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AN EMBEDDING THEOREM BETWEEN
SPECIAL LINEAR GROUPS OVER ANY FIELDS
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Abstract

Abstract homomorphisms between subgroups of algebraic groups were studied in detail
by A.Borel, J.Tits!!! and B.Weisfeiler!?! provided that the images of the homomorphisms are
Zariski dense subsets and that the fields over which algebraic groups are defined are infinite. The
purpose of this paper is to determine all embedding homomorphisms of SLy (k) into SLy(K)
when k and K are any fields of the same characteristic, without assumption of Zariski density

and infinitude of fields. The result in this paper generalizes a result of Chen Yu on homomor-

phisms of two dimensional linear groups[?’].
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Let D and E be two division rings. Dicks and Hartley conjectured that all non-trivial
homomorphisms of SL,, (D) to SL,(FE) arise from homomorphisms of D to E. The conjec-
ture has been verified by themselves!* when n = 2, charD =charF, charD # 2,3,|D| # 5
and F is finite dimensional over its center. Earlier, the conjecture had been verified by Chen
Yu when n = 2, D and F are fields and |D| > 5. Our contribution to this problem is the
following result.

Theorem 1. Let k and K be any fields of the same characteristic. Suppose that o :
SL,(k) — SL,(K) is an embedding homomorphism, where n > 3. Then there exist
Q € GL,(K) and a homomorphism « : k — K such that for any A € SL,(k),

o(4) = QAQ™" or o(A4) = Q((A")) Q™
where A* = (a(a;;)) if A = (ai;). Moreover, a is unique and @ is unique up to a scalar
element of GL,(K).

For any field F' and any positive integer n > 2, we first introduce the following subgroups
of SL,(F). We write U, (F) and U_(F) for the subgroups of upper and lower triangular
n X n matrices over F' with ones on the diagonal, respectively. And for 1 < i,j < n,i # 7,
we write T;;(F) for the root subgroup consisting of the matrices I + aE;;, where a € F.

We have the following fundamental commutator relations if we denote by T;;(a) the matrix
I+ aFE;; for any a € F.

(T’l(a) TTS(b)) =1, lfj#nZ#Sa
(Ti (a’) Tjs(b)) = Tis(ab)a if 4 7& S.
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Lemma 1. Let
U+(F) = U+(F)(1) ) U+(F)(2) DRI U+(F)(n71) S U+(F)(n) -1,
U_(F)=U_(F)Y 5U_(F)® >...oU_(F)" Y >U_(F)™ =1
denote the lower central series of U (F) and U_(F). Then for 1 < s <n—1,Uy(F)® is
generated by T;;(F) with j —i > s and U_(F)) is generated by Ti;(F) withi —j > s. In
particular,
U (F)" D =Ty, (F), U_(F)" ) =T,,(F).

Proof. By the fundamental commutator relations Lemma 1 is immediate.

We may characterize unipotent matrices in such a way. A matrix A € SL,,(F) is unipotent
if and only if

i) when char F' = p > 0, there exists a positive integer r such that AP =T,

ii) when char F' = 0, A¥ # I and there exists a positive integer r such that the matrices
A*" are conjugate to each other in SL, (F), where k =1,2,3,---.

By using the characterization of unipotent matrices, it is easy to get

Lemma 2. Let k and K be any fields with chark = charK. Suppose that o : SL, (k) —
SL,(K) is an embedding homomorphism. Then there exists a matriz Q@ € SL,(K) such
that

Qo(Uy(k)Q™" C Uy (K).

Proof. For any A € U, (k),0(A) is a unipotent matrix by the above characterization,
and then o(Uy(k)) is a unipotent subgroup of SL, (K). Now the existence of the matrix @
is clear (see [5], Chapter 5, Theorem 2.1).

From now on we always assume that k& and K are fields of the same characteristic,
and F is any field. Let H(F) denote the subgroup of diagonal matrices of SL,(F'), and
By (F)= H(F)UL(F). We have the following key lemma.

Lemma 3. Suppose that o : SL,(k) — SL,(K) is an embedding homomorphism and
o(Uy(k)) C Up(K). Then there exists a matrix Q = DB, where B € B (K),D is a
diagonal matriz in GL,(K) such that

i) Qo(Us(k)Q™! CUL(K), Qo(T1n(1))Q™" = Tin(L);

i) Qo (Tn1(k))Q™" C Thi(K).

Proof. It is clear that if we replace U, (k) and Uy (K) by U_(k) and U_(K), the result
of Lemma 2 is still true. Then there exists a matrix A € SL, (K) such that

Ac(U_(k)A™r CU_(K).

Lemma 1 implies that Ao (T},1(k))A~! C T,,1(K). By the Bruhat decomposition A can be
written as A = CNB, where C € U_(K), B € B4(K) and N is a permutation matrix, so

Bo(Ty1(k))B™' C N7'C™'T,,1 (K)CN C T;;(K)
for some root subgroup T;;(K). Since
Bo(U,(k)B~ € BU, (K)B~' C UL (K)
and, by Lemma 1, Bo(T1,(k))B~1 C T1,,(K), we have
Bo((Tin(1) Tn(1)) Tin(D))B™" € (Tin(K) Ty(K)) Tin(K)).
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If Ty (K) # To1 (K),
(Tin(K)  Ty(K)) Tin(K)) =1,
but ((T1,(1) Tn1(1)) Tin(1)) # I, which is a contradiction. Thus
Bo(Tn1(k))B™! C T (K).
Assume that Bo(T1,(1))B~! = T1,(a) for some a € K*. Take
D = diag(1,---,1,a),

then the matrix Q = DB is required.

We hope that we can make induction on n to prove Theorem 1, so we need the following
simple lemma, which is immediate by a direct computation.

Lemma 4. Let A = (a;5) € SL,(F), a be any element of F*.

i) ATy, (a)A=1 € Ty, (F) if and only if as; = -+ = ap; = -+ = apn_1 = 0;

ii) AT, (a)A~t € Ty (F) if and only if ajp = -+ = a1 = -+ = ap_1n = 0.

For n = 2 we restate Theorem 1 in a slightly different way. The result is implicit in Chen
Yu’s work.

Lemma 5. Let 0 : SLy(k) — SLao(K) be an embedding homomorphism. Assume that

o(Tiz2(k)) € T12(K),  o(Tau(k)) C Toa(K)

and o(T12(1)) = Ti2(1). Then there exists a homomorphism « : k — K such that for any
Ae SLy(k)

o(A) = A°.
Proof. First, it is clear that
o(B+(k)) € By (K) and o(B_ (k) € B_(K)
by Lemma 4. Then
o(H(k)) = o(By (k) N B_(k)) € By(K) N B_(K) € H(K).

It follows that o(—1I) = —1I since (o(—1I))?> = I and o(—1I) € H(K). Let

o 0 1 _(z Y - 1 0 _ 1 0 .

(Lo)=() (LA D)-01Y)

If we apply o to both sides of the following identity
0 1 11y (1 0 0 1
-1 0 0 1) \-11 -1 0/’
Ty 1 1y (1 0 Ty
u v 0 1) \s 1 u v)’

which implies 2 = 0 and v = —y~!. From the identity

0 y\N _( -t ww N__(0 1Y __,
—y ! vw) Tyt 2-1)"%\=1 0) T

it follows that v = 0. Then
1 0y (1 0
T -1 1)\ =11

(% 0)=(5 6)

we have
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since we have the identity

( 0 y)_(l 1)(1 0)(1 1>_<1+s 2+s)
—y 1 0/ \0 1 s 1 0 1) \ s 1+s)’
which is obtained by applying ¢ to the both sides of the identity
(O 1><1 1)(1 0><1 1)
-1 0 0 1 -1 1 0 1)/)°
We define maps « and g of k to K by
o(Th2(z)) = T2(a(2)),  o(Taa(x)) = To1(B(z))

for any « € k. Obviously, o and 5 are well defined and both are homomorphisms of k to K,
as additive groups. By applying ¢ to both sides of the identity

(50) G D)-(5 D)
(—01 —al<x>) - (—01 —/31<x>) ’

which means that, in fact, o = 8. Moreover, it is easy to see that for all z € k*,

(5 2)-(F )

if we apply o to the identity

(65) = D= D6 D0 D)

Thus, for x,y € k*,

(a%y) a(azg)l)“’(g x°1>0(‘3 yol)‘(a(x)oa(y) a(xl)ocv@l))'

Therefore, a(ry) = a(x)a(y) and « is a homomorphism of k* to K*, as multiplicative group.
Since SLo(k) is generated by Ti2(k) and To;(k), for any A € SLa(k),0(A) = A°.
Before we proceed to prove Theorem 1, we need one more lemma.

we have

Lemma 6. Suppose that o : SL,(k) — SL,(K) is an embedding homomorphism and,
for1<i<n-—1,

0(Tii+1(k)) C Ty 41 (K), 0(Tit1i(k)) C Tigq14(K).

Then there exist a diagonal matriv D € GL,(K) and a homomorphism o : k — K such
that

Do(A)D™!' = A

for any A € SL, (k).
Proof. For 1 <i<n—1, assume o(T;;+1(1)) = T;;+1(a;) for some a; € K*. Let

D = diag(dy,da, - ,dy),
where d; = a;a;41 - apn—1,1 <i<n—1,d, =1. Then
D' (T;i41(1))D = T 441 (1).
By Lemma 5 we see that there exist homomorphisms «; : K — K such that

Do (Tiis1(2))D = Tiiga(i(x))
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for all x € k. By applying o to the identity
Tiiva(z) = (Tiit1(1) Tigrit2(2)) = (Tiig1(2) Tivriv2(1)),
it follows that
=g =" =0u_1 =0
Hence, Do (A)D = A* for any A € SL, (k) since SL, (k) is generated by
Tiiv1(k), Tigri(k), 1<i<n-—1

Now we state the result which is slightly stronger than the statement of Theorem 1, so
that we can make induction on n. For any A € SL,,(K), let v(A) = P(A")"1 P71, where

1

1
«y is called a graph automorphism of SL,,(K), and for any z € K,

V(Tij(2)) = Tog1—jnt1-i(z).

Theorem 2. Suppose that o : SL, (k) — SL,(K) is an embedding homomorphism and
o(Us(k)) CUL(K). Then there exist a matriz Q € GLy,(K), which is upper triangular, and
a homomorphism « : k — K such that for any A € SL,(k),

Qo(A)Q ™' =
or
Q(0(A)Q™! = A%,

Proof. Lemma 3 together with Lemma 5 implies that there exists an upper triangular

matrix B € GL,(K) such that

Bo(Uy (k))B~* C By (K),
Bo(Tin(1))B™* Tln(l)
Bo(T01(1)B™" = T (1).
Denote by ¢’ the homomorphism, where 0/(A) = Bo(A)B~! for any A € SL, (k).

1) When n = 2, by Lemma 5 Theorem 2 is clearly true.

2) Assume that n = 3. In this case, it is easy to see that

o' (U-(k)) € U-(K)

by applying ¢’ to both sides of U_(k) = NU, (k)N ~*, where
0 0 1
N=|0 10
1 0 0

is fixed under the action of ¢’ by Lemma 5. For each a € k*, let

o' (Tha(a)) = Tas(y)Ti2(2)T13(2).
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Then
0'(T32(—a)) = CTI(NTlg(a)Nil) = Tgl(y)ng(fl')Tgl(*Z).
Since (T12(k) Ts2(k)) =1, we have

1 =z =z 1 0 O 1 0 O 1 = =z
0 1 y y 1 0=y 1 0 01 y]l,
0 0 1 —z —x 1 —z —x 1 0 0 1

which forces z = 0,2 = 0 or y = 0. It implies that
o' (Ty2(a)) € Tia(K) or o' (T12(a)) € Taz(K)

for any a € k*. For Thz(a) we have the same conclusion. Since (Th2(x) Tos(y)) = Tis(zy),
it follows that

o'(Thz(k)) C Tha(K), o' (Tas(k)) C Tas(K)
or

o' (Tha(k)) € Tos(K), o' (Ts(k)) C Tia(K).
If the latter case occurs,

Dyo'(Th2(k))D™! C Tha(K),  Dro'(Tas(k) D™ C Tos(K),
where D =diag(—1,1,1) and the aim of introducing D is to guarantee
Dyo'(Ti3(1)) D™ = Ths(1).
Thus the latter case can be reduced to the first one. If the first case occurs, then
o' (Taa(k)) = o' (NT12(k)N 1) C Tyo(K)
and similarly o’ (Ts1(k)) C T51(K). By Lemma 6, for n = 3 Theorem 2 follows.
3) For n > 4, let G(F) and G(F) denote the subgroups of SL, (F) consisting of all

matrices

ay
A ;

where a1, a, € F*, A € GL,_3(F), and

A

1
where A € SL,_o(F), respectively. It is clear that G(F) = G(F), where G(F) is the
derived subgroup of G(F'), unless |F| = 2 and n = 4, and G(F) = G(F) when |F| = 2. By
Lemma 4, o/(G(k)) € G(K), and

o' (G(k)) = o' (G(K)') € G(K) € G(K)
when |k| > 2 or n > 4. For |k| =2 and n = 4, write
ai
O'/(T32(1)) = A
as

Since o/(T32(1))? = 1, it forces a1 = ag = 1 and o/(T32(1)) € G(K). Then, in any way, we
have ¢/(G(k)) C G(K). The restriction of ¢’ to G(k) satisfies the assumption of Theorem
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2, so the induction hypothesis can be applied. Thus, there exist an upper triangular matrix
C € GL,(K) and a homomorphism ¢” : SL, (k) — SL,(K), where for any A € SL, (k)

o"(A) = Co'(A)C™!
or when n > 4,
o’ (A) = Cyo'(A)CTL,
such that the following conditions are satisfied:
i) o (U4 (k) € Uy (K),
i) o"(Ti;(K)) € Ty (K),  o"(Ti;(1)) = Ti; (1),
for2<i,j<m—1,ori=1,j=mn,ori=n,j=1. Let

-1

nxn

which is fixed under the action of ¢”. Since
o (UL (k) € U (k)
by Lemma 1, we may write
0" (T1n-1(a)) = Ton(y)T1n—1(2)T1n(2)
for a € k*, and
0" (Tha(—a)) = 0" (NT1n_1(a)N™1) = Ty 1 1 (=y) Tpo(—2) Tp1 (—2).

It follows that z = 0,z = 0 or y = 0 as we see in the proof of 2) when n = 3. This means
that

" (Tyn—1(a)) € Ty pn_1(K), 0" (Th2(—a)) € Th2(K)
or

" (Ty n-1(a)) € Ton(K), 0" (Tpa(—a)) € T,—11(K)
for a € k*. It implies that

" (T n_1(k)) CT1pn_1(K) or " (T1n_1(k)) C Ton(K).
Otherwise, if there exist a,b € k such that

0" (Tyn—1(a)) € Ty p—1(K), " (Ty n—1(b)) € To,(K),
we would have o (T,2(=b)) € T,,—11(K), which gives a contradiction since

(Tin-1(a)  Taa(=b)) =1
and
(@"(Tin-1(a)) 0" (Tn2(-D))) # 1.

By the same reason we have the same conclusion for Ty, (k), that means

U//(Tgn(ki)) Q Tzn(K) or O'H(Tgn(k‘)) g Tln—l(K)-
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If o”(T1—-1(k)) and o (Ts,(k)) are both contained in T} ,—1(K), then ¢”(T,,—11(k)) and
0" (Ty2(k)) are both contained in Ty,2(K), which is impossible since the subgroups T} ,—1(K)
and T,,2(K) are commutative elementwise, but T4 ,,—1(k) and T;,—11(k) are not. Similarly,
it is impossible that ¢’ sends T1,—1(k) and T5, (k) into T5,(K). Thus, the case that can

occurs is

0" (Tyn-1(k)) € T1p-1(K), 0" (Tan(k)) C Ton(K)
or

0" (Tin-1(k)) € Ton(K), 0" (Ton(k)) C T1n-1(K).
Applying ¢” to both sides of the following relations

(Tn1 (k) Tin-1(k)) = Thn-1(k), (Tn1 (k) Ton(k)) = T (k),

we have

0" (Tnn-1(k)) € Tnn-1(K), o (To1(k)) C o1 (K)
or

0" (Tnn-1(k)) C T (K), 0" (T (k) € Tpn-1(K),
which is equivalent to the fact that

o’ (Ti2(k)) € Tha(K), 0" (Tn-1n(k)) € Tn-1n(K)
or

0" (T2(k)) C To-1n(K), 0" (Th1n(k)) C T12(K)
since

NTpno1(k)N™' =Tia(k), NTor(k)N~' =T, 1,(k).

Now Theorem 2 follows if the first case occurs. When n = 4, if the second case occurs, the
homomorphism ¢’ : SLy(k) — SL4(K), defined by

0" (A) = Dyo" (A)D™!
for any A € SLy(k), satisfies the same conditions which are satisfied by ¢, where

D = diag(—1,-1,1,1).
Thus, the second case can be reduced to the first one for n = 4. When n > 4, the second case
can not occur since Th2(k) and T;,—2 ,—1(k) are commutative elementwise, but T),_2 1 (K)
and T,,_1 ,(K) are not.

Proof of Theorem 1. What we only need to do is to prove the uniqueness. Let oy, s
be homomorphisms of fields from & to K, and Q1,Q2 € GL,(K). If

QAT QT = QA Q5"
or
Q((A*)) 'Y = @a((A%)) 1R3!
for all A € SL,(k), then Q,T;;(1)Q7" = Q2Ti;(1)Q5* for 1 < i, < n. This clearly means

that Q5 1@, is a scalar and therefore oty = avo, which has proved the uniqueness if we can
claim that it is impossible to have

Q1AM QT = Q2((A*2)) Q5



No.4 Zha, J. G. EMBEDDING THEOREM BETWEEN SPECIAL LINEAR GROUPS 485

But it is obvious since, otherwise, we would have
Q2 Q1T (1)Q1 ' Q2 = Tji(—1).
And by an easy computation it is absurd when n > 3.

When £ is a subfield of K, for any homomorphism « : k — K, SL,(k)* can be viewed as
a subgroup of SL, (K) in a natural way. We call subgroups G and Gs of SL,,(K) equivalent
if there exists an automorphism 7 of SL, (K) such that 7(G1) = G3. Theorem 1 implies

Corollary 1. Let k be a subfield of K. Then any subgroup G of SLy,(K) which is
isomorphic to SLy, (k) is equivalent to SLy,(k)* for some homomorphism o : k — K. In
particular, if K is an algebraically closed field, then all subgroups of SL,(K) which are
isomorphic to SLy (k) are equivalent.

As an end, we generalise Theorem 1 to general linear groups.

Theorem 3. If o : GL,(k) — GL,(K) is an embedding homomorphism, where n > 3,
then o is of the form

o(A) = QA*Q 1 x(detA)I
or
a(4) = Q((A*)) 7' Q™ x(det A)I
for all A € GL,(k), where Q € GL,(K), « is a homomorphism of fields from k to K and x
is a homomorphism of groups from k* to K*. Moreover, both a and x are unique while @
is unique up to a scalar element of GL,(K).

Proof. By Lemma 2, o sends unipotent subgroups of GL,, (k) to unipotent subgroups of
GL,(K), then the restriction of o to SL, (k) is an embedding homomorphism of SL, (k) to
SL,(K). There exist @ € GL,(K) and a homomorphism « : K — K such that

o'(A) = Q7o (A)Q = A*
or
o'(4) =Q 7 (0(4))'Q = A°
for any A € SL, (k). We see easily that a matrix D € GL,(K) is a diagonal matrix if and
only if DT;;(1)D~! € T;;(K) for 1 <4,j <n. So it is clear that ¢/ maps diagonal matrices
of GL, (k) into diagonal matrices of GL,(K). For any a € k*, suppose
J/(diag(]'? Tty 17 CL)) = diag(blv b27 e 7b'n)7
where by, bs,--- ,b, € K*. We obtain
by=by=---=b, ,=b
and b, = a(a)b by applying o’ to the both sides of the following identities
DTM+1(1)D_1 = “'+1(].), 1 S ) S n— 27
DTnfln(l)D_l = Tnfln(a_l);
where D =diag(1,---,1,a) € GL, (k). Now define a map x : k* — K* by

U/(diag(l, SRR a)) = diag(X(a)a T vX(a)v a(a)X(a))
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for any a € k*. Obviously, x is a homomorphism of groups from k* to K*. Since every
matrix A can be written uniquely in the form

A = Ajdiag(1,--- ,1,detA)
for some A; € SL,(k), and moreover
A% = Afdiag(1, -+, 1, a(detA)),
we have
o'(A) = AQdiag(1,--- ,1,a(detA))] = A%x(detA)I,

as requested. Finally, the proof of the uniqueness of @, «, and Y is similar to that of Theorem
1.
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