = b(u) # 0,

sup F'(Au) = F(u) > d.
A>0

Furthermore, from Sobolev embedding theorem,

2
n2 (n<2,0<a<+00).

lul|pate < Collullgr, ifn>2, 2<a+2<

Therefore
« 1 a+2
— (=) >17
qd> a+2(201) f= (5)
- (e Mo at2
— ) o, O<pu<l.
a+2(201) .

Lemma 2. Let 1 <a+1< 25, forn > 2 (0 < a < oo, forn < 2). Then the local
solution of (1), (2) exists in CO([O,TO],Hl(R")) for some Ty > 0.
For a detailed proof of Lemma 2 see [5]. In fact, put u = e“’v, then equation (1) is

transformed to
Vg — Av g+ plv =€ v |* v, A>0, 4/ > 0.
The local existence of [|u||3;2 and |Ju¢|%. can be derived via energy methods and fixed point
theorems. Furthermore, from
e s — e s | < u(tr) — ()l an

< sup |Jug(t)|[gn [t —t2 |,
0<t<T
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we see that ||u|g1(¢) is continuous.

Proof of Theorem 1.

I) Sufficiency. From Lemma 2, the solution of (1) and (2) is continuous with respect to ¢
(within the interval of existence). We will show that the solution is global.

Multiplying the equation (1) by u; and integrating we have

Sl + Fu) = £(0) < d. (6)
We assert that for all ¢ > 0, either
a(u) —b(u) >0, a(u) #0, (7
or
a(u) = b(u) = 0. (7)

Suppose that neither (7) nor (7°) holds and let ¢; be the smallest time for which
a(u) < b(u) for t > ;.
We consider two cases a(u(t1)) = 0 and a(u(t1)) # 0 respectively.
a) The case a(u(t1)) = 0. Noting that b(u) < Collul|%1?, we have b(u(t1))
is the smallest time such that neither (7) nor (7') holds, we have 0 < a(u) <
e>0and t; <t <t +e,ie.,

= 0. Since t;
b(u) for some

——= <lfort; <t<t;+e.

On the other hand, we have
a(u) > a(ul_|r2 > 1
b(u) COHUHHI Cl

Therefore, we have

[a(u)]_% fort; <t <ty +e.

1
e

Then in virtue of Lemma 2, a(u(t)) is continuous in ¢ and . litmwa(u(t)) = 0. But from the
—h

[a(u)]_% <lfort; <t<ty+e.

above we see that

2
lim a(u)” > < Cp < +o0.
t—t140

This implies a contradiction.
b) The case a(u(ty)) # 0. Since

[ lu@) Lotz = [luls)llpo+e | < [Ju(t) — u(s)|[ Lo+
< Cllu(t) — uls)||

< sup||ut|lgr | t—s],
>0

we see that b(u(t)) is continuous in ¢ (within the interval of existence).
From (7) and (8) we have a(u(t1)) = b(u(t1)) > 0.
It follows from Lemma 1 that F'(u(t1)) > d. This contradicts (6).
Therefore, from a) and b) we see that (7) or (7°) holds.
From (6) and (7) or (7’) we have

(IVullie + pllulz) < F(u) < E(0). (9)

2,<d,
ol <. 5 <
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Hence ||ul|g1 < const.
We now prove that ||u||z1(t) is continuous with respect to ¢ in R™.
Let u(t) be a generalized solution of (1) and (2) satisfying (3) and (4) or (4’). From (1)
we have
Ug,t + AUy, + pug, = (@ +1) | w|® Uy, i=1,2,-- ,n, (10)
where u,, is a weak derivative. Therefore, we have
o+ 1V, 22 = (@t (1w " e, )

< CllullEoa [l ||| 20y 1]l 22

%2 + :u”ufl’z

(Huwit

Since 0 < @ < -2, from Sobolev’s embedding theorem and (9) we have
|l pan < Cllullgr < const.
and
I, ||, 22y < Clta llirs < comst. (|| Vg, |[72 + pllu, [172)2
Therefore we have

(lua,ellZz + Ve 172 + pllua, [IZ2)

< C(”uszt %2 + ”vuzq %2 +IU‘HU$7 %2)7 i = 172’ LT (11)
In virtue of Gronwall’s inequality we have
el 2o + Vi, |22 + [Jug, |22 < C(T) for 0 < t < co. (12)

C(T) is constant depending on T. Hence we see that for any T > 0, t € [0,T], w(t) €
HY(R"™),u(t) € H?(R"). Therefore, we have u € C°([0,T], H'(R")) for any T > 0.
Therefore, the global solution of (1) and (2) exists in C°([0, +-o00], H'(R")).
IT) Necessity. If (4) or (4’) dose not hold, from (3) and Lemma 1 we have

IVuol|Z> + plluollg < lluoll 7 (13)

From Lemma 2 we know that the local solution of (1) and (2) exists in C°([0, Tp], H*(R™))
for some Tp > 0. It is similar to the proof of sufficiency that we can assert that (within the
interval of existence)

a(u) < b(u) for all t > 0. (14)
If (14) does not hold, there is t; > 0 such that (14) holds for 0 < ¢ < ¢; and a(u(t)) > b(u(t))

for t > t;.
By the continuity of a(u(t)) and b(u(t)),

a(u(ty)) = b(u(tr))-

Similarly, we consider two cases a(u(t1)) # 0 and a(u(t1)) = 0 respectively.

a) If a(u(ty)) # 0, from Lemma 1 we have F(u(t1)) > d. This contradicts (6).

b) Let a(u(t1)) = 0. Since b(u) > a(u) > 0 for 0 <t < t1, we have
(W) _ o)
(w) = Cllullg® =
This contradicts t_l)ltrln_ o a(u(t)) = 0. Hence from a) and b) our assertion (14) holds for all
t>0.

1> Z Z; > c(p)(a(u)~2 for t < t.
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On the other hand, multiplying equation (1) by u we have
([ull22)" = 2||ue||22 + 2(b(u(t)) — a(u(t))) > 0 for all t > 0. (15)
From (6) we have
(lullz2)" = (e + Dlluellzz + a(|Vullgz + plluellzz) — (o + 2)E(0). (16)

By (15), (||ul[25)” > 0. |lu||2. is a convex function in ¢. Hence we say that there exist ¢;and
ta (t1 < t2) such that

(l[ullZ2)"(t1) > 0, and ap(||ullZ2)(t2) > (o +2)E(0).

(This assertion will be proved later). Hence

(lullZ2)" = (o + uelZ> for t > to, (17)
a+4
(lelZe)(ullze)” = == [(lel72) T = (o + DlllulZalluel e — (w,w)?) 20, (18)
_a a (244 a+4
(lull )" = —ZIIU\\L2(2 Mlul3 (lul2)” - 1 [(lullZ2) 77} < 0. (19)

Therefore, ||uH;2% is concave for ¢ > to and
—a 07 —a
(lull )" = = llull 2 (lullZ2)" <0
4

for t > to > t1. Then there exists a finite time T' for which ||u||22% —0ast—T—-0.1In
other words

tiljrgo [lu]lLz = +oo. (20)

We now prove that there exist t1 and to (¢1 < t2), such that (|lul[3,)" > 0 for ¢ > t; and
apllul2. > E(0) for all ¢ > to.
If (||lul|2,)" <0 for all t <0, then from (||ul|2,)” > 0 we have

. 2 \/ __ : 2
Jim (Jul2:) =B <0, Tim ful3.=A4>0.

It is clear that B = 0. Therefore, there is a sequence {t,} such that, as ¢, — oo,
(Jlull32)"(tn) — 0. From (14) and (15) we have

. 2 . . _
t}gnoo l|lue]|72 = 0 and thinoo(b(u) a(u)) = 0.

From (6) we have

tr}gnooF(u) = E(0). (21)
On the other hand, from the definition of F'(u) we have
im bw) — 1 2(a+2)[F +1 b — ]
Jim (u) = = (u) 5( (u) — a(u))
~ 2(a+2) .
= TE(O) = t,,}gnoo a(u).
. a(u)
If £(0) >0, lim —— =1. From Lemma 1 and (21) we have
tp—>00 b(u)

E(0)= lim F(u)= lim F({M]é,u(tn)) > d.

tp—>00 ty—>00 b(u(tn)) -

This contradicts condition (3).
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If E(0) <0, lim b(u) = lim a(u) < 0. It contradicts the fact that a(u) > 0 and

tn—00 tp—00
b(u) > 0.
If £(0) = O,tli_r>n b(u) = tli_r}n a(u) = 0. But, from (14) and b(u) < c[a(u)]aT“ we have
a(u) _ 1 _a
1>——=>- 2.
> 4 > Law)

This contradiction is clear.

It follows therefore that ||uf3. — oo in a finite time, and the proof of Theorem 1 is
completed.

We also consider the initial boundary-value problem.

Corollary 1. Let u |po= 0, > 0. If initial data satisfy conditions (3) and (4), then the
results of Theorem 1 hold.

The results are applicable to more general nonlinearity f(u) satisfying |f(u)| < clu|**!.

In this case, we define (cf. Lemma 1)
a(u(t) = [VullZe + pllullZe,  bu(t)) = / / £(s)dsdz,

/\2
F(\ u) = ?a(u(t)) — A2 (u(t)).

+00, b(u) < 07
sup F(\, u) = o 0“2 ()
A>0 2(at2) ((a+2)b(u))% 7b(u) >0,
a2
. o o)

uEHli,nbf(u)>O 2(a+2) ((a+ 2)b(u)) &
It is similar to Lemma 1 that if a(u) = (o 4+ 2)b(u) # 0, then sup FI(A, u) = F(1, u) =
za(u) —b(u) > d'. =
Corollary 2. Let f(u) satisfy |f(u)] < clu|*Tt and o, u be as in Theorem 1 and
B(0) = 3 (Jur 3 +a(ug)) — bluo) < o (22)
Then
uy — Au+ pu = f(u),
{u(O,x) =ugy, u(0,2) =1
has a global solution in CO(RY, H?') if and only if
a(ug) > (o + 2)b(ug) or a(ug) = 0. (24)
As in [11], to consider the ‘averaged’ version of (1)
gy — Vu + pu = |Jul|f2u, a>0, p>0, (25)
we can improve the conditions of blow up of the solutions in Theorem 1 of paper [10].
Corollary 3. If p >0, (u1,u0) = [, uourdz >0,
at2

lurllZz + 1VuollZ> + plluollze < lluollz2™, (26)

then the solution of (25) blows up infinite time.
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Proof. It is similar to the proof of Theorem 1 that we have
1 1 a
SluliZs + [9ul2s + plul3e) - — 5l = B1(0), (27)
where E1(0) = §([lurll2 + [VuollZz + plluoll7=) — g lluollFa?,
(lullZ2)” = 2[lluelZ2 + 72 = (IVullZz + pllulZ2)]
> 22| ug|Z2 + [l 75 = (el 22 + 1 VullZe + pllulZ2))- (27)
From (26) we have
(lullZ2)" le=0> 0, ([fullZ2)" [e=0> O.

Therefore there exists € > 0 such that ([|ul[?,)/(t) > 0 for 0 < ¢t < e. Hence ||lu||3,(¢) is
increasing for 0 <t <e. Let

lull 222 (t) = Iluoll73* + (1),
(luellZ2 + IVullZs + pllullZ2) (@) = [lullZ: + [ VuollZ: + plluollZz + o(t)
(6]

for 0 <t <e. From (27) we have §(t) = 220 (t). Therefore we have

(JJull22)" >0, (lul|2:) >0 for 0 <t <e.

Hence we can assert
(Jlull32)"” > 0, and (||ul|32)" > 0 for all ¢ > 0.
From (26) and (27) we have
(lullZ2)" = (o + 4)[JuellZ> + allullze — 2(e+ 2)E1(0). (29)
Since ||ul|%, is increasing, there is a ¢1 such that af|ul|2, > 2 for ¢ > ¢;, and we have
(lullZ2)" = (o + DluelZs for t > t. (30)

From the proof of Theorem 1 there is a constant 7', such that

. 2
il = oo,

The proof of Theorem 2 is completed.
If £ <0 in (1) and (2) (or (23)), we have the following result.

ugy — Au — Nu = ¢(u), (31)
u(z,0) =ef(z), u(z,0)=ceg(z), €>0, (32)
where ¢(u) =| u |* u (or ||ul|F2u).
Corollary 4. If f(z) € H', g(x) € L?, [4, fgdx >0,
NN £z = IV FIZ + llgllz2 > 0, (33)
then the global solution of (30) and (31) vanishes identically.
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