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DYNAMICS ON WEAKLY PSEUDOCONVEX DOMAINS***
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Abstract

This paper studies the iterations of holomorphic self-maps which have nonwandering points
over general pseudoconvex domains in C2. The authors give especially a Denjoy-Wolff-type
theorem on pseudoconvex domains with real-analytic boundaries, or even more general, on
domains of finite type.
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§1. Introduction

In a recent paper (see [17]), we discussed the dynamics of holomorphic self-maps of
strongly pseudoconvex domains. The strongly pseudoconvex domain is in a sense the weakest
domain that we can handle completely. The complex analytic properties of the weakly
pseudoconvex domains in CV, even if with smooth boundaries, can differ very much from
those of the strongly pseudoconvex domains (see [7]); the dynamical property is by no means
excepted. In a recent paper (see [10]), Hriljac studied the dynamics for some kind of two-
dimensional weakly pseudoconvex domains. He got the following theorem in quite a great
space.

Theorem 1.1. Let X be a two-dimensional compact complex-analytic manifold, with
a smoothly varying (1,1) form which induces a metric d on X. Let Q@ C X be an open
connected submanifold satisfying the following condition (C):

for any & € 082 there exists a neighborhood Ug of § in X
and a continuous plurisubharmonic function he : Us = R
such that QN Ug = {z € Ue | he(x) < 0}, (C)

If f € H(Q,Q), {f™} is normal, and f has a nonwandering point p € Q. Then one of
the following holds:

(I) p is an attracting fized point of f ;

(IT) There is a submanifold S C Q of dimension 1, such that p € S,p € f(S), and f|s is
an isomorphism. Furthermore, there exists a subsequence f™ such that f™|g — idg, and

Jim d(f"(2).5) = 0. (1)
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where d is the distance given on Q.

(III) f € Aut(Q2), and 3f™, f — idgq,

When X = C2, a domain that satisfies Condition (C) must be a weakly pseudoconvex
domain. So Hriljac asked on page 728 of [10]: can the requirement that Q satisfy Condition
(C) be replaced by the milder requirement that 2 be pseudoconvex in order that Theorem
1.1 still holds? We shall give an affirmative answer to this question in §2. Obviously, our
method is more direct and more simple. Furthermore, our proof can be applied to give
similar results for some weakly pseudoconvex domains of CV for general N > 2.

We got in [17] a complete description of the iterations of holomorphic self-maps over
strongly pseudoconvex domains. Many examples show that this is false for general weakly
pseudoconvex domains. As mentioned in the first paragraph, the complex analytic properties
of the weakly pseudoconvex domains can differ very much from those of strongly pseudo-
convex domains. However, for bounded weakly pseudoconvex domains with real-analytic
boundaries, it seems to be in many respects more similar to the strongly pseudoconvex case.
In §3 we shall give the Denjoy-Wolff-type theorem for such domains in C? with exactly the
same form as that of the strongly pseudoconvex domains. As an application, we obtain the
Denjoy-Wolff-type theorem for contractible weakly pseudoconvex domains with real-analytic
boundaries in exactly the same form as the classical Denjoy-Wolff-type theorem; an analo-
gous result for contractible strongly pseudoconvex domains with C'*°boundaries was got by
Daowei Ma in 1991 (see [13]).

§2. General Case

Theorem 2.1. Let Q CC C?be a weakly pseudoconvexr domain f € H(,Q). If {f"} is
normal, and f has a nonwandering point p € S, then one of the following holds:

(I) p is an attracting fized point of f ;

(IT) There is a submanifold S C Q of dimension 1, such that p € S,p € f(S), and f|s is
an isomorphism. Furthermore, there ezists a subsequence f™ such that f™|s — idg, and

nh_}ngo d(f"(2),S) =0, (2.1)

where d is any distance on €.

(IIT) f € Aut(Q), and If™, " — idg.

Proof. Denote by I the closure of {f™} under the compact open topology, and by I'” the
set of all limiting maps of {f™}. Then the proof of the theorem follows immediately from
the following assertions.

Assertion 2.1. For any g € IV, we have g(Q2) C 9Q or g € H(2, Q).

In fact, by the definition of the normality, any convergent subsequence f™i,{f™}, is
either compactly divergent to g, g(2) C 99, or converges uniformly on compact subsets of
Qtoge HQ,Q).

Assertion 2.2. There exists a g € I, such that g € H(Q, Q).

Since f has a nonwandering point p, for any k let

1
Ui=1{z€ 9| 2=l < 7},
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then Jn; such that

™ (Ur) N Ug # 0. (2.2)
If {ny} is bounded, then there is an ny, such that
froUk) VU # 0 (2:3)

holds for infinitely many k’s, this implies f™*o(p) = p. So by Assertion 2.1 any convergent
subsequence of {f*"*0} converges to a g € H(£,Q).

If {nj} is unbounded, then again by Assertion 2.1 and (2.2) we know that the convergent
subsequence of {f™*} converges to a g € H(Q, ).

Assertion 2.3. There is a subsequence of { f"} converging to a retraction R, S = R(2)
is a submanifold of , R|s = id|s.

To prove this, as in the proof of Theorem 3.1 of [17], we use the skills of H. Cartan (see
[5], and also [3], [15]).

By Assertion 2.2, 3™ — g € H(Q, Q). Taking a subsequence if necessary, we can assume
that

k]' =Mmjt1 —M; — O,
and
lj :kjfmj :mj+1f2mj — 0Q.

Again taking the subsequences if necessary, we may assume that both subsequences { f*s}
and {f%} are convergent. Let

Y - Rel'(f) Cc H(Q,Q),
fli = hel/(f)c HQ,Q).
By the relation
fratt = fRio fmi
passing to the limit as j — oo we get g = Rog. So R € H(,Q) by Assertion 2.1, and this
again implies

g=goR=Rog. (2.4)
Similarly we have h € H(,Q), and
R=goh=hogy. (2.5)

Now from (2.4) and (2.5) we know
R*=hogohog=hoRog=hog=R,

so ReT(f) is a retraction and f* — R.

By [6] (or [15], [3]), S is a submanifold of , R|s = id|s.

Now we go to the proof of Theorem 2.1.

If dimS = 2, then (III) holds since in this case S = Q, f* — R = idg, and so f € Aut(1Q).

If dimS < 1, we first prove that I'(f) C H(, ).

In fact, if dimS = 0, then S = {a} for some a € Q and f*i(z) = R(z) = a, so f(a) = a.
By Assertion 2.1, for any g € IV(f), we have g € H(,Q), so T'(f) C H(Q,Q).
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If dimS = 1, we use the reduction to absurdity. Suppose not, then 3fP7
P = pe HQQ), p)coq.
On the other hand, it is easily seen that Ro f = f o R. So we have
f(S)=foR(Q)=Ro f() CR(Q) =S (2.6)

Consequently p(S) C f(S) C S, this implies p(S) C S\ S. By the proof of Proposition 12 of
[10], we know that this is impossible. So T'(f) C H(,Q).

Now by I'(f) € H(Q, ), we know that I'(f) is a compact Abel semigroup. So the theory
of semigroup (see [16]) provides a unique retraction in I'(f), that is exactly the R we get
in Assertion 2.3. Repeating the proof of Assertion 2.3, we conclude that for any convergent
subsequence fPi of {f™}, if fPi — F, then F = Ro F.

So if dimS = 0, then F(z) = a. This implies f"(z) — a,Vz € Q. It is clear that a = p,
this yields Conclusion (I).

If dimS =1, then F(Q) = Ro F(Q) C R(Q) = 5, so d(F(z),S5) = 0, that is,

Tim d(f"(2),5) = 0.

Furthermore f*i|s — R|s = id|s, it is clear that p € f(S),p € S (since f"(2) — S), this
means that (II) holds.

Remarks.

1. When Q is taut, H(Q,Q) is normal, so Theorem 2.1 holds without the additional
assumption that {f™} is normal.

2. When () is a weakly pseudoconvex domain with C'boundary, € is taut, so Theorem
2.1 holds without the additional assumption that {f™} is normal.

3. For general weakly pseudoconvex domain with C'boundary, general f € H (), ), we
have four possibilities for {f"}, besides (I)—(III), we may have that ¢g(£2) C 9Q holds for all
gel.

4. For general Q C CV, whether Theorem 2.1 is true or not is still open. But if € is
complete under the Kobayashi metric, then we can show that an analogue of Theorem 2.1
holds without the additional assumption that {f™} is normal.

§3. Domains With Real-Analytic Boundaries

The weakly pseudoconvex domains with real-analytic boundaries, besides the strongly
pseudoconvex domains, are in a sense the most completely understood domains. In this
section, we shall set up the Denjoy-Wolff-type theorem on such domains. We discuss first
the properties of the horospheres beginning with a necessary definition and a sequence of
lemmas and propositions.

Definition 3.1. Let Q cC C¥ be a domain, and choose a € Q,x € Q0 and R > 0. Then
the small horosphere E,(x, R) and the big horosphere F,(x, R) with center x, pole a and
radius R are defined by

E.(z,R) = {z € Q|limsup[Kq(z,w) — Kq(a,w)] < %log R},

w—T

F,(z,R) = {z € Qliminf[Kq(z,w) — Kq(a,w)] < %logR}7
w—x
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where Kq(-,-) is the Kobayashi distance on Q.

Lemma 3.1 ([8], Theorem 2.3). Let ¢ : R. — Ry be a continuous function satisfying
the Dini condition fol @dz < o00. Let Q cc CV be a domain and Q; C Q be an open
subset of Q. Assume that for every point A € 00y N O there exists a function Py €
C(Q) N H(Q),|Pal <1 on Q \ {A}, which peaks at A and satisfies

Cl1 = Pa(2)| < |2 — Al < 6(1 - [Pa(2)], =€ . (3.1)
Then for every point p in the relative interior of 021 N I there is a neighborhood U of p
and a constant K such that

1 1
Kq(z,w) > §log@—K, VzeUN,we N\ Q.

An immediate consequence of this lemma is
Corollary 3.1. Let @ cC CV be a domain with C? boundary, and p € 0Q be a strongly
pseudoconvex point. Then there exist a 6 > 0,
Qp={2€Q]|z—p| <ké}, k=12,
and a constant K such that

1 1
KQ(Z7w)Z§IOg@7K, vZGUm917w€Q\QQ

This result was mentioned without proofs in the Remark after Theorem 2.3 of [8]. Here
we give the main points for the proof.

(I) By Narasimhan’s Theorem (see [11], Lemma 2.3), there are a defining function p for
€, a neighborhood U C C¥ of p, and a biholomorphic coordinate change ¢ on U,

1 & 9?p
o(z) = (z1 3 Z m(p)zjzk,zza'“ ,ZN),
jk=1_"Y

such that ¢(U N 9Q) C C¥ is strongly convex.

(IT) Choosing U sufficiently small, for each point ¢ € ¢(U N 92), one can easily find a
ball By such that ¢(U N Q) C B, and ¢(U N 0N) is internally tangent to 0B, at ¢. These
Bg’s can be chosen with uniformly bounded diameters. Let o, be the unit outward normal
of 0B, at q. Define

ga(z) = exp(¢(2) —q, ), z€UNA
Then g4 is a local peak function for 2 at the point
A=¢"Yq) €00,
and
1 1
21— 9a() < |z = A <201 = [ga(2)]]7 (3.2)
holds in a neighborhood of A.
(III) Choosing ¢ > 0 sufficiently small, one can find a constant C' such that
1
6\1 —ga(2)| <]z - A <C|1 - |gA(z)\|%, Vz e Q, A€o No.

So Corollary 3.1 follows immediately from Lemma 3.1.
Lemma 3.2 ([8], Proposition 2.5). If Q is a domain whose boundary 0 is of class
C'*¢(e > 0) near a point A € 99, then there exist a neighborhood U of A and a constant C
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such that for all zg,z1 € QN U,
1 1

1 1 1 1
Ka(z0,21) < 5 ) log == — 5 ) log " + C,
alz0, 21) QZ gd(Zj) 22 gd(zj)+|zo—21‘

J=0 Jj=0
where d(z) is the Euclidean distance from z to 0.
This lemma implies directly the following
Corollary 3.2. Let Q C CV be a domain with C1T¢ boundary. Then for any a € Q,3K
such that

1 1
K, < -log—+ K Q.
a(z,a) < 5 log i) +K, Vze

Using Corollaries 3.1 and 3.2, a nearly line by line copy of the proof of Theorem 1.7 in
[1] gives the following Proposition 3.1.

Proposition 3.1. Let Q@ cC CV be a domain with C? boundary which is strongly
pseudoconvez at a point p € 0. Then for any a € Q, R > 0, we have

Fo(p, R) N 0Q = {p}.

Proposition 3.2. Let Q C C? be a weakly pseudoconvex domain with real-analytic
boundary. Then for any a € Q,p € 0, R > 0, we have

Fa(p, R) N 0Q = {p}
or
F,(p, R)n o = 0.

Proof. Denote by A(Q?) the family of all holomorphic functions which are continuous on
Q. Let

P(AQ) = {p € 0| 3fp € AQ), f(p) = 1,|fp(2)| < 1,¥z € Q\ {p}}.
Bedford and Fornaess showed in 1978 that P(A(R2)) = 9N if Q is a weakly pseudoconvex
domain with real-analytic boundary (see [4], Theorem 3.1, and also [14], [9]). In [2], Basener
proved that, if  is a Levi pseudoconvex domain with C* boundary, then P(A(Q)) is
contained in the closure of the strongly pseudoconvex points (see also [11]). So the set of
strongly pseudoconvex points is dense in 0€2. Now by Proposition 3.1, for each strongly
pseudoconvex point p € 0f), we have

Fa(p, R) N 092 = {p}.

To prove Proposition 3.2 for general point x € 9€, we first prove that

Fo(z,R) C | J () Fal@n, R) (3.3)
k=1n=k

for any sequence {zx} C 9Q with =), — =.

In fact, proving (3.3) is equivalent to proving that Vz € F,(x, R),3k = k(z) such that

z € Fy(xn, R) holds for all n > k. Suppose that this is not true, then 3k(j) — oo with
z ¢ Fa(l‘k(j),R), that is,

liminf Kq(z,w) — Kq(a,w) >

W Tk(j)

log R. (3.4)

M| —
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Now, since z € Fy(x, R), we can find a sequence w; — x with

1
lim Kq(z,w,) — Kao(a,w,) < ilogR. (3.5)

n—oo

Choose for each k(j) a sequence uj; — x(;) (i — 00) with uj; = w;. Then by (3.4) we have

1
liminf Ko (z,uj;) — Ka(a,uj;) > 3 logR, VYj=1,2---

11— 00
So
1
liminf Kq(z,u;;) — Ka(a,uj;) > = log R,
j—oo 2
that is,
1
lim Kq(z,w;) — Ka(a,w;) > - logR.
Jj—o0 2

This contradicts (3.5), so we have proved (3.3).

To finish the proof, we need to prove that if y € F,(xz, R) N 99, then y = z. To prove
this, we suppose that y € 9, and y # z. Let |« — y| = 2¢, choose {z,} C 9, z, — = and
|z, — y| > €, where all the x,,’s are strongly pseudoconvex. By Proposition 3.1,

Fy(xn, R) N O = {x,},

so we have

U Fo(zp, R)yNoQ = U {zr} U {z} = E.
k=1 k=1
By the choice of {z,} we know that dist(F,y) > . So 36 > 0 such that

(G Fa(zn, R)) N B(y,0) = 0. (3.6)
k=1

So by (3.3) and (3.6) we get y ¢ F,(x, R).
Remark 3.1. One can easily prove that

U () Fal@n, B) € Fu(z, R).
k=1n=k
So, by Proposition 3.2, if we can prove that

U () Falan, R) noQ # 0,
k=1n=k
then we have

Fo(p, R) N 0Q = {p}

for any p € Q.

Lemma 3.3. Let Q C C? be a weakly pseudoconvex domain with real-analytic boundary,
f € H(Q,Q). Then either f € H(Q,Q) or f(z) =& for some & € OS).

Proof. It Suffices to show that if f(a) =& € 0Q for some a € Q, then f(z) =¢&.

In fact, by [4] every boundary point of €2 is a peak point. So, if we denote by A(2) the
set of all functions continuous on € and holomorphic in (2, then for ¢ = f(a) € 952 one can
find a g € A(Q) with g(¢) =1, and

lg(2)] < 1,Vz € Q — {&}.
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Consider the holomorphic function h = g o f, then
h(a) = g(f(a)) = g(&§) =1,

and |h(z)| < 1,Vz € Q. So the Maximum Modulus Theorem implies

h(z) =1, or g(f(2)) = 1.

This means f(z) = ¢ by the choice of g.

Now we can prove our main theorem.

Theorem 3.1. Let Q C C? be a weakly pseudoconver domain with real-analytic boundary,
f € H(Q,Q). Then one of the following holds:

(I) The sequence {f™} converges to a point & € Q uniformly on the compact subset
of ;

(II) There exists a unique holomorphic retraction Ry € T'(f) such that, for any g €
I'(f),3T € Aut(V) with g =T o Ry, and V = R¢(Q) is a submanifold of 2.

Proof. If f has a nonwandering point p, then the conclusion in Theorem 2.1 gives us the
desired results.

If all points of 2 are wandering, then all limiting mappings map 2 into 9€2. So by Lemma
3.3, any limiting map must be a constant map. Now, given a € €, since all limit points of
{f*} lie in the boundary, we have

lim Kq(a, fM(a)) = occ.
m— 00
With no difficulty, one can choose a subsequence {m,}, m; — oo and
Ka(a, f™(a)) < Ka(a, f™+*(a)),  Vk e Z7. (3.7)

By the normality of {f™}, taking a subsequence if necessary, we can assume that f™i is
convergent. Let f™ — x € 0. Then

lim f™i(a) = x,

Jj—o0
lim f™ %) = lim f™(f*) =z, Vk=1,2---. (3.8)
Jj—o0 Jj—>o0

So given any z € E,(z, R), for k =1,2,---, by (3.7), (3.8) and the nonexpansivity of f,

we have
lim inf[Ko(f*(2), w) — Ka(a,w)]
< timinf[Ka(7*(2). /™ (@) ~ Ka(a, /(@)
< liminf[Ko(z, /™ (a) = Ka(a, /7 *(a))
< liminf[Kq(z, ™ () — Ka(a, /™ ())]

1=
< lim Sup[KQ(za w) - Kﬂ(av w)}
w—x
< 11
5 0og,
that is, f*(z) € F,(x, R). This means that
f¥(Eu(z,R)) C Fu(z,R).
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So for any convergent subsequence f* we have
fY(2) = x € Fu(z, R) N oQ.

By Proposition 3.2, it must hold that x = z, that is, f¥(z) — 2. The theorem is proved.

When 2 is contractible, we have an even sharper result.

Theorem 3.2. Let QO CC C? be a contractible weakly pseudoconver domain with real-
analytic boundary and f € H( Q,Q). Then

(1) if Fix(f) = 0, then f¥(2) — x € 09;

(I) of Fix(f) # 0, then there is a holomorphic retraction Ry € I'(f) such that for any
g €IV(f),3T € Aut(V) with g =T o Ry, and V = R¢(Q) is a submanifold of Q.

Proof. By Theorem 3.1, we need only to prove that Conclusion (II) of Theorem 3.1
ensures that Fix(f) # 0. The proof for this is essentially the same as that of Theorems 6
and 7 of [13]. Here we omit it.

Remark 3.2. In the proof of Theorem 3.1, we have used the result of Theorem 2.1,
which is proved only for domains in C? and may not be true for domains in general C.
But the existence of peak functions for A(2) implies that Q is complete in the Kobayashi
metric. So the method used in [17] is available here for the proof of Theorem 3.1. The same
idea allows us to prove the result of Theorem 3.1 for any weakly pseudoconvex domain in
CV, which is of C* boundary and satisfies P(A(Q)) = 9.

Remark 3.3. Proposition 3.2 is true for any smoothly weakly pseudoconvex domain 2
in C2. To prove this, the main point is that the set of strongly pseudoconvex points is dense
on 0f). In fact, the strongly pseudoconvex points are generic on the boundaries of such
domains. This can be proved by using the notion of finite type (see [9] for the definition)
and the Foliation Theorem (see [11], p.274), for the details of this see [12].

Recall that a domain Q cC C¥ is said to be of simple boundary if all holomorphic
mappings h: {z € C | |z| < 1} — IQ are constants ( see [3] ). Especially when Q cC C? is
a smooth pseudoconvex domain of finite type, it is proved in [9] that at each point p € 9Q
there exists a peak function f € A(2). Hence the proof of Lemma 3.3 shows that 9 is
simple. So by Remarks 3.2 and 3.3, using the proof of Theorems 3.1 and 3.2 we have

Theorem 3.3. When Q C C? is a weakly pseudoconvex domain with smoothly simple
boundary, especially, when Q CC C? is a smooth pseudoconver domain of finite type, and
f e H(Q,Q), the results of Theorem 3.1 hold.

Theorem 3.4. When Q CC C? is a contractible weakly pseudoconver domain with
smoothly simple boundary, especially, when Q CC C? is a contractible smooth pseudoconver
domain of finite type, and f € H( Q,Q), the results of Theorem 3.2 hold.
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